
ANNALS OF PHYSICS 154, 396-420 (1984) 

Gauge Invariance versus Masslessness 
in de Sitter Spaces* 

S. DESER AND RAFAEL I. NEPOMECHIE 

Department of Physics, Brandeis University. Waltham, Massachusetts 02254 

Received July 2 I, 1983 

The connection between gauge invariance, masslessness and null cone propagation is a flat 

space property which does not persist even in constant curvature geometries. In particular, we 
show that both the gauge invariant spin 3/2 and 2 fields in anti-de Sitter space have support 
inside the cone. whereas there are conformally invariant, but gauge variant, models which do 

propagate on the light cone. The Maxwell field in constant curvature spaces of dimension 
other than four also does not have null cone propagation; again there is a conformally 

invariant model which does. 

1. INTRODUCTION 

“Gauge invariance makes the photon massless” is a correct statement in four- 
dimensional Minkowski space because gauge invariance prohibits an explicit mass 
term in the vector field’s action, and because the field equations imply propagation of 
gauge invariant quantities (such as the transverse vector potential or the field 
strengths) on null cones. In flat space in other dimensions, the statement is incorrect: 
in D = 3 there exists a gauge invariant term which gives the photon explicit mass and 
off-cone propagation support [ 11. As we shall see, it is also incorrect in conformally 
flat spaces with D # 4, where the Maxwell field propagates off-cone. Indeed, in 
general curved spaces, the connection between gauge invariance and masslessness 
becomes obscured; scattering off the background geometry makes propagation 
complicated even locally, nor is there any immediate analog of mass as a Casimir 
operator there. However, spaces of constant curvature are sufficiently “like” 
Minkowski space and, because they are conformal to it, have equivalent null cones. 
In addition to serving as useful laboratories for studying the effect of curvature on 
propagation, spaces of constant curvature are of interest in their own right, both for 
cosmological reasons [2] and because they appear naturally in certain Kaluza-Klein 
and supergravity theories (see, e.g., [3]). This is the case especially for anti-de Sitter 
space (Ads). which we will be studying primarily here, although many of our results 
carry over to de Sitter spaces as well. 
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We shall see that whereas (for D = 4) fields of spin s < 1 do propagate on the AdS 
light cone because their actions are conformal- (Weyl-) invariant, this is no longer the 
case for s :> 1. In particular, the dynamical fields of linearized supergravity (s = I, 2), 
while gauge invariant, do not propagate only on the null cone. On the other hand, we 
find two classes of gauge variant models which do have null cone propagation. The 
first class consists of Weyl invariant theories, which in flat space reduce to known 
[4,5] global 0(4, 2) (conformal) invariant models. The AdS models in the second 
class can also be mapped to the corresponding flat space conformal invariant 
theories; however, these mappings become singular as the radius of curvature of the 
space tends to infinity. Similar results hold for spin 1 in AdS for D # 4. We shall also 
link both the gauge invariant and gauge variant s = 4, 2 models with the familiar 
higher-derivative’ Weyl invariant theories. 

The paper is organized as follows: In Section 2 we review the notions of massive 
and massless field propagation in four-dimensional flat space, and elaborate on the 
problems encountered when going over to a space of constant curvature. In Section 3 
we point out that restricted Weyl invariance is the essential factor needed for null 
cone field propagation in a constant curvature space, and we demonstrate how this 
applies to fields of spin s < 1. We also study the propagation properties of s = 1 in 
AdS in dimensions different from four. Our principal results are contained in 
Section 4. where we treat the +, 2 cases. We close in Section 5 with a brief summary 
and discussion of these results. There are three Appendices: the first lists our 
conventions and explains the properties of AdS used in the text; the second 
establishes the connection between restricted Weyl invariance and null cone support 
of Green functions in constant curvature spaces; and the last uses the “projection 
technique” to analyze the propagation properties of certain models discussed in text. 

2. REVIEW OF MASSIVE/MASSLESS PROPAGATION 

Consider first the case of fields propagating in four-dimensional Minkowski space. 
A classical free scalar field $(x) obeying the Klein-Gordon equation (Cl, - m’) $ = 0, 
where Cl,, = ~““8,a,, is propagated by the symmetric Green function 

G,(x, x’) = f [ Gad& x’) + G&x, x’)], 

which for o0 = (x - x’)* - 0 is [ 6] 

G,(x,x’)=-$(cs&$i+~,) [++$$+22$‘. 6+ .-1. P-1) 

Note that G!, has a “wavefront” J-function term (whose presence is guaranteed by the 

’ We exclude throughout the Weyl invariance achieved by introducing an explicit compensating scalar 
field. 
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theory of characteristics of this hyperbolic problem) as well as a “tail” part with 
support inside the cone. This tail characterizes massive propagation both here and for 
higher-spin fields. Indeed, for m = 0 the tail is absent, and the symmetric Green 
function manifestly has only cone support. * We shall see that this degeneracy 
between masslessness and null cone propagation will be lifted when we later come to 
curved geometries. 

The massive vs massless question can also be studied from a group-theoretical 
point of view. Roughly speaking, free (quantum) fields in D = 4 Minkowski space 
carry a finite-dimensional representation of the Poincari group; and to these fields 
there correspond Fourier modes (particle states) constituting infinite-dimensional 
irreducible unitary representations. We denote these representations by Y(E,, s), 
where E, and s (=O, $, 1 ..a) are the smallest eigenvalues of the Poincare generators 
P, and Jj, respectively. The quadratic Casimir operator P, P“ and E, are related: 

P2=-E;<O. (2.2) 

It is not hard to see for s = 0, say, that states with P2 = -m2 are the Fourier modes 
of a field # obeying (0, - m2) 4 = 0, thereby justifying the identification of the 
parameter m appearing in the wave equation as a “mass.” (One can also check that 
P, coincides with the Hamiltonian for the field 4.) States with P2 = 0 (with s > 0) can 
have only two degrees of freedom fs, thereby implying [7] that for s > 1 these states 
must emerge from a gauge field-the gauge invariance is needed to reduce to two the 
number of physical degrees of freedom described by the covariant field. Hence, group 
theory alone demands that gauge fields in D = 4 Minkowski space be massless, and 
thus that their excitations propagate on the null cone. 

In a general curved space background, the situation is rather different. A scalar 
field propagating according to V’V, @J = El@ = 0 (no mass term) scatters from the 
background, thereby propagating both on and inside the local null cones [6]. In this 
sense, the field appears to be “massive”; however, one must remember that in genera1 
space (with no global or asymptotic [8] timelike Killing vector) the concept of energy 
(let alone mass) is not well detined. We restrict our attention to negative constant 
curvature spaces, i.e., Ads. As we discuss below, in these spaces it may be possible to 
compensate for the background scattering with suitable “mass” terms, thereby 
achieving null cone propagation. However, it is not obvious from inspection of a 
given field equation-in particular, for a gauge field- whether or not it provides null 
cone propagation. Moreover, this question is not readily settled by appealing to group 
theory. The group of motions of AdS is the de Sitter group SO(3,2), whose algebra is 
generated by JAB = ABA (A, B = 0, 1, 2, 3, 5). Th e infinite-dimensional irreducible 
representations of the de Sitter group are designated Q(E,, s), where E, and s are the 
smallest eigenvalues of Jo5 and Ji2, respectively. In contrast to the Poincare case 
(2.2), the de Sitter Casimir operator satisfies [9] 

+JABJAB =E,(E, - 3)+ s(s + 1). 

* This is not true for other Green functions, such as the Feynman propagator. 

(2.3) 
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The unitary representations are given by E, > s + f for s = 0, 4, and by E, > s + 1 
for s = 1, &...; in particular, those representations with E, = s + 1 (s > 1) have two 
degrees of freedom and, like their Poincare counterparts, correspond to gauge fields. 
It is important to note that E, is not a mass, as it is dimensionless. However, one can 
define the quantities P, = mJ@, in terms of which the de Sitter algebra contracts to 
Poincare for m + co (l/m is the radius of curvature of Ads). In particular, this flat 
space limit defines a mass m, 

Thus, any representation with E, finite corresponds to a massless theory in the flat 
space limit (91. Ciearly, this criterion does not suffice to determine which of the 
representations g(E,, s) is “massless” in AdS. 

3. LOWER SPIN PROPAGATION 

Given a field equation in an AdS background, does it provide null propagation? 
Because thle null cone ds’ = 0 is preserved by Weyl transformations and AdS is 
conformal1.y flat, it is clear that theories which are Weyl invariant (and which have 
null cone propagation in flat space) will describe null propagation in Ads. For 
completeness, a proof is provided in Appendix B, where invariance under the special 
Weyl transformation that maps flat space to AdS is shown to imply this. In this 
section, we: simply remind the reader how s < 1 systems are Weyl invariant. As we 
shall see, the non-gauge (s < 4) field theories are quite different from the vector case. 

A. Spin 0 

The “improved” equation for a scalar field Q(x) in D dimensions 

(O+@)@=O, (YY 1 (D-22) 
4 (D-l) (3-l) 

is covariant under the following simultaneous transformation of the metric and the 
field 

g,“(X) = Q’(x) g,,(x>v 6(x) = R”‘(x) Q(x), w = (2 - D)/2 (3.2) 

with the coNordinate unchanged. [The value of the Weyl weight w can be deduced by 
inspection Iof the kinetic term in the action for @.I In AdS with D = 4 (for example), 
R = 12m2, and (3.1) reduces to 

(0 + 2m*) @ = 0. (3.3) 

That this equation describes null propagation in AdS is well known (see, e.g., [ 101). 
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Had we not known the correct form (3.1), we could have arrived at (3.3) as follows: 
Let 

(3.4) 

be the AdS metric in a suitable frame. (See Appendix A.) It then follows that3 

q ~~g”“V,V~,~=a~‘~~“{a,a,,(a-‘~)-r~~,a,(n~’~)) 
= lr30,$ - 2m’(lr’$). (3.5) 

We therefore see that (0 + 2m2) @ = Q-3Cl,4. This elementary remark will be useful 
in considering higher-spin fields. Finally, we note that invariance of the action 

under (3.2) is also straightforward to establish, since 

B. Spin f 

For spin 4, the massless Dirac equation YY = 0 is well known to be Weyl 
invariant with Y of Weyl weight (1 - D)/2, so this equation provides null 
propagation in AdS [ 111. This is also verified by considering the second-order 
equation (we take D = 4 for simplicity) 

O=P2Y=yy’y”V,V”Y={O+o~““[V,,V~,]}Y=((O+R/4)Y=((O+3m2)Y. 

(3.6) 

Proceeding as in (3.5) above, we find 

(O+3m2) Y=fr-‘2n,~=o. (3.7) 

On the other hand, the system q Y = 0 (which is the second-order form of 
(Y+,/h) Y=O) d oes not give null propagation, but corresponds to the flat space 
wave equation (Cl, - 3m2Q2) w  = 0 with an x-dependent mass. 

Weyl invariance of the action (-i/2) j dDx e-Y can also be established directly. 
Indeed, for a Majorana spinor, each term in P is separately invariant: the action 
reads 

I,,,(e,“, !?‘) = (-i/2)1 d4x epePcyc(aLc - $ o,,,~I~~) Y 

= (-i/2) 1 d4x eFelIcyc(t?p - f ys *co,) Y, *o, E 4 ~,,,~%0~~~.(3.8) 

3 We adopt throughout the convention that upper-case letters (@, Y, A,, H,, . . .) denote curved space 

(Ads) fields, whereas lower-case letters (4, y, a,, h,, . .) represent the corresponding resealed, “flat 

space,” fields. 
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But with Q given by (3.4), mQbr - (xbq,, - x~v,~), so *w, vanishes identically; also 
the resealing of ‘P is “transparent” to 8, because I,P~, w = 0. Consequently, 

I,,,@,“, V = 11,2(Juay w>. 

c. spin 1 

Whereas spins 0, i are Weyl invariant in any dimension, Maxwell theory has this 
property only for D = 4, as is clear from the fact that 

JIh‘lax Top :=gpr7-= 
kLL. 

g lll. FuPF”, - $g”“Fo,F”” = (4 - D)+F,,Fp” 

is an expres:sion which cannot be “improved” gauge invariantly. In D = 4, there are a 
number of ways of checking this invariance, the most elementary of which are 
manifestly gauge invariant. We present them here for later comparison with the D # 4 
situation. At the level of the action, noting that A, has Weyl weight zero, 

while the field equation reads 

O=a4~-VPV,Ap=(O+3m’)A~-VL1(VPAp)=~-2[00~p-~,(~”a,)]=O 

(3.10) 

and so clearly represents the usual flat space propagation. Finally, the cyclic identity 
VIpFfi,,, = 0 may be used to write 

OF,,. = VpVp F,,. = ““(V, F,,. - “,,F,,). 

Upon commuting covariant derivatives and using the field equation V’F,,. = 0 we 
then obtain 

0 = -(AF),,, = OF,,. + R,pFp,. + R,.OF,, - 2Rpp,.“Fp, 

= (0 + 4m*) F,,. = ~~%l,F,,,.. (3.11) 

Again, a “mass” term appears in the AdS wave equation in order to maintain null 
cone propagation. The operator A here is just the Laplacian (or “de Rham”) operator 
[ 121 which is defined on an antisymmetric tensor T, , . ~lp according to 

-(AT), ,.,. ap-=OTa ,... ,,+\‘R,APT, ,... p.,.ap 
k 

- 

1 R&, “T, , . . .  p. ..a...np (3.12) 
k#l 

where the indices p, u in the last term appear in the k, I positions, respectively. This 
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operator is self-adjoint and commutes with contractions; for constant Ricci tensor it 
also commutes with covariant differentiations on vectors, and with divergences on the 
2-tensors. 

If one wishes to fix gauges ab initio, care must be taken because in general gauge- 
fixing is not covariant under Weyl resealing; e.g., under (3.4) 

V”A, =R-*[#‘a, + m*Q(x%,)]. (3.13) 

There also exist Weyl-covariant gauge choices such as xUA, = 0 [ 13 1.” In either case, 
the complete set of field equations plus gauge condition transforms in a well-defined 
way: i.e., according to (3.10) and, e.g., x . A = 0 or (3.13). To show that a given set 
describes null cone propagation becomes a pure flat space question, since one could 
have insisted on such “bizarre” gauge conditions as (3.13) even there. For example, 
in x . a = 0 gauge, the equations read 

(x . a) A= -xi& 

&zjT EE 0. 

a, = i, 
(3.14) 

The gauge invariant transverse fields propagate normally, but the gauge set (A, a,) is 
here specified in terms of the dynamical variables. In Lorentz gauge (3.13), the 
reduction would be obscured. 

As noted above, for D # 4, Maxwell theory is not in general Weyl invariant. 
However, in order to study AdS propagation, one need consider only the special 
Weyl transformation (3.4). Thus, assigning to A, the Weyl weight (4 - D)/2, the 
AdS Maxwell equation 

[O+(D- l)m2]Afl-VJV .A)=0 (3.15) 

in x . A = 0 gauge becomes 

q oau - tY,(i? - a) + ;(D - 4) rn*~x,(~~ a) - t(D - 2)(D - 4) m*Q*a, = 0. (3.16) 

The requirement that a,(x) be less singular than l/x implies that on shell 8 . u = 0 
(see footnote 4), and (3.16) reduces to 

l&a, - a(D - 2)(D - 4) m*R*a, = 0. (3.17) 

The vector field has an x-dependent “mass” (except for D = 2, 4),5 indicating that it 

4 A field configuration a,(x) can be brought to this gauge by the transformation a,(x) + a:(x) = 

a,,(x) + 8, w(x), with w(x) = -J, a,(y) dy’, where P is the straight-line path from the origin to x. This 
transformation is well defined only for potentials a,(.!~) which are less singular that l/~’ along P; hence. 
only for such potentials can this gauge be attained. [The excluded configurations have infinite actions for 

D ( 4.1 Finally, we remark that in this gauge 0 = 0(x. a) = 2(3 a) + x”Oa,. so that on-shell 
(x a)(8 a) = -2(8 . a). That is, 8 a is homogeneous of degree -2 in X; however, the requirement that 
this gauge be well defined then implies 3 a = 0. 

5 As in flat space, the D = 2 Maxwell equations 8,(&g F”“) = 0 have no dynamics, as they imply 
Fg F” is constant in both space and time. 
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does not propagate on the null cone; we have not found any further field redefinition 
to improve this situation. A similar conclusion can be reached by examining the 
gauge invariant equation of motion for FML,: 

0 = -(LIP),,. = [O + 2(D - 2) m*] F,,,, 

= ii-*{O,FpL, + (D - 4) m*flF,,, + ;(D - 4) m’Ll(x + a) F,,, 
(3.18) 

+ b(D - 4) m4R2 [xpxaF,,. - x,.xaFa,] }. 

In contrast to (3.1 l), here it is no longer true in general that q ,F,,, = 0. Of course, 
the flat spalce field strengthf,, = a,,ur, - a,,a,, is not invariant under the original AdS 
gauge transformation; it, too, satisfies a complicated equation of motion which we 
shall not record here. 

Even though Maxwell theory does not provide null cone propagation in AdS for 
D # 4, there is a conformally invariant, but gauge variant, model whose modes do 
propagate on the null cone. Indeed, consider the action (in an arbitrary space-time 
background) 

2(D - 4) 
RuPA A - 

D2 
+D(D-2) ’ p 8(D- 1) RAUAu I 

(3.19) 

with the corresponding field equation 

uil,--%‘VpA,- 2(D-4) 
D D(D - 2) 

R,PA,- 8(;: 1) RA ] =O. u (3.20) 

For D = 4 this reduces to the Maxwell theory, and for D = 2 (where RE E i6ER) the 
“mass” term vanishes identically. Taking the divergence of (3.20) yields (for D # 4) a 
constraint, which on Einstein shell (R,,. = lgzg,,) reads (0 + I;R)(V a A) = 0; i.e., V . A 
obeys the conformal scalar equation (3.1). This consistency condition is milder than 
an “algebraic” constraint, such as Ra4V,A, = 0. 

One can ‘check that this model is invariant under general Weyl transformations; it 
follows [ 14 / that both the AdS equation 

CIA, + $(D* - 20 + 4) m*A, - (4/D) VL((V . A) = 0 (3.21) 

as well as the flat space equation 

q ,,q, - (4/D) a,(3 . a) = 0 (3.22) 

are covariant under global O(D, 2) (conformal) transformations6 Let us consider the 

’ AdS has D(D + I)/2 Killing vectors and D(D + I)/2 conformal Killing vectors; of these. 
(D + 2)(0 + 1)/2 are linearly independent, and satisfy the algebra O(D, 2). 
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flat space equation (3.22): for D # 4, the divergence yields the condition 
El,(a . a) = 0. Moreover, we find C&a,‘= 0, implying that the (D - 2) transverse 
degrees of freedom uir propagate along the null cone; also q ,*a, = 0 = q ,2a, , and 
tl,(~,~‘a, - ci,,) = 0 = q i,,(ti, - a,,), where ai E uiT + uiL, uiL z aiu,. . We conclude 
that the corresponding AdS theory (3.21) also describes null cone propagation. 
(Further arguments are presented in Appendix C.) 

Actually, (3.21) is not the only AdS model which has modes propagating on the 
cone. Consider the related, but inequivalent, Proca system 

V”F,,,, + a(D - 2)(D - 4) m2A, = [El + b(D’ - 20 + 4) m2] A,, - VL((V . A) = 0. 

(3.23) 

Taking the divergence yields (for D # 2,4) the condition V . A = 0 which, when 
Weyl-resealed to flat space, reads 

8 . a + m*(D/4) l2(x . a) = 0. (3.24) 

Performing the Weyl resealing on the field equation (3.23) gives 

q oup - m*Qx,(a . a) + m*Rd,(x . a) + i(2 -D) m4f2’x,(x. a) = 0. (3.25) 

Finally, using (3.24) to eliminate the m*(x . a) terms leads once again to the confor- 
mally covariant equation 

q ,u, - (4/D) ~?,(a . a) = 0 (3.26) 

indicating that the AdS model (3.23) has “massless” modes. However, since we have 
used the “on-shell” condition (3.24), we cannot directly argue (as we have done in 
Appendix B for Weyl invariant theories) that the Green function for this model has 
only null cone support. We also note that the transformation mapping (3.23) to 
(3.26) is singular for m* = 0, since in this case the condition (3.24) becomes simply 
a . a = 0. That more than one AdS model describes null cone propagation is a feature 
we shall encounter again when we treat higher-spin fields. 

4. HIGHER-SPIN PROPAGATION 

As is well known, neither the spin $ nor linearized spin 2 theories can be made 
Weyl invariant for any choice of field Weyl weight. However, as noted above,. in 
order to investigate AdS propagation, it suffices to consider the special Weyl 
transformation (3.4) mapping AdS to flat space. 
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A. Spin 3 

For spin 5, the locally gauge invariant free action in an AdS background is given 

by [I51 

The corresponding field equations read 

.TqY)u>~Y~-G$(y. Y)+yr,[ca(y. Y)-(Gs* Y)]=O. (4.2) 

In terms of the field strength YvL, = Q, YL. - G,, ul,, these have the equivalent forms 

O=y~*Y~,.=y~Y~,,, *Yu,.+L(,.a5Y04. (4.3) 

The action1 (as well as ul,,,) is invariant under 6YU(x) = G,a(x) because 

I’l; v, it,,] a(x) E 0 in th e “matched” AdS background. Being gauge invariant, it has 
just two degrees of freedom. If we look at the field equation in the standard gauge 
y . Y = 0 (which is Weyl covariant), we then have V a Y = 0, and also 

(P+m) Yu=O (4.4a) 

implying 

(cl + 3m2) Yu = 0. (4.4b) 

When Y,, is assigned the Weyl weight -$, then y” Y,,,, = 0 transforms under (3.4) to 

~vr,-ao(Y.Vl)+m~~,+~n[l+~(x.Y) yo(y.v)+ 
I 

$ Ry5(x . ly) = 0 

(4.5 ) 

which has an x-dependent “mass” term. (Clearly, setting a gauge, such as y . I// = 0 or 
x . v = 0, cannot make this term vanish.) Moreover, unlike the action of the massless 
flat space theory, (4.1) is not invariant under the chiral transformation Slu, = ys Y,, 
[ 161. That tlhe gauge invariant spin : theory does not have null cone propagation can 
also be seen by considering the equation obeyed by the gauge invariant field strength 
lu,u. By virtue of (4.3), as well as gfi Y”” = 0 = 5?w * YU’, we find that J? Y,,,, = 0 and 
hence 

(0 + W) ul,,, = 0. (4.6) 

On performing the Weyl resealing to flat space, this becomes 
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0, YwL, + m2a2 
L 

1 +I(x. y)-$--m’x’ Yu,,++m212(x.8) ul,,, 
I 

+-$@-27, + m(x 1 y>y,](x”Ya,) -:a*[-Zy,. + m(x . y) y,,](x”Ya,) = 0 

(4.7) 

which contains an x-dependent mass term, as well as x”!Pao and (x e a) Y6, pieces. 
Again, resealing Y,, in order to obtain an equation for the (gauge variant) field 
strength y,, = a, v/, - a,,~, is of no help: the latter also obeys a complicated 
“massive” equation. 

Having found that the gauge invariant theory does not propagate as expected, we 
consider alternative spin 4 models. First, it can be shown that any AdS equation with 
arbitrary nonvanishing mass term will, like (4.2) necessarily yield off-cone 
propagation. Clearly, there are a number of candidate systems without an explicit 
mass term; being gauge variant, these also involve additional lower-spin excitations, 
presumably of a ghost nature. This question aside, we find two models which have 
especially interesting properties. The first model is invariant under conformal 
transformations in Ads; the second is an AdS model which also has null cone 
propagation, and which is consistent in that the divergence of the field equation does 
not lead to constraints.’ We now describe these in turn. 

Consider the action (in an arbitrary space-time background) 

I,,,=+jd4xe@P@,,, + Yu,-$y,(y. Y) (4.8) 

which is the only available expression involving the y-traceless YP alone. The field 
equations read 

o=Ii,(!q=9PM-~y,(v~ !P)=9Y~+,(v* Y)-gQy. Y)+&&P(y. Y), 

R”,GR,+,(~.R) (4.9) 

where R’(Y) = eC1?‘“‘14 ys y,V, Yb is the usual Rarita-Schwinger operator without 
mass term. One can check that this system is Weyl invariant and therefore [ 141 is 
also conformally invariant in Ads, as well as in flat space.’ Indeed, that the action 
depends only on Y,, is tantamount to invariance under 61y,(x) = y,a(x), which also 
corresponds to a Weyl transformation on Y,,. The field equation is also manifestly y- 
traceless, and hence yields no information on V . Y itself; there is, however, a 
consistency constraint: the divergence of (4.9) requires that 9(V . Y) = 0. That is, 
V . Y must obey the Dirac equation. 

’ We have not addressed the VelwZwanziger consistency problems; however. it is likely ]I51 that in 

fact these problems do not arise in the models discussed here. 
* We note a discrepancy with [S] where flat space conformal covariance of higher-spin equations is 

discussed: the coefficient of the y, B(y . w) term there is 1 instead of f . 
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For comparison with the gauge invariant theory (4.4), we observe that in AdS the 
field equations (4.9) imply 

(0 + 4mZ) !F* - V,(V * 9) = 0. (4. IO) 

Moreover, performing the Weyl transformation to flat space gives 

q oqu - a,(a . I+?) = 0 (4.11) 

from which it is clear that the transverse components $f propagate on the null cone. 
A further indication that the gauge variant theory has modes with null cone support 
is that the action and field equations are invariant under chiral (SYU = ys YU) 
transformations as in the massless flat space theory. Yet another argument is 
presented in Appendix C. 

Let us now consider a second gauge variant model, having the field equation 

O=R,(Q;)=!‘+y,,(V. !&=Voul,-y,(V. Y)-$‘Jy. Y)+&Q$. Y). 

(4.12) 

In Ads, this model is consistent,’ i.e., V,R@(p) = 0. Taking the y-trace yields 

v.P=o (4.13) 

so the field equation is simply 

Yew=0 (4.14a) 

which includes (4.13) and implies 

(0+4&) !P,=o. (4.14b) 

We have been unable to find a general coordinate invariant action for this model, 
even using auxiliary spinor fields, although it is closely related to the system 
R,(Y) = 0 (which does have an action): In AdS, the latter is not consistent, as 
Vu R’(Y) = 0 implies the constraint y . Y = 0; however, it is clear that solutions to 
R,(Y) = 0 satisfying this constraint in fact also satisfy R,(p) = 0. 

In order to investigate the AdS propagation properties of (4.12) we perform the 
Weyl transformation to flat space, and find 

i?w, - y,p . i/T) - (m2/2)a&(x . 6) = 0 (4.15) 

9 It may appl:ar paradoxical that gauge invariance and consistency are not equivalent here, but this 
can be understood from the fact that the Rarita-Schwinger operator (E~“~~~~Y~V_~) does not commute 
with the traceless projection operator (Si - $ y.‘y”). Thus, i,,(q). R,(F)), and R,(!f’) provide distinct 
wave equations. The first and second correspond to the models we discuss in text; the third. although 

gauge invariant (but subject to a V R( ‘P) = 0 constraint), will not be considered further here, as it gives 
off-cone propagation. 
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while the condition (4.13) gives 

a. y/+i2m2(x. +o. (4.16) 

Using this to eliminate the m2(x . @) term in the previous equation, we obtain the flat 
space conformally covariant wave equation Bul, - f y,(a . 6) = 0. Evidently, the AdS 
model indeed has “massless” modes. This is in complete analogy with the discussion 
in Section 3 on the second D # 4 vector model, and the same remarks apply here. In 
particular, we stress that this transformation to the flat space conformally invariant 
theory is discontinuous at m2 = 0, as it relies on (4.16). 

Finally, let us briefly compare the above results with the higher-derivative spin $ 
theory [ 17, 181, which is invariant under arbitrary Weyl transformations with Y,, 
assigned the Weyl weight +$ . In an AdS background in y . ‘P = 0 = V . Y gauge, the 
(third-order) field equation implies that 

O=(O+3m2)(O+4m2) Yp=r”‘O~ly,. (4.17) 

Note how the differential operator here is just the product of those in the gauge 
invariant (4.4b) and gauge variant ((4.10), (4.14b)) models treated earlier. 

B. Spin 2 

Very similar results hold for the gauge invariant linearized excitations of 
cosmological gravity, I, = (I/K*) j d4x fig (-$Z?+ 3mZ), which is the supersym- 
metric companion to Z3,2 of (4.1). (We write the metric as g,,., and denote functions 
of the metric with a bar.) Here we linearize the field equations EN,, - i g,,.R+ 
3m2gsL, = 0 about the AdS background g,,, by setting S,,, =gLz. + H,,,,, thereby 
obtaining 

,FiL, = f(OH,,. + 2m*H,,. + m’g,,,H - V,, V,. - VI, V,, + g,JV, P - @H)} = 0. 

V, E PH,, - ; V, H, H=HP 0 (4.18) 

after some reordering of covariant derivatives. This system is invariant under 

JH,,.(x) = V,L’$) + V,&,(x) and hence describes two degrees of freedom. In 
harmonic gauge VP = 0, the field equation reads 

OH,, + 2m2(Hur - g,,H) = 0. (4.19) 

Assigning to H,, a Weyl weight $1, we find that this transforms to the flat space 
equation 

q ohr,D - 2m2R2h,,. - m4i22[x,(xPh,,) + x,.(xPh,,)] 

m212* 

+ 2 
[m*x,x,h + qUL,(m2xPxohp, - 4h)] 

+ m2finI-x,(aDhp,> - x,(8’h,,,) + cY,,(xPhoL.) + a,(xPh,,)] = 0 (4.20) 
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with an x-dependent mass (which clearly cannot be eliminated using the V, = 0 
gauge condition), indicating that the theory does not have AdS null cone propagation. 
Presumably, this could also be checked by transforming to flat space the AdS 
equation of motion 

(0 + 6m*) C;,,a4 = 0 (4.21) 

obeyed by the linearized Weyl tensor (‘Yield strength”) Ch,,a4. 
Nonetheless, as in the D # 4 spin 1 and the spin 2 cases, there are gauge variant 

AdS spin 2 systems with modes that do propagate on the null cone. Again, we 
present two such models. 

First consider the field equation (in an arbitrary space-time background) 

StiLS = s,,. - 4 g,,.S,” = 0, I?,,. = H,,. - + g,,.H, 

S,,. = Of?,,. - +(VpVpfiD,. + VpV,.&J + :RuP,.w&, (4.22) 

+ f(R,“&,,, + R,.pjj,,) - i Rfi,,. 

which is derivable from the action _(_ gs(p). Since g,,, depends only on fiw,,., it is 
invariant under 6H,,,(x) = g,,,w(x); also, the field equation is manifestly traceless. 
However, the divergence V@sU,, = 0 provides an additional constraint, which-for 
example, in Ads-reads 

q (VPHp,.) - vpvqJ + 3m’(VDz7,,.) = 0; (4.23) 

i.e., VOZ?,,,. obeys the AdS Maxwell equation (3.10). One can verify that this model is 
Weyl invariant; consequently, both the wave equations in an AdS background 

Eli?,,. - $[VU(VOi?p,,) + Vl,(VOfi,,)] + f g,,.VpVUfiD, + 4m’f?7,,. = 0 (4.24) 

and also in flat space 

q ,h;,. - 3 [a,(Ph”,,.) + B,.(apKpJ ] + + ~,,.cwLpu = 0 (4.25) 

are covariant under conformal transformations.” The flat space equation was 
proposed in [4,5]. Since it has modes that propagate on the null cone, so does the 
corresponding AdS equation (4.24). (See also Appendices B and C.) In passing, we 
note that (4.24) has the residual local invariance Siifl,.(x) = (VUV,. - $ g,,,O) L(x). 
while (4.25) has the corresponding flat space invariance 6h”,,,(x) = 
(a,a, - 4 ~,,,,C$) J(x). The latter can be used to eliminate the longitudinal part of goi, 
since Sh”,, =: 8,;1. 

Next, let us turn to another model, with an explicit Pauli-Fierz mass term ” 

“The standard gauge invariant spin 2 theory in flat space is of course not conformally invariant 

1191. 
I’ This mass term is not the linearization of the (only possible) covariant d-c. 



410 DESER AND NEPOMECHIE 

-m2j dx4 Fg (H,,,H““” -HZ) added to the linearized gauge invariant action for 
(4.18). Its (Ads) field equation is 

FE0 + m2(Hp,, - Hg,,) = 0. (4.26) 

From the Bianchi identity V”.YiU = 0, it follows that 

V”H,,, - VL,H = 0. (4.27) 

This reduces the field equation to 

(OH,, - V,V,H) + 4m2(H,, - +Hg,,) = 0 (4.28) 

which is manifestly traceless. Although this model is also gauge variant, it has the 
residual invariance 6H,,(x) = (V”V, - m’g,,) o(x). This allows us to set H = 0, in 
which case the field equation becomes simply 

(O+4m*)H,,=O (4.29) 

with V’H,,,=H=O. 
In order to study the model’s propagation properties, we Weyl-transform the AdS 

equation (4.28) to flat space, finding 

Qh,, - a,a,h - m4f12[x,(xPh,,) + x,(xPh,,)] 

+ m2Qnl-x,(aPh,, - a,h> - xL@Qhp, - au h) t a,(~Ph,,,) + a,,(xPh,,) 1 

- (m2/2) lQ,,[h + (x . a) h - mZ12xPxahpo] = 0. (4.30) 

The condition (4.27) becomes 

aPh,,, - 3,h + { m2Rxph,, = 0 (4.3 1) 

which we use to eliminate m2xaha4 terms from the preceding equation. This leads 
again to the flat space conformally covariant wave equation (4.25), from which we 
conclude that the AdS model also describes null cone propagation. (See also 
Appendix C.) As remarked in the parallel discussions on lower-spin systems, this 
“equivalence” between the AdS and flat space models breaks down at m2 = 0. 

These results can be compared with the higher-derivative Weyl invariant spin 2 
theory obtained by linearizing the field equations of the Weyl action 

I, = f d4w’=? CgvnB CpDaB In an AdS background in the combined harmonic-Weyl . 
gauge I’,, = 0 = H, the linearized Weyl equations 1201 read 

0 = (0 + 2mZ)(0 + 4m2) H,,, = Llv2Eli h,, (4.32) 

where we have used the fact that H,,, has Weyl weight +2. Again, we see that the 
differential operator is the product of the operators of the gauge invariant (4.19) and 
gauge variant ((4.24), (4.29)) models. 
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5. DISCUSSION 

We have found that the gauge invariant spin s = {, 2 theories, because they are not 
conformally invariant, are not “massless” even in a “matched” AdS background; 
propagation of the potentials or of the gauge invariant field strengths is not restricted 
to the null cone, but includes “massive” interior support. Likewise, the Maxwell 
theory for .D # 4 has massive behavior in these backgrounds. Of course, the gauge 
invariance Iof these models restricts the number of degrees of freedom to two for 
D = 4 (more generally, D - 2 for Maxwell, etc.). 

We have also found s = 1 theories for D # 4, and s = ;, 2 theories in four 
dimensions that are Weyl invariant (and hence, conformally invariant in Ads) and 
which do have null cone propagation. These models are not gauge invariant, and 
include lower-spin (ghost) degrees of freedom as well. Evidently, the fields in these 
models carry an irreducible representation of the conformal group, which is reducible 
with respect to the de Sitter (Poincare) group. 

Still other, inequivalent, AdS wave equations have been found which can be 
mapped by Weyl transformations to the corresponding flat space conformally 
covariant equations. These mappings become singular as the radius of curvature of 
the de Sitte:r space tends to infinity. An s = $ model of this type is particularly 
notable, as it is consistent. Our search for such models was not exhaustive, so that 
those discus#sed in text may not constitute a complete set. 

The inverse propagators of the higher-derivative s = i, 2 theories of conformal 
supergravity in AdS are each a product of two operators, one belonging to the gauge 
invariant, the other to the gauge variant models. From this one could infer the 
irreducible representation content carried by the fields of conformal supergravity. It 
would be of interest to further understand the relationships among these gauge and 
conformally invariant theories. 

Note added /n prooj The relations given in text among the gauge theories, the conformally invariant 
models, and the corresponding higher-derivative theories (e.g., in (4.17). (4.32)) have been further 

elucidated in I.251 and 1261. In (26 1, the four-dimensional conformally invariant spin-two model (4.22) 

is also generalized to arbitrary dimensions. 

APPENDIX A: CONVENTIONS AND PROPERTIES OF AdS 

Here we list our conventions, as well as some useful identities: 

q&, = diag(- + + +>, {Y”, Yb I = 2vab, $ [y”, y”] = uab, (A.11 

E 0123 =--E 
- 1, 0123 - Y5 = Y0Y’Y2Y3, y: = -1, (A-2) 

eE U”.bYS Y” = 20,, Y, + gv, YA - LL, Y, = 2Y, B”A - glyd Yn + g,, Y, 7 (‘4.3) 

w uab = f(C,,ab - Ca,bfl - Cb,wa)y cay,,,. = ayeoR - aueuay e = det evoy 64.4) 

R wuab = ay w,y,b - w,,cw,cb -p ++ v, (A.5 > 
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R’ ,,a5 = a,r;a - ’ * * = gBAeaaefibRA,,b, 

R,, = RPIUp,>, @R (L4111’ CT UD _ ‘R. - - 2 

The covariant derivative operator on spinors I is 

v, = a, - 4 Wpaboab 

obeying the Ricci identity 

[V,, Vu] A = -4 RwvabcPbk 

The corresponding vector identity is 

[V,J,lA,=R4,,.A~. 

A constant curvature space in D dimensions is defined by 

WV 

(A.7) 

64.8) 

(A-9) 

(A. 10) 

R NV04 = m2(&m go, -g,, g,,> (A.ll) 

implying 

R,, = (D - 1) m’g,,, R=D(D- 1)m’. (A.12) 

The constant curvature space with mz > 0 is anti-de Sitter (Ads). In local coor- 
dinates, the AdS metric (in any dimension) can be written in the conformal form 

g,, = ~2rlwu~ eao = Qv,,, R2= (1 -q) -2 (A.13) 

where x2 = ~,,,x“x”, and the vielbein is in symmetric (Lorentz) gauge. Introducing 
the (D + 1)-vector CA (A = 0, l,..., D - 1, D + 1) 

(” =Rx”, CD+’ = m-‘(1 - 2Q) (A. 14) 

and the flat metric qas = diag(- + ... + -), one can readily check that 

qAe[A(B = -mp2 (A.15) 

and that the x’ are projective coordinates for this D-(pseudo)-sphere. The AdS metric 
(A.13) is in fact ~,,~“~,~“~,,, the metric induced by the immersion (A.14) of the D- 
(pseudo)-sphere in the flat (D + 1)-space. 

From (A.13) it is clear that AdS is locally Weyl ((‘conformally”) equivalent to 
Minkowski space. Although this is sufficient for our purposes, we remark that 
globally the correspondence is more intricate: the entire Minkowski space can only be 
conformally mapped to a portion of the Einstein static universe (ESU); and, in turn, 
half of ESU can be conformally mapped to the universal covering of the AdS [21]. 
We also note that the points x2 = 4/m* at which the metric (A.13) is singular 
correspond to null and space-like infinity in Ads. 
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APF’ENDIX B: WEYL INVARIANCE AND NULL CONE PROPAGATION 

The null cone ds* = 0 is preserved by a Weyl transformation. This suggests that a 
Weyl invariant field theory describes null cone propagation in a space of constant 
curvature. ‘* Here we sketch a proof of this assertion (in D = 4, for concreteness), 
relying on the use of Weyl transformations; an alternative argument is presented in 
Appendix C. 

First, consider the case of a scalar field in the constant curvature background g,, 
obeying the Weyl invariant equation (2.1). The symmetric Green function G(x, x’) 
satisfies 

( 
- a4(x, x’) q ,++R G(x,x’)= +,v&,, 1 R= -7*> 

g, = I det g,,(x)l. 
Under the substitution 

(B-1) 

(B-2) 

it follows thlat 

0, + + R ) G(x, x’) = i2;‘(Q,x>(.n,G(x, x’)) = 
- a4(x, x’) - 64(x, x’) 

q&y& = Q3xQxt 

or 

(~ox)(Q,G(x, x’) Q,,) = -d4(x, x’) 

giving the standard result 

G(x, x’) = .n; ‘G,(x, x’) 0,‘. (B-3) 

In flat space we know 

Go@, x’) = (1/4x) Q,) P.4) 

where u0 is the square of the distance from x to x’, u0 = g,,(x - x’)“(x - x’)~. With 
these results, we will now demonstrate that the Green function for the wave equation 
in the curved background also has null cone support: i.e., G(x, x’) - 6(u), where u is 
the square of the geodesic distance [6] from x to x’ in this background. 

'* Presumably, the result can be extended to general conformally flat spaces; however, we treat the 
only case of real interest, since those Einstein spaces which are conformally flat have constant curvature 

l-221. 
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To this end, we observe (see, e.g., [23]) that since o0 = 0 iff u = 0, then 

a=a,a,+a,a,* + a*‘. 

But 

rya,u,a,u, = 40, 

gu”a, ua,u = 40. 

Substituting (B.5) into (B.6b) yields the relation 

a’=$(sa,) 

or 

1 
I 

SW’) 
a, =- dtl2’ 

s 0 

(B-5 ) 

(B.6a) 

(B.6b) 

(B.7) 

where s is the affine parameter for the geodesic xp(s) from x to x’. Using (B.2) and 
remembering that null geodesics are preserved by the Weyl transformation, we find 

I 
1 dt 

a1= 0 (l-(?7?/4)[x+ t(x’-X)]2}2 =Qx,Qx (B.8) 

and 

4u) = 6(uo)/(g-) =. = -& @a,) = 0,’ 6(u,) f2, ’ - G(x, x’). (B.9) 
ll 

Thus, we have shown that the Green function in a constant curvature background has 
support entirely on the null cone, as desired. 

The spin $ Green function satisfies 

- 64(x, x’) 
~xS(x, x’) = ‘& & * 

A second-order form is found by setting S = PH, where H obeys 

- fJ4(x, x’) 

QLZ’ 

(B. 1Oa) 

(B.lOb) 

Proceeding as in the scalar case, one finds S(x, x’) = Q;3’2So(x, x’) Q;,3’2, with 
So = 8, &a,); one can then argue that the AdS Green function has only null cone 
support. 
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Next, consider the case of the Maxwell field. The symmetric Green function 
G,, ,(x, x’) satisfies 

A.yruG,,,,(x, x’) = kgk d4(x, 4, A,” = QLLc + R,” - V,V”, (B,l 1> 

R,,, = 3m2g,,, 

where g,,,(x, x’) is the bi-vector of geodesic parallel displacement [6]. Of course, the 
Green function is not well defined unless a gauge is fixed. For the moment, let us 
overlook this point and proceed formally. Inserting (B.2), we have 

A,“=R-2(00~~“--a,a~}=~-2A,,~~ 

and also glU,,(x, x’) = a,(x,x’) q,,, = Q,v,,,Q,,. Thus, 

(B.12) 

or 

LT2 A,,“G - fixr,a,~R,, -1 
pa, = 

aplf, 
64(x, x’) = yjy q,, ,64(x, x’) 

.Y 

(B.13) 

G,., ,(x, x’) = Gora ,(x, x’). 

One would now like to quote the flat space result G,,,,,(x, x’) = (1/4n) q,,, &a,,), and 
conclude from (B.9) and (B.13) that 

G,,, 4x, x’) = (1/47c) g,, ,6(a). 

However, this would not be quite right. The above expression for G, is valid in 
Lorentz gauge Pu, = 0; but, this gauge is not Weyl covariant, so that the simple 
relation (B.12) is not satisfied by the gauge-fixed operators. Another possibility is to 
work in the gauge x . a = 0, but here the expression for G, is more complicated. This 
(calculational) difficulty with gauge artifacts notwithstanding, it should be clear that 
the physical degrees of freedom propagate with null cone support. Indeed, one can 
easily repeat the steps (B.l lt(B.13) for G,,,,B,, the Green function for the field 
strength F, L,, and thereby avoid the gauge complications altogether. 

Finally, consider the conformal (gauge variant) spin 2 theory (4.22). Let 
G poa,B(~, x’) be the symmetric Green function obeying 

A p “G P ” (g,,~ ‘!LLv + ‘!$l~ g,,o d4(x, x’) (B. 14) 

where 

A p O= f~~g,Pg,“-~~Og,“gP”-~vp(V, g,” +vL,gg,“) + gvLIv,'gp~ +vTg,L)) II L' 

+ 4 RwP,” - i(R,, C’” + R““g,J + +(R,“g,” + R,,Pg,o) 

+ %R(g,,> gPa - g,“g,“) + p ++ a}. 
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Again, we refrain from fixing a “gauge” (although setting H = 0 poses no problems, 
as this condition is Weyl covariant), and simply observe that 

which implies 

G poa,B,(~,~‘)=~xGOpoa,4,(~,~‘)Rx’. (B.16) 

Since the flat space Green function has null cone support, evidently so does the AdS 
Green function G,,, ,a,. (However, we note that since A,, is not simply Cl,, then 
G ,,poa ,4r is not proportional to [r,,( v,ot + qpD, q,, ,] &a,); and hence, we cannot 
conclude that G,,,,s, N [g,,, &I~ +&3 ‘!&I 4a>.> 

APPENDIX C: PROJECTION TECHNIQUE 

In this section, we use the “projection technique” of Gutzwiller [24] to analyze 
null cone propagation in a space of constant curvature, which we have taken to be 
Ads. This method makes use of the immersion of AdS in a flat (D + 1)-space, M,, i . 
We begin by recalling a few elementary facts about the geometry of subspaces [22]. 
As in Appendix A, M,,, , has the metric ds* = vAae dcA dcB, and AdS is the subspace 

?lAB t;“l;” = -+c2 

with metric ds2 = g,, dx” dx”. Both metrics must agree on Ads, 

qAB d[” d[” = g,, dx” dx”. 

By (C.l), we have 

d[” = a, CA dx” 

so that 

Treating CA as invariants under coordinate transformations in AdS implies 

qJA = v&J” 

so that (C.3) becomes 

BABV, [“Vu CB = g,“* 

To obtain another useful result, we first differentiate (Cl) twice 

~lAB(v,,v, CA) CB + rABVu CAVLvCB = 0 

(C.1) 

(C.2) 

cc.31 

(C.4) 

(C.5) 
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and use (C.5) 

YIAB(V”VJA) II” = -g,v* 

Comparing it with (C.l), we obtain the Gauss-Codazzi relation 

VvVJA = m2JAguu. (C.6) 

We are now ready to describe the projection technique. The idea is to project AdS 
fields of arbitrary integer (half-integer) spin to fields on MD + 1, thereby reducing the 
problem to a set of AdS scalar (spin f) fields. To illustrate this, consider the case of a 
vector gauge field A” in Ads. Following (C.2), we define the projection 

VA s (Lg”)A”. (C.7) 

For D = 4, using (C.l), (C.4), and (C.6) above, one can readily prove the identities 

VAB CA vB = 0 (C.8) 

(0 + 2d) VA = (a, (“)(O + 3rd) AU + 2mZp(VpAq (C-9) 

where •i = V, V’, and VA is treated as a set of AdS scalars. In Ads, the Maxwell 
equations in Lorentz gauge read (see Section 3) 

(0 + 3m2) A, = 0, V.A=O. (C. 10) 

Hence, the h4axwell equations imply 

(O+2d)VA=0 (C.11) 

which demonstrates that each of the AdS scalars VA propagates on the null cone, as 
(C. 11) is the: “improved” scalar equation (2.3). This, in turn, indicates [24] that the 
vector A, also has null cone propagation. 

This argument is readily extended to AdS spaces of arbitrary dimension D. Here 
one has the identity 

(0 +- z;R) VA = (a,~“)[0 + f(D’ - 20 + 4) m2] AU + 2m21A(V,,Au), (C.12) 

since [E a((D - 2)/(D - 1)) and R = D(D - 1) m2. Hence, the Proca equations 
(3.23) 

[O+i(D’-2D+4)m2]A,=0, 

V.A=O 
(C.13) 

imply (0 + [R) VA = 0; that is, the scalars VA propagate on the null cone, and thus 
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presumably so does AU. A similar result is implied by the equations of the confor- 
mally invariant theory (3.21), 

L c)+$(D’-220+4)m’]A,-;VJV+t)=O. 

Indeed, observe that the divergence of (C.14) yields (for D # 4) 

q (V +l)+;(D-2)m”(V .A)=0 

and note the identity 

a4’+~(D2-2D+4)m2~‘--%vY(‘Y.A) I 
-;cA [O(V .A)++(D-2)m2(V .A)]. 

(C. 14) 

(C.15) 

Hence, (C.14) and (C.15) imply that the scalars PA = [VA - (2/D) c”(V . A)] 
propagate on the null cone. 

A similar analysis can be performed on the symmetric Green function G,,(x, x’). 
We define the projection 

GAA’(x, x’) G (~J”~,,~“‘) Guu’(x, x’) = GA’A(~‘, x) (C.17) 

and (for D = 4, say) note the identity 

(0, + 2m2) GAA’ = (c3JAi$,~~“‘)(0, + 3m2) G”” + 2m2~A(~,,~A’)(V,Gu~‘). (C.18) 

In unitary gauge, 

(0, + 3m*) G,, 8(x, x’) = - 
(C.19) 

V”G,r,(x, x’) = 0 

so that (C. 12) becomes 

(0, + 2m2) GAA ’ = qAA ’ &/& d4(x, 0 (C.20) 

The GAA’ of (C.20) are treated as a set of scalar AdS Green functions, which we 
know have support entirely on the null cone. 
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Next, co,nsider the case of the spin 2 field H,,. Let 

V4B = (~J”~,,~“) H”” 

419 

(C.2 1) 

and note the identity 

(Cl + 2m*) I+ = (a,<“&[“)(0 + 4m2) HP” + 2m4[A(BH 

+ 2m2{(CAV,.iB)(VwH“L.) + (C”vJ”)(v,.H”“)}. (C.22) 

Hence, the relations (4.29) 

(0 + 4m*) H,, = 0, V@H,,=H=O (C.23) 

reduce (C.22) to (0 + 2m2) VAB = 0, which, as already observed, corresponds to 
“massless” scalars in Ads. Thus, the field equations (C.23) evidently describe null 
propagation, in agreement with the result found in text. The conformally covariant 
spin 2 equations (4.24), (4.23) imply a similar result. 

Finally, consider the spin i field !Yfi and its projection 

v/A = &CA) yN* (C.24) 

We treat v,,, as a set of five spin i fields, and find the identity 

9v/A = (v,,~A)(9yw> + &A(y ’ ul>* (C.25) 

Thus, the tield equation (4.14a) 

P’y,=O, y* Y=O (C.26) 

implies 9ty4 = 0, which clearly has null propagation. Moreover, the conformally 
covariant equation (4.10a) 

9!P& -;y,v * Y’O, y. Y=O (C.27) 

yields an analogous result. Indeed, note the identity 

9[Il/, - +cA(v * Y)] = (VJA)[9YW - ;yyv * Y)] + m2C,(y. Y) - &P(V . Y). 

(C.28) 

But, since (27) also requires P(V . Y) = 0, we in fact have 

9[WA-f~,4(V’ y?]=O. 

That is, w; :z [v, - it(V . Y)] has null propagation. 

(C.29) 
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