11

Momentum Maps

In this chapter we show how to obtain conserved quantities for Lagrangian
and Hamiltonian systems with symmetries. This is done using the con-
cept of a momentum mapping, which is a geometric generalization of the
classical linear and angular momentum. This concept is more than a math-
ematical reformulation of a concept that simply describes the well-known
Noether theorem. Rather, it is a rich concept that is ubiquitous in the mod-
ern developments of geometric mechanics. It has led to surprising insights
into many areas of mechanics and geometry.

11.1 Canonical Actions and Their
Infinitesimal Generators

Canonical Actions. Let P be a Poisson manifold, let G be a Lie group,
and let ® : G x P — P be a smooth left action of G on P by canonical
transformations. If we denote the action by g-z = ®,4(z), so that &, : P —
P, then the action being canonical means that

Oy {Fy, F} = { @, F), 9 F, } (11.1.1)

for any Fy, Fy € F(P) and any g € G. If P is a symplectic manifold with
symplectic form 2, then the action is canonical if and only if it is symplectic,
that is, @70 = Q for all g € G.

Infinitesimal Generators. Recall from Chapter 9 on Lie groups that
the infinitesimal generator of the action corresponding to a Lie algebra
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366 11. Momentum Maps

element ¢ € g is the vector field {p on P obtained by differentiating the
action with respect to g at the identity in the direction . By the chain
rule,

ép(z) = % [exp(t€) - 2] . (11.1.2)

We will need two general identities, both of which were proved in Chapter 9.
First, the flow of the vector field {p is

0t = Poxp te- (11.1.3)
Second, we have
;1 {p = (Adg §)p (11.1.4)
and its differentiated companion
[€p,mp] = =& nlp - (11.1.5)

The Rotation Group. To illustrate these identities, consider the action
of SO(3) on R3. As was explained in Chapter 9, the Lie algebra so(3) of
SO(3) is identified with R3, and the Lie bracket is identified with the cross
product. For the action of SO(3) on R? given by rotations, the infinitesimal
generator of w € R3 is

w3 (X) = w X x = W(X). (11.1.6)
Then (11.1.4) becomes the identity
(Aw x x) = A(w x A" 'x) (11.1.7)

for A € SO(3), while (11.1.5) becomes the Jacobi identity for the vector
product.

Poisson Automorphisms. Returning to the general case, differentiate
(11.1.1) with respect to g in the direction &, to give

Ep[{F1, Fo}] = {&p[F1], Fo} + {F1,&p[F2]} - (11.1.8)
In the symplectic case, differentiating ®7€2 = €2 gives
£e,02=0, (11.1.9)

that is, £p is locally Hamiltonian. For Poisson manifolds, a vector field
satisfying (11.1.8) is called an infinitesimal Poisson automorphism.
Such a vector field need not be locally Hamiltonian (that is, locally of the
form Xyr). For example, consider the Poisson structure

OF OH aHa_F)

52 Oy~ 95 By (11.1.10)

{F,H}x(
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on R? and X = 9/dy in a neighborhood of a point of the y-axis.

We are interested in the case in which £p is globally Hamiltonian, a condi-
tion stronger than (11.1.8). Thus, assume that there is a global Hamiltonian
J(&) € F(P) for {p, that is,

X = Ep. (11.1.11)

Does this equation determine J(£)? Obviously not, for if J;(¢) and J2(&)
both satisfy (11.1.11), then

Xpe)—ne) =0; e, Ji(§) — J2(§) € C(P),

the space of Casimir functions on P. If P is symplectic and connected, then
J(&) is determined by (11.1.11) up to a constant.

Exercises
11.1-1.  Verify (11.1.4), namely, 7 lp = (Ad, &) p and its differentiated
companion (11.1.5) [{p,np] = —[£,n]p, for the action of GL(n) on itself

by conjugation.

11.1-2. Let S* act on S? by rotations about the z-axis. Compute J(£).

11.2 Momentum Maps

Since the right-hand side of (11.1.11) is linear in &, by using a basis in the
finite-dimensional case we can modify any given J(§) so it too is linear in
&, and still retain condition (11.1.11). Indeed, if eq,... ,e, is a basis of g,
let the new map J be defined by J(£) = £%.J(e,).

In equation (11.1.11), we can replace the assumption of a left Lie group
action by a canonical left Lie algebra action £ — £p. In the Poisson manifold
context, canonical means that (11.1.8) is satisfied and, in the symplectic
manifold context, that (11.1.9) is satisfied. (Recall that for a left Lie algebra
action, the map £ € g +— {p € X(P) is a Lie algebra antihomomorphism.)
Thus, we make the following definition:

Definition 11.2.1. Let a Lie algebra g act canonically (on the left) on
the Poisson manifold P. Suppose there is a linear map J : g — F(P) such
that

Xy =¢p (11.2.1)
for all € € g. The map J : P — g* defined by
(J(2), ) = J(&)(2) (11.2.2)

for all§ € g and z € P is called a momentum mapping of the action.
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Angular Momentum. Consider the angular momentum function for a
particle in Euclidean three-space, J(z) = qxp, where z = (q, p). Let £ € R?
and consider the component of J around the axis &, namely, (J(z),&) =
&-(qxp). One checks that Hamilton’s equations determined by this function
of q and p describe infinitesimal rotations about the axis £. This statement
was checked explicitly for ¢ a vector in R? that is of the form wk in §3.3,
preceding example (a). The defining condition (11.2.1) is a generalization
of this elementary statement about angular momentum.

Momentum Maps and Poisson Brackets. Recalling that Xy [F] =
{F, H}, we see that (11.2.1) can be phrased in terms of the Poisson bracket
as follows: For any function F on P and any & € g,

{FJ(€)} =¢&p [F]. (11.2.3)

Equation (11.2.2) defines an isomorphism between the space of smooth
maps J from P to g* and the space of linear maps J from g to F(P). We
think of the collection of functions J(§) as £ varies in g as the components
of J. Denote by

H(P)={XrpeX(P)|FeFP)} (11.2.4)
the Lie algebra of Hamiltonian vector fields on P and by

P(P)={X € X(P) | X[{F1, Fx}] = {X[F], Fo} + {F1, X[F2]} }
(11.2.5)

the Lie algebra of infinitesimal Poisson automorphisms of P. By (11.1.8),
for any £ € g we have £p € P(P). Therefore, giving a momentum map J
is equivalent to specifying a linear map J : g — F(P) making the diagram
in Figure 11.2.1 commute.

F X
F(P) —or

FIGURE 11.2.1. The commutative diagram defining a momentum map.

Since both & — &p and F — Xy are Lie algebra antihomomorphisms,
for &,m € g we get

Xyemn = [&mp = —[€pnp) = = [Xue) Xam)] = Xiu©)um)}>
(11.2.6)
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and so we have the basic identity

Xaen) = X775} (11.2.7)

The preceding development defines momentum maps but does not tell
us how to compute them in examples. We shall concentrate on that aspect
in Chapter 12.

Building on the above commutative diagram, §11.3 discusses an alter-
native approach to the definition of the momentum map, but it will not
be used subsequently in the main text. Rather, we shall give the formulas
that will be most important for later applications; the interested reader is
referred to Souriau [1970], Weinstein [1977], Abraham and Marsden [1978],
Guillemin and Sternberg [1984], and Libermann and Marle [1987] for more
information.

Some History of the Momentum Map The momentum map can be
found in the second volume of Lie [1890], where it appears in the context
of homogeneous canonical transformations, in which case its expression is
given as the contraction of the canonical one-form with the infinitesimal
generator of the action. On page 300 it is shown that the momentum map is
canonical and on page 329 that it is equivariant with respect to some linear
action whose generators are identified on page 331. On page 338 it is proved
that if the momentum map has constant rank (a hypothesis that seems to
be implicit in all of Lie’s work in this area), its image is Ad*-invariant, and
on page 343, actions are classified by Ad*-invariant submanifolds.

We now present the modern history of the momentum map based on
information and references provided to us by B. Kostant and J.-M. Souriau.
We would like to thank them for all their help.

In Kostant’s 1965 Phillips lectures at Haverford (the notes of which were
written by Dale Husemoller), and in the 1965 U.S.—Japan Seminar (see
Kostant [1966]), Kostant introduced the momentum map to generalize a
theorem of Wang and thereby classified all homogeneous symplectic man-
ifolds; this is called today “Kostant’s coadjoint orbit covering theorem.”
These lectures also contained the key points of geometric quantization.
Souriau introduced the momentum map in his 1965 Marseille lecture notes
and put it in print in Souriau [1966]. The momentum map finally got its for-
mal definition and its name, based on its physical interpretation, in Souriau
[1967]. Souriau also studied its properties of equivariance, and formulated
the coadjoint orbit theorem. The momentum map appeared as a key tool in
Kostant’s quantization lectures (see, e.g., Theorem 5.4.1 in Kostant [1970]),
and Souriau [1970] discussed it at length in his book. Kostant and Souriau
realized its importance for linear representations, a fact apparently not
foreseen by Lie (Weinstein [1983a]). Independently, work on the momen-
tum map and the coadjoint orbit covering theorem was done by A. Kirillov.
This is described in Kirillov [1976b]. This book was first published in 1972
and states that his work on the classification theorem was done about five
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years earlier (page 301). The modern formulation of the momentum map
was developed in the context of classical mechanics in the work of Smale
[1970], who applied it extensively in his topological program for the planar
n-body problem. Marsden and Weinstein [1974] and other authors quickly
seized on the treasures of these ideas.

Exercises

11.2-1. Verify that Hamilton’s equations determined by the function
(J(2),&) = £ (q x p) give the infinitesimal generator of rotations about
the £-axis.

11.2-2.  Verify that J([&,n]) = {J(€), J(n)} for angular momentum.
11.2-3.

(a) Let P be a symplectic manifold and G a Lie group acting canonically
on P, with an associated momentum map J : P — g*. Let S be
a symplectic submanifold of P that is invariant under the G-action.
Show that the G-action on S admits a momentum map given by J|g.

(b) Generalize (a) to the case in which P is a Poisson manifold and S is
an immersed G-invariant Poisson submanifold.

11.3 An Algebraic Definition of the
Momentum Map

This section gives an optional approach to momentum maps and may be
skipped on a first reading.! The point of departure is the commutative
diagram in Figure 11.2.1 plus the observation that the following sequence
is exact (that is, the range of each map equals the kernel of the following
one):

* ., ppP) —=— P(P)/H(P) —— 0.

Here, i is the inclusion, 7 the projection, H(F') = Xp, and H(P) denotes
the Lie algebra of globally Hamiltonian vector fields on P. Let us investigate
conditions under which a left Lie algebra action, that is, an antihomomor-
phism p : g — P(P), lifts through H to a linear map J : g — F(P).
As we have already seen, this is equivalent to J being a momentum map.
(The requirement that J be a Lie algebra homomorphism will be discussed
later.)

IThis section assumes that the reader knows some topology and a little more Lie
theory than we have actually covered; this material is not needed later on.
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IfHoJ =p,then mop=moHodJ=0. Conversely, if 7o p = 0, then
p(g) C H(P), so there is a linear map J : g — F(P) such that Ho J = p.
Thus, the obstruction to the existence of J is wo p = 0. If P is symplectic,
then P(P) coincides with the Lie algebra of locally Hamiltonian vector
fields and thus P(P)/H(P) is isomorphic to the first cohomology space
H'(P) regarded as an abelian group. Thus, in the symplectic case, Top =0
if and only if the induced mapping p' : g/ [g,8] — H'(P) vanishes. Here is
a list of cases that guarantee that mo p = 0:

1. P is symplectic and g/[g,g] = 0. By the first Whitehead lemma,
this is the case whenever g is semisimple (see Jacobson [1962] and
Guillemin and Sternberg [1984]).

2. P(P)/H(P) = 0. If P is symplectic, this is equivalent to the vanishing
of the first cohomology group H!(P).

3. If P is exact symplectic, that is, ) = —dO, and O is invariant under
the g action, that is,

£e,0 =0. (11.3.1)

Case 3 occurs, for example, when P = T*(@Q and the action is a lift. In
Case 3, there is an explicit formula for the momentum map. Since

0= £¢,0 =dig, 0 +1i¢,,dO, (11.3.2)
it follows that
d(ig, ©) =i, Q, (11.3.3)

that is, the interior product of {p with © satisfies (11.2.1), and hence the
momentum map J : P — g* is given by

(J(2),€) = (i, 0) (2). (11.3.4)
In coordinates, write © = p; dg' and define A%, and B,; by
.0 0
= aA]a—- aBa'—~ 11.3.5
Ep=¢ o¢ + &£% Baj o) ( )
Then (11.3.4) reads
Ja(4,p) = Pid'a(g,p). (11.3.6)

The following example shows that p’ does not always vanish. Consider
the phase space P = S' x S', with the symplectic form Q = df; A dfs, the
Lie algebra g = R?, and the action

0 0]
p((El,.’EQ) :x16—01+$28—02. (1137)

In this case [g,g] = 0 and p’ : R? — H'(S' x S!) is an isomorphism, as
can be easily checked.
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11.4 Conservation of Momentum Maps

One reason that momentum maps are important in mechanics is that they
are conserved quantities.

Theorem 11.4.1 (Hamiltonian Version of Noether’s Theorem). If the
Lie algebra g acts canonically on the Poisson manifold P and admits a
momentum mapping J : P — g*, and if H € F(P) is g-invariant, that is,
Ep[H] =0 for all £ € g, then J is a constant of the motion for H, that is,

Joyp =17,

where @y is the flow of X g . If the Lie algebra action comes from a canonical
left Lie group action ®, then the invariance hypothesis on H is implied by
the invariance condition H o &, = H for all g € G.

Proof. The condition {p [H] = 0 implies that the Poisson bracket of
J(£), the Hamiltonian function for {p, and H vanishes: {J(§), H} = 0. This
implies that for each Lie algebra element &, J(£) is a conserved quantity
along the flow of X . This means that the values of the corresponding g*-
valued momentum map J are conserved. The last assertion of the theorem
follows by differentiating the condition H o ®, = H with respect to g at
the identity e in the direction £ to obtain {p [H] = 0. |

We dedicate the rest of this section to a list of concrete examples of
momentum maps.

Examples

(a) The Hamiltonian. On a Poisson manifold P, consider the R-action
given by the flow of a complete Hamiltonian vector field X . A correspond-
ing momentum map J : P — R (where we identify R* with R via the usual
dot product) equals H. ¢

(b) Linear Momentum. In §6.4 we discussed the N-particle system
and constructed the cotangent lift of the R*-action on R3*" (translation on
every factor) to be the action on T*R3N = RSV given by

x-(qi,p’) = (q; +x,p’), j=1,...,N. (11.4.1)

We show that this action has a momentum map and compute it from the
definition. In the next chapter, we shall recompute it more easily utilizing
further developments of the theory. Let ¢ € g = R?; the infinitesimal gen-
erator £p at a point (q;, p’) € RN = P is given by differentiating (11.4.1)
with respect to x in the direction ¢:

ép(a;,p) = (£,6....,€0,0,...,0). (11.4.2)
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On the other hand, by definition of the canonical symplectic structure €2
on P, any candidate J(§) has a Hamiltonian vector field given by

Xy(e)(aj,P’) = (85]15? : —%ﬁ?) . (11.4.3)

Then, X j¢) = {p implies that

9J (&)
op’

9J(8)
8qj

=¢ and =0, 1<j5<N. (11.4.4)
Solving these equations and choosing constants such that J is linear, we
get

J(6)(a;.p Zp & de, Japp)=>.p (11.4.5)

j=1

This expression is called the total linear momentum of the N-particle
system. In this example, Noether’s theorem can be deduced directly as
follows. Denote by Ja, ', pl, the ath components of J, q;, and p/, a =
1,2, 3. Given a Hamiltonian H, determining the evolution of the N-particle
system by Hamilton’s equations, we get

dla  dp), OH i )

— , (11.4.6)
Jj=1 Oga

dt = dt gl

The bracket on the right is an operator that evaluates the variation of the
scalar function H under a spatial translation, that is, under the action of
the translation group R? on each of the NV coordinate directions. Obviously,
Jo is conserved if H is translation-invariant, which is exactly the statement
of Noether’s theorem. ¢

(c¢) Angular Momentum. Let SO(3) act on the configuration space
Q = R3 by ®(A,q) = Aq. We show that the lifted action to P = T*R3
has a momentum map and compute it. First note that if (q,v) € TqR3,
then Ty®4(q,v) = (Aq,Av). Let A-(q,p) = Tx,Pa-1(q,p) denote the
lift of the SO(3) action to P, and identify covectors with vectors using the
Euclidean inner product. If (q,p) € T(;*R3, then (Aq,v) € TaqR?, so

(A-(a,p),(Aq,v)) =((q,p ' (Aq,v))
=(p.A >
(

Ap,v) = ((Aq,Ap),(Aq,V)),

that is,

A (q,p) = (Aqg,Ap). (11.4.7)
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Differentiating with respect to A, we find that the infinitesimal generator
corresponding to £ = & € s0(3) is

wp(q,p) = (£q,ép) = (w X q,w X p) . (11.4.8)

As in the previous example, to find the momentum map, we solve

01 _ oo a0

o g~ P (11.4.9)

such that J(§) is linear in £. A solution is given by

J(€)(a,p) =(q) - p=(wxq)-p=(axPp)-w,

so that

J(q,p) =q x p. (11.4.10)
Of course, (11.4.10) is the standard formula for the angular momentum of
a particle.

In this case, Noether’s theorem states that a Hamiltonian that is rota-
tionally invariant has the three components of J as constants of the motion.
This example can be generalized as follows. ¢

(d) Momentum for Matrix Groups. Let G C GL(n,R) be a sub-
group of the general linear group of R™. We let G act on R™ by matrix
multiplication on the left, that is, ®4(q) = Aq. As in the previous exam-
ple, the induced action on P = T*R" is given by

A (q,p) = (Aq,(AT)"'p) (11.4.11)
and the infinitesimal generator corresponding to £ € g by
¢p(a,p) = (€q, —¢7p). (11.4.12)
To find the momentum map, we solve
ag_;g) =¢q and a‘;—ff) =¢Tp, (11.4.13)

which we can do by choosing J(£)(q,p) = (£q) - p, that is,

(J(a,p), &) = (¢a) - p. (11.4.14)
Ifn =3 and G = SO(3), (11.4.14) is equivalent to (11.4.10). In coordinates,
(€q) - p = &4’ pi, s0 |
[J (a,p)]; = a'p;.

If we identify g and g* using (A, B) = trace (ABT)7 then J(q,p) is the
projection of the matrix ¢/p; onto the subspace g. ¢
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(e) Canonical Momentum on g*. Let the Lie group G with Lie alge-
bra g act by the coadjoint action on g* endowed with the + Lie—Poisson
structure. Since Adg-1 : g — g is a Lie algebra isomorphism, its dual
Adj-: : g" — g* is a canonical map by Proposition 10.7.2. Let us prove
this fact directly. A computation shows that

oF § (FoAd;-1)
S(Adgr ) Ady P (11.4.15)
whence
{FvH}j: (Adz;71 /J)
or 6H
=+ (Adi-
< gt § (Ady-1 p) 6 (Ad; - M)]>

* 1) FoAd*ﬂ ) HOAd*,l
_jE<Adg1 o | Ads ( Sp : )’Adg ( Sp ] )]>

5(FoAd ) o(HoAd; )
=+ 1, 5 < , p

K jz

= {FOAdZ—l,HOAd;*l}i (/1’)7

that is, the coadjoint action of G on g* is canonical. From Proposition 10.7.1,
the Hamiltonian vector field for H € F(g*) is given by

Since the infinitesimal generator of the coadjoint action corresponding to
£ € g is given by £ = — adz, it follows that the momentum map of the

coadjoint action, if it exists, must satisfy
Fad(s ey 50 1= —adg p (11.4.17)
for every p € g*, that is, J(&)(u) = £ (i, &), which means that
J = + identity on g*. ¢

(f) Dual of a Lie Algebra Homomorphism. The plasma to fluid map
and averaging over a symmetry group in fluid flows are duals of Lie alge-
bra homomorphisms and provide examples of interesting Poisson maps (see
§1.7). Let us now show that all such maps are momentum maps.

Let H and G be Lie groups, let A : H — G be a Lie group homomor-
phism, and suppose that a : h — g is the induced Lie algebra homomor-
phism, so its dual a* : g* — h* is a Poisson map. We assert that o™ is also
a momentum map. Let H act on g% by

h - o= AdZ(h)—l M,
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that is,

(h-p,&) = (p, Ad gy €)- (11.4.18)

Differentiating (11.4.18) with respect to h at e in the direction n € b gives
the infinitesimal generator

(ng= (1), &) = — (p,adg(y) &) = — <ad§;(,7) u,§> . (11.4.19)
Setting J(p) = (), that is,
J(m) (1) = (I(w),m) = (@™ (1), m) = (p, a(n)) , (11.4.20)
we get
6J(n) _
W = a(n),
and so on g%,
Xy () = —ads i) 6, b= —ady,) 1= mng-(1), (11.4.21)
so we have proved the assertion. ¢

(g) Momentum Maps for Subalgebras. Assume that Jg: P — g* is
a momentum map of a canonical left Lie algebra action of g on the Poisson
manifold P and let h C g be a subalgebra. Then § also acts canonically on
P, and this action admits a momentum map Jy : P — h* given by

Iy (2) = Jg(2)[b. (11.4.22)

Indeed, if n € bh, we have np = X (), since the g-action admits the
momentum map Jg and 1 € g. Therefore, Jy(n) = Jy(n) for all n € b
defines the induced h-momentum map on P. This is equivalent to

<Jh(z)7 77> = <J9(z)7 77>
for all z € P and 7 € g, which proves formula (11.4.22) . ¢

(h) Momentum Maps for Projective Representations. This exam-
ple deals with the momentum map for an action of a finite-dimensional Lie
group GG on projective space that is induced by a unitary representation on
the underlying Hilbert space. Recall from §5.3 that the unitary group U(H)
acts on PH by symplectomorphisms. Due to the difficulties in defining the
Lie algebra of U(H) (see Example (d) at the end of §9.3), we cannot define
the momentum map for the whole unitary group.

Let p : G — U(H) be a unitary representation of G. We can define the
infinitesimal action of its Lie algebra g on PDg, the essential G-smooth
part of PH, by

Eonllv) = FleDEA@N]|  =Ton(A©¥),  (11423)

t=0
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where the infinitesimal generator A(¢) was defined in §9.3, where [¢)] €
PDg, and where the projection is denoted by m : H \ {0} — PH. Let

¢ € (Cy)* and |[¢] = 1. Since A()y — (A(§)¥,9)v € (Cy)*, we have

(160 ) (T () = —2RIm(A(E)) — (A, ¥, )
— —2hIm(A(©)Y, ).

On the other hand, if J : PDg — g* is defined by

@(10D. € = () = TR, (11.421)
then for ¢ € (Cy)* and ||¢|| = 1, a short computation gives
d(J()([¥))(Tym(p)) = %J(ﬁ)(WJrW]) B

= —2hIm(A (€)1, p).

This shows that the map J defined in (11.4.24) is the momentum map
of the G-action on PH. We caution that this momentum map is defined
only on a dense subset of the symplectic manifold. Recall that a similar
thing happened when we discussed the angular momentum for quantum
mechanics in §3.3. ¢

Exercises

11.4-1. For the action of S' on C? given by
e (21, 2) = (€21, 67 2),

show that the momentum map is J = (|z1]? — |22/?)/2. Show that the
Hamiltonian given in equation (10.5.3) is invariant under S, so that The-
orem 11.4.1 applies.

11.4-2 (Momentum Maps Induced by Subgroups). Consider a Poisson
action of a Lie group G on the Poisson manifold P with a momentum map
J and let H be a Lie subgroup of G. Denote by i : h — g the inclusion
between the corresponding Lie algebras and i* : g* — bh* the dual map.
Check that the induced H-action on P has a momentum map given by
K =i*oJ, that is, K = J|h.

11.4-3 (Euclidean Group in the Plane). The special Euclidean group SE(2)
consists of all transformations of R? of the form Az + a, where z,a € R?,
and

A € SO(2) = < matrices of the form Cf)se —sind . (11.4.25)
sinf cosf
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This group is three-dimensional, with the composition law
(A a)- (B,b)=(AB,Ab+a), (11.4.26)

identity element (I,0), and inverse (A,a)_1 = (A‘l,—A_la). We let
SE(2) act on R? by (A,a) -z = Az + a. Let z = (¢, p) denote coordinates
on R2. Since det A = 1, we get <I>’("A7a)(dq Adp) = dq A dp, that is, SE(2)
acts canonically on the symplectic manifold R%. Show that this action has
a momentum map given by J(q,p) = (=1 (¢* + p?),p, —q) .

11.5 Equivariance of Momentum Maps

Infinitesimal Equivariance. Return to the commutative diagram in
§11.2 and the relations (11.2.6). Since two of the maps in the diagram
are Lie algebra antihomomorphisms, it is natural to ask whether J is a
Lie algebra homomorphism. Equivalently, since X e = Xiy(¢),0m)}, it
follows that

J([&n]) = {J(&), J(n)} = 2(&,m)

is a Casimir function on P and hence is constant on every symplectic leaf
of P. As a function on g x g with values in the vector space C(P) of Casimir
functions on P, ¥ is bilinear, antisymmetric, and satisfies

(& <) + 2, [¢€) + 2(C € m]) =0 (11.5.1)

for all &,m,¢ € g. One says that ¥ is a C(P)-valued 2-cocycle of g; see
Souriau [1970] and Guillemin and Sternberg [1984, p. 170], for more infor-
mation.

It is natural to ask when X(&,7) = 0 for all £, 7 € g. In general, this does
not happen, and one is led to the study of this invariant. We shall derive an
equivalent condition for J : g — F(P) to be a Lie algebra homomorphism,
that is, for ¥ = 0, or, in other words, for the following commutation
relations to hold:

J((&n)) = {7 (), J(n)}- (11.5.2)

Differentiating relation (11.2.2) with respect to z in the direction v, €
T.P, we get

d(J(§))(2) - vs = (T.T - v., ) (11.5.3)
forall z € P, v, € T, P, and £ € g. Thus, for {,n € g,

{J(8), T ()} (2) = Xy [T ()] (2) = d(J () (2) - Xy (2)
= <TzJ : Xl(n)<z)a€> = <TzJ : 77P(2>7f> : (11'5'4>
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Note that
(&) () = A=), [6ml) = — (=), ady &) = — (ad, 3(2),€). (115.5)
Consequently, J is a Lie algebra homomorphism if and only if
T.J -np(z) = —ad;, J(z) (11.5.6)

for all n € g, that is, (11.5.2) and (11.5.6) are equivalent. Momentum maps
satisfying (11.5.2) (or (11.5.6)) are called infinitesimally equivariant
momentum maps, and canonical (left) Lie algebra actions admitting in-
finitesimally equivariant momentum maps are called Hamiltonian ac-
tions. With this terminology, we have proved the following theorem:

Theorem 11.5.1. A canonical left Lie algebra action is Hamiltonian if
and only if there is a Lie algebra homomorphism v : g — F(P) such that
Xyy = &p for all § € g. If ¢ exists, an infinitesimally equivariant mo-
mentum map J is determined by J = . Conversely, if J is infinitesimally
equivariant, we can take ¥ = J.

Equivariance. Let us justify the terminology “infinitesimally equivari-
ant momentum map.” Suppose the canonical left Lie algebra action of g on
P arises from a canonical left Lie group action of G on P, where g is the
Lie algebra of G. We say that J is equivariant if

Adfi0J =Jo0d, (11.5.7)

for all g € G, that is, the diagram in Figure 11.5.1 commutes.

F1cUre 11.5.1. Equivariance of momentum maps.

Equivariance can be reformulated as the identity

J(Ady §)(g-2) = J(§)(2) (11.5.8)

forall g € G, £ € g, and z € P. A (left) canonical Lie group action is
called globally Hamiltonian if it has an equivariant momentum map.
Differentiating (11.5.7) with respect to g at g = e in the direction 7 € g
shows that equivariance implies infinitesimal equivariance. We shall see
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shortly that all the preceding examples (except the one in Exercise 11.4-
3) have equivariant momentum maps. Another case of interest occurs in
Yang-Mills theory, where the 2-cocycle X is related to the anomaly (see
Bao and Nair [1985] and references therein). The converse question, “When
does infinitesimal equivariance imply equivariance?” is treated in §12.4.

Momentum Maps for Compact Groups. In the next chapter we shall
see that many momentum maps that occur in examples are equivariant. The
next result shows that for compact groups one can always choose them to
be equivariant.?

Theorem 11.5.2. Let G be a compact Lie group acting in a canonical
fashion on the Poisson manifold P and having a momentum map J : P —
g*. Then J can be changed by addition of an element of L(g,C(P)) such
that the resulting map is an equivariant momentum map. In particular, if
P is symplectic, then J can be changed by the addition of an element of g*
on each connected component so that the resulting map is an equivariant
momentum map.

Proof. For each g € G define J9(2) = Ad,-. J(g7! - 2) or, equivalently,
J9(&) = J(Adg-1§) o ®,-1. Then J9 is also a momentum map for the
G-action on P. Indeed, if z € P, £ € g, and F : P — R, we have

{F, J9(6)}(2) = —=dJ9(§)(2) -XF( )

=—dJ(Ady1 &)(g7"  2) To®, XF( )
= —dJ(Adg— &)(g7" - 2) - (i XF)(g7" - 2)
= —dJ(Adg &)(g7" - 2) - Xasp(g™" - 2)

= {0y F J(Adg— E)}g~ ‘Z)
= (Ady-1 &) P[P FI(g™" - 2)

= (PyEP)[@5F (97" - 2)
=dF(z)-&p(z) = {F, J(O)}(2)-

Therefore, {F, J9(§) — J (&)} = 0 for every F': P — R, that is, J9(§) — J(&)
is a Casimir function on P for every g € G and every £ € g. Now define

@ = [ 34,

where dg denotes the Haar measure on G normalized such that the total
volume of G is 1. Equivalently, this definition states that

wmzéﬁ@@

2A fairly general context in which nonequivariant momentum maps are unavoidable
is given in Marsden, Misiolek, Perlmutter, and Ratiu [1998].
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for every £ € g. By linearity of the Poisson bracket in each factor, it follows
that

(F)©)} = /G (F,J9(6)} dg = /G (F,J()} dg = {F.J(©)}.

Thus (J) is also a momentum map for the G-action on P, and (J)(§) —J(&)
is a Casimir function on P for every & € g, that is, (J) —J € L(g,C(P)).
The momentum map (J) is equivariant. Indeed, noting that

J9(h-z)=Ad; . I"9(2)

and using invariance of the Haar measure on G under translations and
inversion, for any h € G we have, after changing variables ¢ = hk in the
third equality below,

<J>(h-z):/GAd;_th”g(z)dgzAd;;_l/GJh“g(z)dg

— Al /G 35 (2) dk = Ad;_ (3)(2). -

Exercises

11.5-1. Show that the map J : S? — R given by (x,y,2) — z is a
momentum map.

11.5-2. Check directly that angular momentum is an equivariant mo-
mentum map, whereas the momentum map in Exercise 11.4-3 is not equiv-
ariant.

11.5-3. Prove that the momentum map determined by (11.3.4), namely,

(J(2),€) = (ic,©) (),
is equivariant.

11.5-4. Let V(n, k) denote the vector space of complex n x k matrices (n
rows, k columns). If A € V(n, k), we denote by A' its adjoint (transpose
conjugate).

(i) Show that
(A, B) = trace(ABT)

is a Hermitian inner product on V'(n, k).

(ii) Conclude that V(n, k), viewed as a real vector space, is a symplectic
vector space and determine the symplectic form.
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(iii) Show that the action
(U, V)-A=UAV!
of U(n) x U(k) on V(n, k) is a canonical action.
(iv) Compute the infinitesimal generators of this action.
(v) Show that J: V(n,k) — u(n)* x u(k)* given by
1 - 1
(J(A), (&) = 5 trace(AATE) — o trace(AT Ar)
is the momentum map of this action. Identify u(n)* with u(n) by the
pairing
(€1,62) = — Reftrace(£182)] = — trace(§1€2),

and similarly, for u(k)* = u(k); conclude that
J(A) = %(—z’AATJATA) € u(n) x u(k).

(vi) Show that J is equivariant.





