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1 Introduction

In simple terms, the second law of thermodynamics
states that the entropy of a closed system will tend
to increase until an equilibrium is reached. Of course,
this is merely a statistical law: there’s always a non-
zero probability that the entropy will spontaneously
decrease.

The idea of geometric thermodynamics is to imag-
ine a manifold where each point represents a state of a
system, and the distance between them is associated to
a probability such that, the farther away they are, the
less likely it will be for the system to spontaneously
"fluctuate" between these points. This manifold will
be usually be a Riemmanian surface, since it’s most
common to work with two variables (like U and V).

For this, we simply define a metric, and everything
else will follow from Riemmanian geometry in an el-
egant way. The most common one is the Ruppeiner
metric, named after George Ruppeiner:
—0;0;8 (1)

Gij =

2 The Ruppeiner metric

To motivate Equation , we start with the statisti-
cal definition of entropy: S = kpIn{. It’s reason-
able to assume that the probability of being in a given
macrostate should be proportional to the amount of

compatible microstates, §2:

Pxets (2)

If a system is in equilibrium with its environment,
then the universe has reached an entropy maximum.
By assuming the environment is much larger than the
system and doing a Taylor expansion around this point
of equilibrium, p (using ais\p =0):

1 i
S(zt, x?) ~ Sy + §6¢3j5’px a7 (3)

A full deduction can be found in Wei et al.2.
combining and , we get

By
P(v) x e~ lvIP

(4)
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So, if we accept g;; from (|1)) as our Riemannian met-
ric, the right-hand side of (5)) becomes g;; pvivj ; this is

just (v,v): so indeed, ||v||>. Thus, we get our desired

IvII* = 0,5 v'e!

result: a metric with a notion of length which is re-
lated to the probability of each state. We just have
to check that g;; is a valid metric: it’s symmetric due
to Schwarz’s lemma, and positive because a Hessian

evaluated at a maximum is negative.

3 Thermodynamic length

A lot of authors®2 define as the thermodynamic
length — how far a given state is from equilibrium —
even though it’s not actually measuring lengths in M,
since the vectors v reside on 7, M. But because M is
smooth, T, M approximates M around p, so lengths in
M can be approximated as lengths in the tangent space.
That is, to measure the distance between py,p; € M,
we project p; on Ty, M and take the length of the cor-
responding vector, ||v]|.

However, if we wish to consider large fluctuations
from equilibrium (or to simply be more rigorous), this
is no longer satisfactory. So we have to start with the

definition of curve length:

t g dct ded
[(c) = {(t)]| = al S g,
(C) /to HC< )H Zﬂ gj|c(t) dt dt

for a curve c : [to,t1] — M. Then, to calculate the
distance between two arbitrary points, we choose the
curve which minimizes this length: a geodesic. In
Euclidean space, this is just (a parametrization of) a
straight line; in general, we can find geodesics by solv-
ing the following system of differential equations:
2k i q.d
G =0 g

where Ffj are the Christoffel symbols (which are

fully determined by the metric)™.

It’s important to note that this not a trivial en-
deavor at all; in practice, a closed-form expression for
the distance function can only be obtained for very

specific metrics.

4 Gauss curvature

Gauss’s Theorema Egregium states that the Gauss cur-
vature of a surface depends only on its metric. For a
metric ds? := g;;dz'dz? = (61)? + (6%)?, there’s a con-
nection form wj, defined such that df' = 6% A w} and
df? = —0' A wl. Then, the Gauss curvature is K
such that dws = K6' A 2. This is, surprisingly, an
intrinsic property of a given surface; it doesn’t depend

on the chosen metric/coordinate system®.



This turns out to be one of the most useful and pro-
found quantities in geometric thermodynamics, though
its implications are still not fully understood. It’s been
particularly useful for probing the structure of black
holes®®. According to Ruppeiner?, K seems to reflect
the microscopic interactions of a system in the follow-

ing ways:

e For mostly attractive interactions, K < 0;

e If there are no significant interactions, K = 0;
e For mostly repulsive interactions, K > 0;

e In critical points, K diverges.
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Figure 1: Phase diagram showing the critical point'©.

5 Examples

5.1 Ideal gas

An ideal gas is the simplest model of a gas, defined by
the equation of state PV = NkpT. By writing the
entropy as S(U,V) = NCy InU + Nkgln'V, we get a
Ruppeiner metric of:
S ®)
For this metric, the Christoffel symbols boil down
to I‘fj = —x%@‘j(sjk- Plugging this into (7)), we get
UU = U? (and similarly for V); therefore, all possible
geodesics are of the form (U, V) = (AePt CeP?). So,

for a curve between (Up, Vo) and (U1, Vi), we can use
In (ﬂ)t In (ﬁ)t .
c(t) Upe \To /" Ve \Vo/" ), ¢t € [0,1]. Finally,
the thermodynamic distance @ is:
) o

As for the Gauss curvature, it’s easy to see that it’s
zero by noting that wi = 0. This corroborates the idea

that no interactions implies K = 0, since the particles

ds? = dU? + dv?

d(po,p1) = \/NOV In? (gl

0
It has units of J3K~3.

AN

>+Nk31n2 (V

Vo

in an ideal gas are non-interacting by definition.

5.2 Van der Waals gas

The Van der Waals gas aims to improve the free gas
model by introducing two parameters: a, which ac-
counts for the electrostatic attraction between parti-
cles; and b, which accounts for the volume of the par-

ticles. The new equation of state becomes (using molar
volume):

a

V2

(P+ —)(V—-b)=RT (10)

Figure 2: Various isothermal curves for the Van der Waals gas,
from Equation Below a critical temperature, a phase change
region appears (F-G); K is the critical point‘Z.

Writing the entropy as S = S(T, V)9, the metric is
now:

Cv
==

TV3 —2a(V — nb)

2
ds® dT? dv?
° TV —nb)?

(11)

The thermodynamic length is a very unwieldy ex-
pression®. The Gauss curvature, on the other hand, be-
comes quite simple when using (P,V) coordinates (this
calculation by Santoro and Preston uses the Weinhold

metric?):

aRV?
2Cy (PV3 — aV + 2ab)?
By setting a = 0 — thus disabling the interactions
— the original R = 0 result from the ideal gas is re-
covered. The same effect can be achieved by doing
V — 0.

K(P,V) =

(12)

When looking for asymptotes, one can be found at
(P,V) = (5%z,3b); this suggests we've discovered a
critical point in the system. To check, by looking at
Figure [2] it’s clear that it will be an inflection point
on the (P, V) diagram. So we get the following condi-
tions: Oy P = 0% P = 0. By applying them to we
find the point to be (P,V,T) = (5=, 3b, %) — just
as predicted!
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