a Preprintreihe

SFB 478 – Geometrische Strukturen in der Mathematik

Heft 141

Cyclic Theory and the Bivariant Chern–Connes Character

J. Cuntz

ISSN 1435-1188

Preprintreihe des SFB 478 – Geometrische Strukturen in der Mathematik

des Mathematischen Instituts der Westfälischen Wilhelms-Universität Münster

Heft 141

Cyclic Theory and the Bivariant Chern–Connes Character

J. Cuntz

Dezember 2000

ISSN 1435-1188

Diese Arbeit ist im Sonderforschungsbereich 478, Geometrische Strukturen in der Mathematik, Münster, entstanden und wurde auf seine Veranlassung unter Verwendung der ihm von der Deutschen Forschungsgemeinschaft zur Verfügung gestellten Mittel gedruckt.

1

Cyclic Theory and the Bivariant Chern-Connes Character

Joachim Cuntz Mathematisches Institut Universität Münster Einsteinstr. 62 48149 Münster cuntz@math.uni-muenster.de

November 20, 2000

Abstract We give a survey of cyclic homology/cohomology theory including a detailed discussion of cyclic theories for various classes of topological algebras. We show how to associate cyclic classes with Fredholm modules and K-theory classes and construct a completely general bivariant Chern-Connes character from bivariant K-theory to bivariant cyclic theory.

1 Introduction

The two fundamental “machines” of non-commutative geometry are cyclic homology and (bivariant) topological K-theory. In the present notes we describe these two theories and their connections. Cyclic theory can be viewed as a far reaching generalization of the classical de Rham cohomology, while bivariant K-theory includes the topological K-theory of Atiyah-Hirzebruch as a very special case. The classical commutative theories can be extended to a striking amount of generality. It is important to note however that the new theories are by no means based simply on generalizations of the existing classical constructions. In fact, the constructions are quite different and give, in the commutative case, a new approach and an unexpected interpretation of the well-known classical theories. One aspect is that some of the properties of the two theories become visible only in the noncommutative category. For instance both theories have certain universality properties in this setting.

∗Research supported by the Deutsche Forschungsgemeinschaft

Bivariant K-theory has first been defined and developed by Kasparov on the category of C^∗-algebras (possibly with the action of a locally compact group) thereby unifying and decisively extending previous work by Atiyah-Hirzebruch, Brown-Douglas- Fillmore and others. Kasparov also applied his bivariant theory to obtain striking positive results on the Novikov conjecture. Very recently, it was discovered that in fact, bivariant topological K-theories can be defined on a wide variety of topological algebras ranging from discrete algebras and very general locally convex algebras to e.g. Banach algebras or C^∗-algebras (possibly equipped with a group action). If E is the covariant functor from such a category of algebras given by topological K-theory or also by periodic cyclic homology, then it satisfies the following three fundamental properties:

(E1) E is diffeotopy invariant, i.e., the evaluation map ev_t in any point t ∈ [0, 1] induces an isomorphism E(ev_t) : E(A[0, 1]) → E(A) for any A in C. Here A[0, 1] denotes the algebra of A-valued C^∞-functions on [0, 1].

(E2) E is stable, i.e., the canonical inclusion ι : A → K ^⊗A, where K denotes the algebra of infinite N × N -matrices with rapidly decreasing coefficients, induces an isomorphism E(ι) for any A in C.

(E3) E is half-exact, i.e., each extension 0 → I → A → B → 0 in C admitting a continuous linear splitting induces a short exact sequence E(I) → E(A) → E(B)

“Diffeotopy”, i.e., differentiable homotopy is used in (E1) for technical reasons in connection with the homotopy invariance properties of cyclic homology. For Ktheory, it could also be replaced by ordinary continuous homotopy. It turns out that the bivariant K-functor is the universal functor from the given category C of algebras into an additive category D (i.e., the morphism sets D(A, B) are abelian groups) satisfying these three properties 21.2.

Cyclic theory is a homology theory that has been developed, starting from K-theory, independently by Connes and Tsygan. Connes’ construction was in fact directly motivated by Kasparov’s formalism for bivariant K-theory and in particular for Khomology. A crucial role is played by so-called Fredholm modules or spectral triples. Also Tsygan’s work is closely related to K-theory, [43]. In fact, in his approach, the new theory was originally called “additive K-theory” and he pointed out that it is an additive version of Quillen’s definition of algebraic K-theory. It was immediately realized that cyclic homology has close connections with de Rham theory, Lie algebra homology, group cohomology and index theorems.

The theory with the really good properties is the periodic theory introduced by Connes. Periodic cyclic homology HP_∗ satisfies the three properties (E1), (E2), (E3), [4], [18], [46], [47], [15]. Combining this fact with the universality property of bivariant K-theory leads to a multiplicative transformation (the bivariant Chern- Connes character) from bivariant K-theory to bivariant periodic cyclic theory. This transformation is a vast generalization of the classical Chern character in differential geometry.

The principal aim of this volume is to give an account of cyclic theory. Here, everything works in parallel algebraically as well as for locally convex algebras (to name just two examples think of the algebra of C^∞-functions on a smooth manifold or of algebras of pseudodifferential operators). Cyclic theory can be introduced using rather different complexes, each one of them having its own special virtues. Specifically, we will use the following complexes or bicomplexes

• The cyclic bicomplex with various realizations:

CC^n(A) with boundary operators b, b^′, Q, 1 − λ CC^n( ~A) with boundary operator B − b Ω(A) with boundary operator B − b

The cyclic bicomplex is well suited for the periodic theory as well as for the Z-graded ordinary theory and for the connections between both.

• The Connes complex C^n_λ

It has the advantage, that concrete finite-dimensional cocycles often arise naturally as elements of C^n_λ . The connection with Hochschild cohomology also fits naturally into this picture.

• The X-complex of any complete quasi-free extension of the given algebra A.

This complex is very useful for a conceptual explanation of the properties of periodic theory, in particular for proving excision, for the connections with topological K-theory and the bivariant Chern-Connes character. It also is the natural framework for all infinite-dimensional versions of cyclic homology (analytic and entire as well as asymptotic and local theory).

In the following sections we discuss the basic properties of cyclic theory. We note however, that it is quite difficult to be exhaustive and we don’t even try to give a complete account of all aspects of cyclic theory. For instance, an important notion which we don’t treat is the one of a cyclic object. But also other important aspects have to be omitted. We focus on those notions and results which, we think, are most relevant for non-commutative geometry, including homotopy invariance, Morita invariance, excision but also explicit formulas for the Chern character associated to idempotents, invertibles, Fredholm modules etc..

After this we turn to a description of bivariant K-theory and to the construction of the bivariant Chern-Connes character, which generalizes the Chern character for idempotents, invertibles or Fredholm modules mentioned before.

As we pointed out already above, cyclic homology and bivariant K-theory can be defined on different categories of algebras - purely algebraically for algebras (over R or C ) or on categories of topological algebras like locally convex algebras, Banach algebras or C*-algebras. There are different variants of the two theories which are adapted to the different categories. In this text we treat cyclic theory in the purely algebraic case (however restricting to algebras over a field of characteristic 0) on the one hand. Concerning cyclic theory for topological algebras on the other hand, we have to make a choice. For the classical (“finite-dimensional”) cyclic theories we concentrate on the category of what we call m-algebras. These are particularly nice locally convex algebras (projective limits of Banach algebras). Their advantage is that, both, ordinary cylic homology and bivariant topological K-theory make perfect sense and that the bivariant Chern-Connes-character can be constructed nicely on this category. It is important to note however that the restriction to the category of m-algebras is for convenience mainly.

Cyclic theory as well as bivariant K-theory can also be treated on many other categories of algebras. In particular, for the categories of Banach algebras or C^∗- algebras there are special variants of cyclic theory, namely the entire and the local cyclic theory, which are especially designed for these categories. An interesting new feature here is the existence of infinite-dimensional cohomology classes. These theories, as well as a bivariant character from Kasparov’s KK-theory to the local cyclic theory, are discussed in sections 22 and 23 which have been written by Ralf Meyer and Michael Puschnigg.

The text starts with a collection of examples of algebras, locally convex algebras and certain extensions of algebras. These serve as a reference for later and may be omitted at a first reading.

2 Some examples of algebras

We list in this section some examples of algebras and constructions on algebras that will be used later. For simplicity we always assume that the ground field is C . Since it is important to do all constructions in the category of non-unital algebras we will frequently use the procedure of adjoining a unit to a given algebra A.

Definition 2.1 The unitization Ã of an algebra A is the vector space C ⊕ A with multiplication given by (λ, x)(μ, y) = (λμ, λy + μx + xy) Ã is a unital algebra and contains A as an ideal of codimension 1.

2.1 Algebras of polynomial functions

For any algebra A, we can form the algebra A[t] of polynomials with coefficients in A.

Two homomorphisms α, β : A → B of algebras are called polynomially homotopic, if there is a homomorphism φ : A → B[t] such that φ(x)(0) = α(x), φ(x)(1) = β(x) for x ∈ A. Polynomial homotopy is not an equivalence relation, in general. We denote by A[z, z^{−1}] or by A(z) the algebra of Laurent polynomials with coefficients in A.

2.2 The tensor algebra

Given any vector space V , we define the (non-unital) tensor algebra over V as T V = V ⊕ V⊗V ⊕ V^{⊗3} ⊕ . . . T V is an algebra with the product given by concatenation of tensors. We denote by σ : V → T V the linear map, that maps V to the first summand in T V . The map σ has the following universal property: Let s : V → A be an arbitrary linear map from V into an algebra A. Then there is a unique algebra homomorphism τ_s : T V → A such that τ_s ∘ σ = s.

The tensor algebra is polynomially contractible, i.e., the identity map of T V is polynomially homotopic to 0. A polynomial homotopy φ_t : T V → T V , such that φ_0 = 0, φ_1 = id, is given by φ_t = τ_{tσ}, t ∈ [0, 1].

2.3 The free product of two algebras

Let A and B be algebras. The algebraic free product (in the non-unital category ) of A and B then is the following algebra A ∗ B = A ⊕ B ⊕ (A⊗B) ⊕ (B⊗A) ⊕ (A⊗B⊗A) ⊕ . . . This direct sum is taken over all tensor products where the factors A and B alternate. The multiplication is given by concatenation of tensors but where the multiplication A ⊗ A → A and B ⊗ B → B is used to simplify all terms where two elements in A or two elements in B meet.

The canonical inclusions ι_1 : A → A ∗ B and ι_2 : B → A ∗ B have the following universal property: Let α : A → E and β : B → E be two homomorphisms into an algebra E. Then there is a unique homomorphism α ∗ β : A ∗ B → E, such that (α ∗ β)∘ι_1 = α and (α ∗ β) ∘ ι_2 = β.

2.4 The algebra of finite matrices of arbitrary size

For any algebra A, we can form the algebra M_∞(A) consisting of matrices (a_{ij})_{i,j∈N} with a_{ij} ∈ A, i, j = 0, 1, 2 . . . and only finitely many a_{ij} non-zero. Equivalently

M_∞(A) = lim−→ n M_n(A) (1)

where, as usual, M_n(A) is embedded into M_{n+1}(A) in the upper left corner.

2.5 The algebraic Toeplitz algebra

The algebraic Toeplitz algebra Ψ is the algebra of (row- and column-finite) N × Nmatrices generated by the matrices

v = 0 0 0 0 . . . 1 0 0 0 . . . 0 1 0 0 . . . 0 0 1 0 . . . . . . . . . . . . . . . . . . and

u = 0 1 0 0 . . . 0 0 1 0 . . . 0 0 0 1 . . . 0 0 0 0 . . . . . . . . . . . . . . . . . . As a vector space, the algebraic Toeplitz algebra T is isomorphic to the direct sum Ψ = M_∞(C ) ⊕ C [z, z^{−1} ].

Under this isomorphism v^k and u^k correspond to the elements (0, z^k) and (0, z^{−1}), respectively, k ∈ N. Moreover, v^i(1 − vu)u^jcorresponds to (e^{ij}, 0), where e^{ij} is given by the matrix (a_{kl}) with a_{kl} = 1, for k = i, l = j, and a_{kl} = 0 otherwise (with the convention that e^{ij} = 0 for i < 0 or j < 0).

3 Locally convex algebras

Cyclic homology and cohomology can be defined readily for topological algebras and, in particular, locally convex algebras. Since there is a certain freedom in setting up cyclic homology in this case, we will now fix the conventions. A locally convex algebra A is, in general, an algebra with a locally convex topology for which the multiplication A × A → A is (jointly) continuous. In the present survey we will restrict our attention however to locally convex algebras that can be represented as projective limits of Banach algebras. Most of what will be said below works for general locally convex algebras but some of the constructions (in particular the free extension) and the proofs (in particular excision for the periodic theory) become much more involved.

A locally convex algebra A that can be represented as a projective limit of Banach algebras can equivalently be defined as a complete locally convex space whose topology is determined by a family {p_α} of submultiplicative seminorms, [33]. Thus for each α we have p_α(xy) ≤ p_α(x)p_α(y). The algebra A is then automatically a topological algebra, i.e., multiplication is (jointly) continuous. We call such algebras m-algebras.

The unitization Ã of an m-algebra is again an m-algebra with the seminorms p̃ given by p̃(λ1 + x) = |λ| + p(x) for all submultiplicative seminorms p on A. The direct sum A ⊕ B of two m-algebras is again an m-algebra with the topology defined by all seminorms p ⊕ q with (p ⊕ q)(x, y) = p(x) + q(y), where p is a continuous seminorm on A and q a continuous seminorm on B.

Recall the definition of the projective tensor product by Grothendieck, [19], [42]. For two locally convex vector spaces V and W the projective topology on the tensor product V ⊗W is given by the family of seminorms p ⊗ q, where p is a continuous seminorm on V and q a continuous seminorm on W . Moreover p ⊗ q is defined by

p⊗q (z) = inf {^n∑ i=1 p(a_i)q(b_i)| z = n∑ i=1 a_i ⊗ b_i, a_i ∈ V, b_i ∈ W }

for z ∈ V ⊗ W . We denote by V ^⊗W the completion of V ⊗W with respect to this family of seminorms. For m-algebras A and B , the projective tensor product A ^⊗B is again an m-algebra (if p and q are submultiplicative, so is p ⊗ q). Basically all definitions and constructions in the subsequent sections on cyclic theory will carry over to the category of m-algebras. All the definitions and results on cyclic theory of the previous sections hold not only in the algebraic setting, but also for m-algebras.

To obtain the appropriate definitions in the category of m-algebras, in general, all morphisms should be continuous, duals should be topological duals, tensor products (also in the definition of differential forms) should be completed projective tensor products (see below), extensions should admit a continuous linear splitting, there will be a natural notion of differentiable homotopy in that category and - very importantly - the tensor algebra construction gives a natural free extension for any malgebra. We restrict to the class of m-algebras (rather than general locally convex algebras) mainly because of this natural construction of a free extension. Note however that other choices are conceivable. Note also that in the definition of the homology of a complex we divide by the image of the boundary operator and not by its closure (in many cases the image is automatically closed). We will comment on these matters along the way.

We now list some important examples of m-algebras and of constructions with malgebras that will be used later on. This list is parallel to the list in Section 2 which describes the algebraic versions of the m-algebras in the present section.

3.1 Algebras of differentiable functions

Let [a, b] be an interval in R. We denote by C [a, b] the algebra of complex-valued C^∞-functions f on [a, b], all of whose derivatives vanish in a and in b (while f itself may take arbitrary values in a and b).

Also the subalgebras C (a, b], C [a, b) and C (a, b) of C [a, b], which, by definition consist of functions f, that vanish in a, in b, or in a and b, respectively, will play an important role.

The topology on these algebras is the usual Fréchet topology, which is defined by the following family of submultiplicative norms p_n:

p_n(f) = ‖f‖ + ‖f^′‖ +^1_2 ‖f^{′′}‖ + · · · +^1_{n!} ‖f^{(n)}‖

Here of course ‖g‖ = sup{|g(t)| | | t ∈ [a, b]}. We note that C [a, b] is nuclear in the sense of Grothendieck [19] and that, for any complete locally convex space V , the space C [a, b] ^⊗V is isomorphic to the space of C^∞-functions on [a, b] with values in V , whose derivatives vanish in both endpoints, [42], § 51. Exactly the same comments apply to the algebra C^∞(M) of smooth functions on a compact smooth manifold where an m-algebra topology is defined locally by seminorms like the p_n above.

Given an m-algebra A, we write A[a, b], A[a, b) and A(a, b) for the m-algebras A ^⊗C [a, b], A ^⊗C [a, b) and A ^⊗C (a, b). Two continuous homomorphisms α, β : A → B between complete locally convex algebras are called differentiably homotopic, or diffeotopic, if there is a family φ_t : A → B, t ∈ [0, 1], of continuous homomorphisms, such that φ_0 = α, φ_1 = β and such that the map t → φ_t(x) is infinitely often differentiable for each x ∈ A. An equivalent condition is that there should be a continuous homomorphism φ : A → C^∞([0, 1]) ^⊗B such that φ(x)(0) = α(x), φ(x)(1) = β(x) for each x ∈ A.

Let h : [0, 1] → [0, 1] be a monotone and bijective C^∞-map, whose restriction to (0, 1) gives a diffeomorphism (0, 1) → (0, 1) and whose derivatives in 0 and 1 all vanish. Replacing φ_t by ψ_t = φ_{h(t)} one sees that α and β are diffeotopic if and only if there is a continuous homomorphism ψ : A → C [0, 1] ^⊗B such that ψ(x)(0) = α(x), ψ(x)(1) = β(x), x ∈ A. This shows in particular that diffeotopy is an equivalence relation.

Note that this definition of differentiable homotopy applies not only to m-algebras but to arbitrary complete locally convex algebras. In particular, it applies to any algebra A over C if we regard it as a locally convex space with the topology given by all possible semi-norms on A. In this case C [0, 1] ^⊗A is simply the algebraic tensor product C [0, 1] ⊗ A.

3.2 The smooth tensor algebra

Let V be a complete locally convex space. We define the smooth tensor algebra T^sV as the completion of the algebraic tensor algebra (see Section 2.2) T V = V ⊕ V⊗V ⊕ V^{⊗3} ⊕ . . .

with respect to the family {^p} of seminorms, which are given on this direct sum as ^p = p ⊕ p⊗p ⊕ p^{⊗3} ⊕ . . . where p runs through all continuous seminorms on V . The seminorms ^p are submultiplicative for the multiplication on T V . The completion T^sV therefore is an m-algebra.

In the simplest case V = C , T^sC is naturally isomorphic to the algebra of holomorphic functions on the complex plane that vanish at 0 (under the isomorphism which

maps a sequence (λ_n) in T C to the function f with f(z) =^∞ ∑ n=1 λ_nz^n). The topology

is the topology of uniform convergence on compact subsets.

We denote by σ : V → T V the map, which maps V to the first summand in T V . The map σ has the following universal property: Let s : V → A be any continuous linear map from V to an m-algebra A. Then there is a unique momorphism τ_s : T V → A of m-algebras such that τ_s ∘ σ = s.

The smooth tensor algebra is differentiably contractible, i.e., the identity map on T V is diffeotopic to 0. A differentiable family φ_t : T V → T V of homomorphisms for which φ_0 = 0, φ_1 = id is given by φ_t = τ_{tσ}, t ∈ [0, 1].

If A is an m-algebra, by abuse of notation, we write T A (rather than T^sA) for the smooth tensor algebra over A. Thus T A is again an m-algebra.

3.3 The free product of two m-algebras

Let A and B be m-algebras. The (non-unital) algebraic free product A ∗ B is the direct sum over all tensor products

A ∗ B = A ⊕ B ⊕ (A⊗B) ⊕ (B⊗A) ⊕ (A⊗B⊗A) ⊕ . . .

where the factors A and B alternate (see 2.3). Multiplication is, as in 2.3 concatenation of tensors combined with simplification using the multiplication in A and B . We denote by A^∗B the completion of A ∗ B with respect to the family of all seminorms of the form p ∗ q, given by: p ∗ q = p ⊕ q ⊕ (p ⊗ q) ⊕ (q ⊗ p) ⊕ (p ⊗ q ⊗ p) ⊕ . . . where p and q are continuous seminorms on A and B , respectively. If p and q are submultiplivative, then so is the seminorm p ∗ q and A^∗B therefore is an m-algebra.

A^∗B is in fact the free product of A and B in the category of m-algebras. The canonical inclusions ι_1 : A → A^∗B and ι_2 : B → A^∗B have the following universal property: Let α : A → E and β : B → E be two continuous homomorphisms into an m-algebra E. Then there is a unique continuous homomorphism α ∗ β : A^∗B → E, such that (α ∗ β)∘ι_1 = α and (α ∗ β)∘ι_2 = β.

If A and B are m-algebras, by abuse of notation, we write A ∗ B (rather than A^∗B ) for the m-algebra free product of A and B.

3.4 The algebra of smooth compact operators

The m-algebra K of “smooth compact operators” consists of all N × N -matrices (a_{ij}) with rapidly decreasing matrix elements a_{ij} ∈ C , i, j = 0, 1, 2 . . . . The topology on K is given by the family of norms p_n, n = 0, 1, 2 . . . , which are defined by p_n ( (a_{ij} ) ) = ∑ i,j |1 + i + j|^n |a_{ij}| It is easily checked that the p_n are submultiplicative and that K is complete. Thus K is an m-algebra. As a locally convex vector space, K is isomorphic to the sequence space s and therefore is nuclear.

The map that sends (a_{ij} )⊗(b_{kl}) to the N^2 ×N^2 -matrix (a_{ij}b_{kl})_{(i,k)(j,l)∈N2 ×N2} obviously gives an isomorphism Θ between K ^⊗K and K (see also [36], 2.7).

Lemma 3.4.1 Let Θ : K → K ^⊗K be as above and let ι : K → K ^⊗K be the inclusion that maps x to e^{00} ⊗ x (where e^{00} is the matrix with elements a_{ij} , for which a_{ij} = 1, whenever i = j = 0, and a_{ij} = 0 otherwise). Then Θ is diffeotopic to ι. The same holds for the corresponding maps Θ^′ : K → M_2(K) and ι^′ : K → M_2(K).

Remark 3.4.2 Let V be a Banach space. Then K ^⊗V consists exactly of those matrices (or the sequences indexed by N × N) (v_{ij} )_{i,j∈N}, for which the expression

p̄_n((v_{ij} )) =_{def} ∑ i,j (1 + i + j)^n‖v_{ij} ‖

is finite for all n. The topology on K ^⊗V is of course given exactly by the norms p̄_n. To see this, consider the tensor product α_n of the norm p_n on K with the norm ‖ · ‖ given on V . Then, if x^{ij} denotes the matrix, which has x ∈ V as element on the place i, j and is 0 otherwise, we have

α_n(x^{ij} ) = (1 + i + j)‖x‖

by [42], Prop. 43.1. This immediately shows that

α_n((v_{ij} )) ≤ p̄_n((v_{ij}))

for all matrices (v_{ij} ) in the algebraic tensor product K ⊗ V . The converse inequality follows from the definition of the projective tensor product. Therefore, for each fixed n, the completion (K⊗V )_{p̄n} is isometrically isomorphic to (K)_{pn} ^⊗V and consists exactly of those matrices (v_{ij} ), for which p̄_n((v_{ij} )) is finite.

3.5 The Schatten ideals ℓ^p(H)

Let H be an infinite-dimensional separable Hilbert space (i.e., H ∼= ℓ^2(N)), and (ξ_n)_{n∈N} an orthonormal basis. Let also L(H) denote the algebra of bounded operators on H. For each positive x in L(H), we can define the trace T r(x) by T r (x) = ∑ n (xξ_n | ξ_n) This expression is ≥ 0 and may be infinite. It does not depend on the choice of the orthonormal basis. Moreover T r(x^∗x) = T r(xx^∗) holds for all x.

Definition 3.5.1 Let p ≥ 1. We define ℓ^p(H) to be the set of all operators x ∈ L(H) for which T r |x|^p < ∞ where |x| = √ x^∗x. Proposition 3.5.2 For each p ≥ 1, ℓ^p(H) is an ideal in L(H) which is contained in the ideal K(H) of compact operators on H. It is a Banach algebra with respect to the norm ‖x‖_p = ( T r |x|^p )^{1/p} Moreover ℓ^p(H) ⊂ ℓ^q(H) for p ≤ q

3.6 The smooth Toeplitz algebra

The elements of the algebra C^∞S^1 can be written as power series in the generator z (defined by z(t) = t, t ∈ S^1 ⊂ C ). The coefficients of these power series are rapidly decreasing. Thus

C^∞(S^1) = { ∑ k∈Z a_kz^k | ∑ k∈Z |a_k| |k|^n < ∞ for all n ∈ N }

Submultiplicative norms that determine the topology are given by q_n (∑ a_kz^k ) = ∑ |1 + k|^n |a_k| As a topological vector space, the smooth Toeplitz algebra T may be defined as the direct sum T = K ⊕ C^∞(S^1).

To describe the multiplication in T, we write v_k for the element (0, z^k) in T and simply x for the element (x, 0) with x ∈ K. Moreover, e^{ij} denotes the element of T, which is determined by the matrix (a_{kl}), where a_{kl} = 1, whenever k = i, l = j, and a_{kl} = 0 otherwise (with the convention that e^{ij} = 0, if i < 0 oder j < 0). Multiplication in T then is determined by the following rules: e^{ij}e^{kl} = δ_{jk}e^{il} v_ke^{ij} = e^{(i+k),j} e^{ij} v_k = e^{i,(j−k)} (i, j, k ∈ Z); and v_kv_{−l} = v_{k−l}(1 − E_{l−1}) l > 0 v_{k−l} l ≤ 0 where E_l = e^{00} + e^{11} + · · · + e^{ll}. If p_n are the norms on K defined in 3.4 and q_n the norms on C^∞(S^1) defined above, it is easy to see that each norm p_n ⊕ q_m is submultiplicative on T = K ⊕ C^∞(S^1) with the multiplication introduced above. Obviously, K is a closed ideal in T and the quotient T/K is C^∞(S^1).

4 Standard extensions of a given algebra.

Extensions play a fundamental role in all aspects of non-commutative geometry. In this section we describe standard extensions that can be associated to any given algebra. All of these extensions exist in a purely algebraic setting, but also in the category of m-algebras. We treat both cases in parallel.

4.1 The suspension extension

This is the fundamental extension of algebraic topology. It has the form

0 → C (0, 1) → C [0, 1) → C → 0

or more generally 0 → A(0, 1) → A[0, 1) → A → 0

with an arbitrary m-algebra A.

Since cyclic homology is homotopy invariant only for differentiable homotopies (not for continuous ones) we have to work with algebras of differentiable functions. Recall that C (0, 1) and C [0, 1) denote the algebras of C^∞- functions on the interval [0, 1], whose derivatives to arbitrary order vanish in 0 and 1, or or only in 1, respectively, and that the algebra C [0, 1) is differentiably contractible.

The algebraic suspension extension for an algebra A is 0 → t(1 − t)A[t] → tA[t] → A → 0 4.2 The free extension

For any algebra there exists a natural extension by the free algebra T A—the nonunital tensor algebra over A. 0 → JA → T A → A → 0. (2)

This extension is universal in the sense that, given any extension 0 → I → E → A → 0 of A, there is a morphism of extensions 0 → JA → T A → A → 0 ↓ γ_A ↓ ↓ id 0 → I → E → A → 0 (the map T A → E is obtained by choosing a linear splitting s : A → E in the given extension). The map JA → I in this commutative diagram is called the classifying map of the extension 0 → I → E → A → 0. More generally, any n-step extension of the form 0 → I → E_1 → E_2 → . . . → E_n → A → 0 can be compared with the free n-step extension 0 → J^nA → T (J^{n−1}A) → T (J^{n−2}A) → . . . → T A → A → 0 and thus has a classifying map J^nA → I (which is unique up to homotopy) (here J^nA is defined recursively by J^nA = J(J^{n−1}A)).

For any m-algebra A, the (smooth) tensor algebra T A has been defined in 3.2. Recall that the linear map σ : V → T V that sends V to the first summand in T A has the following universal property:

Let s : A → B be an arbitrary continuous linear map from A to an m-Algebra B. Then there exists a unique homomorphism τ_s : T A → B of m-algebras with the property that τ_s ∘ σ = s. Thus exactly as in the algebraic case we get an extension

0 → JA → T A → A → 0. (3)

by defining JA as the kernel of the natural map T A → A. This extension has the property that, given any extension 0 → I → E → A → 0 of A with a continuous linear splitting s : A → E, there is a morphism of extensions

0 → JA → T A → A → 0 ↓ γ_A ↓ ↓ id 0 → I → E → A → 0

The map JA → I in this commutative diagram is called the classifying map of the extension 0 → I → E → A → 0.

More generally, any n-step extension of the form

0 → I → E_1 → E_2 → . . . → E_n → A → 0

has a classifying map J^nA → I (which is unique up to homotopy) (here J^nA is defined recursively by J^nA = J(J^{n−1}A)).

4.3 The universal two-fold trivial extension.

With any m-algebra A we associate as in [9] the m-algebra QA = A ∗ A. We denote by ι and ῑ the two canonical inclusions of A into QA. The algebra QA is, in a natural way, Z/2-graded by the involutive automorphism τ which exchanges ι(A) and ῑ(A). The ideal qA in QA is by definition the kernel of the homomorphism π = id ∗ id : A ∗ A → A. The extension

0 → qA → QA^π−→ A → 0 (4)

admits two natural splittings via the algebra homomorphisms ι and ῑ. It has the following universal property: Let

0 → E_0 → E_1 → A → 0 (5)

be an extension with two splittings α, ᾱ : A → E_1, which are continuous algebra homomorphisms. Then there is a morphism of extensions (i.e., a commutative diagram) as follows:

0 → qA → QA → A → 0 ↓ α∗ᾱ ↓ α∗ᾱ ↓ id 0 → E_0 → E_1 → A → 0 By construction, this morphism sends ι and ῑ to α and ᾱ.

The same construction can of course be performed purely algebraically and we obtain, for any algebra A, an extension 0 → qA → QA → A → 0 where QA = A ∗ A. This extension has the same universal property in the category of algebras without topology.

4.4 The Toeplitz extension

The smooth Toeplitz algebra T was introduced in 3.6. By definition, T contains the algebra K of smooth compact operators as a closed ideal and we obtain the following extension (Toeplitz extension)

0 → K → T^π→ C^∞(S^1) → 0

which, of course, admits a continuous linear splitting.

Let κ : T → C be the canonical homomorphism, which maps v_1 and v_{−1} to 1 (with the notation of 3.6) and put T_0 = Ker κ. By restriction we obtain the following extension 0 → K → T_0 → C^∞_0 (S^1\1) → 0 The algebraic Toeplitz extension has the following form

0 → M_∞(C ) → Ψ → C [ t, t^{−1} ] → 0

where Ψ is the algebraic Toeplitz algebra, 2.5

5 Preliminaries on homological algebra

A complex is a Z-graded vector space C with an endomorphism ∂ of degree 1 such that ∂^2 = 0. The map δ is called the boundary operator of C. We will also use Z/2- graded complexes (“supercomplexes”). They can be viewed as periodic ordinary complexes.

Definition 5.1 The homology H(C) of a complex C is the quotient space

H(C) = Ker ∂/Im ∂

H(C) is a graded vector space with H_n(C) = (Ker ∂ ∩ C_n)/∂(C_{n+1}).

A linear map between two complexes C and D is said to have degree k if it maps C_n to D_{n+k} for all n. The Hom-complex Hom (C, D) is the (graded) vector space consisting of linear maps φ from the vector space C to the vector space D which are linear combinations of such homogeneous maps. The boundary map on Hom (C, D) is given by the graded commutator

∂(φ) = ∂_Y ∘ φ − (−1)^{deg} φφ ∘ ∂_X .

wit the boundary maps. A map φ : C → D of degree 0 is called a morphism of complexes if ∂φ = 0, i.e., if it commutes with the boundary operators. Any such morphism induces a morphism φ_∗ : H(C) −→ H(D) Two morphisms in Hom (C, D) are said to be (chain) homotopic if they differ by a boundary in Hom (X, Y ). Homotopic morphisms induce the same maps on homology. Two complexes are called homotopy equivalent if there exists φ ∈ Hom (C, D) , ∂φ = 0 and ψ ∈ Hom (C, D) , ∂ψ = 0 deg φ = deg ψ = 0 such that φψ and ψφ are homotopic to id. Finally, the complex C will be said to be contractible if it is homotopy equivalent to 0 (this is the case iff there exists a map s : C → C of degree 1, such that id_C = ∂s + s∂). The homology of a contractible complex is 0.

A sequence . . .^{αn+2}−→ G_{n+1}^{αn+1}−→ G_n^{αn}−→ G_{n−1}^{αn−1}−→ . . . of morphisms between vector spaces or abelian groups is called exact, if, for each n, Ker α_n = Im α_{n+1}.

Proposition 5.2 Let 0 −→ C^ι−→ D^π−→ E −→ 0 be an extension of complexes, i.e., an exact sequence of (graded) vector spaces, where the maps ι and π are morphisms of complexes. Then there is a map δ : H(E) → H(C) of degree 1 and an exact sequence of the form H(D) ι_∗ ↗ ↘ π_∗ H(C) δ←− H(E) This can be written as a long exact sequence of the form π_∗−→ H n+1E^δ−→ H_nC^{ι∗}−→ H_nD^{π∗}−→ H_nE^δ−→ H_{n−1}C^{ι∗}−→ H_{n−1}A^{π∗}−→ Proof. Given [x] in H(E) with ∂(x) = 0, put δ([x]) = ∂(z), where z ∈ D is such that π(z) = x. □

Definition 5.3 A bicomplex is a Z×Z-graded vector space or, equivalently, a family (C_{pq})_{p,q∈Z} of vector spaces with two endomorphisms ∂_h and ∂_v of degree (−1, 0) and (0, −1), respectively, such that

∂^2_h = ∂^2_v = ∂_h∂_v + ∂_v ∂_h = 0

∂_h and ∂_v are called the horizontal and vertical boundary maps of C. The total complex for C is the infinite product D = ∏ p,q∈Z C_{pq} It is a Z-graded vector space with the grading given by D_n = ∏ p+q=n Cpq (The letter

D stands for diagonals). With the boundary operator ∂ = ∂_h + ∂_v it becomes a complex.

Remark 5.4 Instead of the direct product, one can also take the direct sum in the definition of the total complex. Both variants will be used in the sequel.

For each p, the family (C_{pq})_{q∈Z} defines a complex with boundary operator ∂_v. We call its homology the vertical homology. The horizontal homology is defined similarly for each q. We will often consider bicomplexes where C_{pq} = 0 for p < 0 or q < 0. The following proposition is then often useful.

Proposition 5.5 Let C = C_{pq} and E = E_{pq} be bicomplexes with C_{pq} = 0 and E_{pq} = 0 for p < 0 or q < 0, and let D and F denote the total complexes of C and E, respectively. Assume that α, β : C → E are two morphisms of bicomplexes which, for each p, induce the same map on the vertical homology of C and E, respectively. Then the induced maps α_∗, β_∗ : H(D) → H(F ) coincide.

6 Definition of cyclic homology/cohomology using the cyclic bicomplex and the Connes complex

In this section, we introduce cyclic homology using, what are probably the most fundamental operators in cyclic theory (b, b^′, λ, Q), and we explain the long exact sequence connecting cyclic homology with Hochschild homology. The important properties of cyclic theory will be discussed only much later. The cyclic bicomplex CC_{pq}(A), p, q ∈ N, for an algebra A is the following ↓ ↓ ↓ A^{⊗3 1−λ}←− A^{⊗3 Q}←− A^{⊗3 1−λ}←− . . . ↓ b ↓ −b^′ ↓ b A^{⊗2 1−λ}←− A^{⊗2 Q}←− A^{⊗2 1−λ}←− . . . ↓ b ↓ −b^′ ↓ b A^{1−λ}←− A^Q←− A^{1−λ}←− . . . i.e., CC_{pq}(A) = A^{⊗(q+1)} p, q ≥ 0 In this section and later, bicomplexes are understood to continue with 0 outside the represented region (thus here C_{pq} = 0 for p < 0 or q < 0). The map b^′ is given by

b^′(x_0 ⊗ x_1 ⊗ . . . ⊗ x_n) = n−1∑ j=0 (−1)^jx_0 ⊗ . . . ⊗ x_j x_{j+1} ⊗ . . . ⊗ x_n while b is the usual Hochschild operator

b(x_0 ⊗ . . . ⊗ x_n) = b^′(x_0 ⊗ . . . ⊗ x_n) + (−1)^nx_nx_1 ⊗ x_0 ⊗ . . . ⊗ x_{n−1} Finally, λ is Connes’ signed cyclic permutation operator λ(x_0 ⊗ . . . ⊗ x_n) = (−1)^n x_n ⊗ x_0 ⊗ . . . ⊗ x_{n−1} and Q = ∑_n j=0 λ^j is averaging with respect to signed cyclic permutations, thus

Q(x_0 ⊗ . . . ⊗ x_n) = n∑ j=0 (−1)^{jn}x_j ⊗ . . . ⊗ x_n ⊗ x_0 ⊗ . . . ⊗ x_{j−1} One has b^2 = 0, b^{′2} = 0 and (1 − λ)Q = Q(1 − λ) = 0. Moreover, CC_{pq}(A) is in fact a bicomplex, due to the fundamental identities Qb = b^′Q (1 − λ)b^′ = b(1 − λ) The rows of the cyclic bicomplex CC_{pq}(A) are obviously exact as long as p > 0.

Definition 6.1 HC_nA is the homology of the total complex of the cyclic bicomplex CC_{pq}(A), i.e., HC_nA is the homology of the complex . . . −→ D_n^∂−→ D_{n−1}^∂−→ . . .^∂−→ D_1^∂−→ D_0 −→ 0 where D_n = CC_{0,n} ⊕ CC_{1,(n−1)} ⊕ . . . ⊕ CC_{n,0} = A^{⊗(n+1)} ⊕ A^{⊗n} ⊕ . . . ⊕ A are the diagonals in CC_{pq}(A) and ∂ is the sum of the respective boundary operators b, b^′, 1 − λ, Q. Consider the bicomplex CC^{Hochschild}_∗ consisting of the first two columns of CC_∗: ↓ ↓ A^{⊗3 1−λ}←− A^{⊗3} ↓ b ↓ −b^′ A^{⊗2 1−λ}←− A^{⊗2} ↓ b ↓ −b^′ A^{1−λ}←− A

(CC^{Hochschild} ∗ )

and its total complex . . .^{∂′}−→ D^{Hochschild} n ∂^′−→ DHochschild n−1 ∂^′−→ . . . ∂^′−→ DHochschild 0 −→ 0 where D^{Hochschild} n = A^{⊗(n+1)} ⊕ A^{⊗n}, n ≥ 1, D^{Hochschild}_0 = A

and ∂^′ = ( b (1 − λ) 0 − b^′ )

Definition 6.2 For any (possibly nonunital) algebra A, the Hochschild homology HH_∗(A) is defined as the homology of the complex . . .^{∂′}−→ D^{Hochschild} n ∂^′−→ DHochschild n−1 ∂^′−→ . . . ∂^′−→ DHochschild 0 −→ 0 If A has a unit, then the second column in CC^{Hochschild}_∗ is obviously exact and can therefore be disregarded for the computation of HH_∗(A) . We therefore find in this case the usual definition of the Hochschild homology of A (with coefficients in A), namely as the homology of the complex . . .^b−→ A^{⊗3 b}−→ A^{⊗2 b}−→ A −→ 0 More generally, if this holds, we call A H-unital, see [46].

Definition 6.3 The algebra A is called H-unital, if the second column in CC^{Hochschild}_∗ , i.e., the complex . . .^{b′}−→ A^{⊗3 b′}−→ A^{⊗2 b′}−→ A −→ 0 is exact.

For any H-unital algebra A, the Hochschild homology HH(A) is the homology of the complex . . .^b−→ A^{⊗3 b}−→ A^{⊗2 b}−→ A −→ 0 If A is unital, then the Hochschild homology of A has a well known interpretation as a derived functor. In particular it can be computed from any projective A-bimodule resolution of the A-bimodule A. This method applies in many cases. Theorem 6.4 There is a long exact sequence (Connes’s SBI-sequence) of the form −→ HC_nA^S−→ HC_{n−2}A^B−→ HH_{n−1}A^I−→ HC_{n−1}A^S−→ HC_{n−3}A^B−→ . . .^I−→ HC_1A^S−→ HC_{−1}A −→ HH_0A^I−→ HC_0A −→ 0 Proof. This is the long exact sequence associated to the obvious exact sequence of complexes 0 −→ D^{Hochschild} n −→ D_n −→ D_{n−2} −→ 0 □ The operators I and S in the above sequence are simply induced by the inclusion D^{Hochschild} n → D_n and by the projection D_n → D_{n−2}, while the operator B is given by the boundary map. Note that HC_{−1}A = 0 and that I : HH_0A^{∼=}−→ HC_0A is an isomorphism. If the Hochschild homology of A is known, then the SBI-sequence allows in many cases to determine the cyclic homology groups for A recursively. Consider the following sub-bicomplex CC^{trivial}_∗ (A) of CC_{pq}(A) ↓ ↓ ↓ (1 − λ)A^{⊗3 1−λ}←− A^{⊗3 Q}←− A^{⊗3 1−λ}←− . . . ↓ b ↓ −b^′ ↓ b (1 − λ)A^{⊗2 1−λ}←− A^{⊗2 Q}←− A^{⊗2 1−λ}←− . . . ↓ b ↓ −b^′ ↓ b (1 − λ)A^{1−λ}←− A^Q←− A^{1−λ}←− . . .

(CC^{trivial}_∗ (A))

Since the rows in CC^{trivial}_∗ (A) are exact, its total complex D^{trivial} has no homology. We denote by C^λ(A) the quotient complex D/D^{trivial}. Explicitly C^λ_n (A) = D_n/D^{trivial}_n = A^{⊗(n+1)}/(1 − λ)A^{⊗(n+1)} Since H_n(D^{trivial}) = 0, we immediately get

Proposition 6.5 For any algebra A, the cyclic homology HC_n(A) can be computed as the homology of the complex . . . −→ C^λ_n (A)^b−→ C^λ_{n−1}(A)^b−→ . . . −→ C^λ_0 (A) −→ 0 This is Connes’ original definition of cyclic homology.

The two-sided (or periodic) cyclic complex CC^{twosided}_∗ continues CC_∗ to the left. It is defined by CC^{twosided}_{pq} (A) = A^{⊗(q+1)} p, q ∈ Z, q ≥ 0 with boundary operators as follows ↓ ↓ ↓ . . .^Q←− A^{⊗3 1−λ}←− A^{⊗3 Q}←− A^{⊗3 1−λ}←− . . . ↓ b ↓ −b^′ ↓ b . . .^Q←− A^{⊗2 1−λ}←− A^{⊗2 Q}←− A^{⊗2 1−λ}←− . . . ↓ b ↓ −b^′ ↓ b . . .^Q←− A^{1−λ}←− A^Q←− A^{1−λ}←− . . .

(CC^{twosided} pq (A))

The left cyclic complex CC^{left}_∗ is the left-hand side of CC^{twosided}_∗ ↓ ↓ ↓ . . .^{1−λ}←− A^{⊗3 Q}←− A^{⊗3 1−λ}←− A^{⊗3} ↓ −b^′ ↓ b ↓ −b^′ . . .^{1−λ}←− A^{⊗2 Q}←− A^{⊗2 1−λ}←− A^{⊗2} ↓ −b^′ ↓ b ↓ −b^′ . . .^{1−λ}←− A^Q←− A^{1−λ}←− A

(CC^{left}_∗ )

Consider the total complexes D^{left}, D^{twosided}, D of the bicomplexes CC^{left}_{pq} (A), CC^{twosided}_{pq} (A) and CC_{pq}(A), respectively, where here we use direct sums rather than direct products for the definition of the diagonals in the total complex. We get an exact sequence of complexes 0 −→ D^{left} −→ D^{twosided} −→ D −→ 0 Since the rows of CC^{twosided}_{pq} (A) are exact, a standard staircase argument shows that D^{twosided} has no homology (this argument would not work for the direct product total complex). Therefore HC_n(A) = H_n(D) ∼= H_{n−1}(D^{left}) whence the following alternative description of cyclic homology

Proposition 6.6 For any algebra A, the cyclic homology HC_n(A) can be computed as HC_n(A) = H_{n−1}(D^{left}) where D^{left} is the total complex of CC^{left}_{pq} (A).

By using the dual complexes, the analogue of any statement in this section is also valid for cohomology in place of homology.

In particular, cyclic cohomology can be defined using the dual C^n_λ A = (C^λ_n A)^′ of C^λ_n A, i.e.,

C^n_λ A = { f | | | | f is an (n + 1)-linear functional on A^{n+1} such that

f(x_n, x_0, x_1, . . . , x_{n−1}) = (−1)^nf(x_0, x_1, . . . , x_n) }

The boundary operator on C^n_λ A is the restriction of the Hochschild operator b.

A cyclic n-cocycle then is an (n + 1)-linear functional such that

f(x_n, x_0, x_1, . . . , x_{n−1}) = (−1)^nf(x_0, x_1, . . . , x_n) and f(x_0x_1, x_2, . . . , x_{n+1}) − f(x_0, x_1x_2, . . . , x_{n+1}) + . . .

+ (−1)^nf(x_0, . . . , x_nx_{n+1}) + (−1)^{n+1}f(x_{n+1}x_0, x_1, . . . , x_n) = 0

This is the original definition of a cyclic cocycle due to A. Connes. It also is the form in which cyclic cocycles appear often in practice.

7 The algebra ΩA of abstract differential forms over A and its operators

The boundary operators in the cyclic bicomplex take a simpler form and can be “explained” if interpreted as operators on the algebra ΩA of abstract differential forms over A. Another deeper and even more conceptual explanation will be presented in Section 10.1.

Given an algebra A, we denote by ΩA the universal algebra generated by x ∈ A with relations of A and symbols dx, x ∈ A, where dx is linear in x and satisfies d(xy) = xdy + d(x)y. We do not impose d1 = 0, i.e., if A has a unit, d1 ≠ 0. ΩA is a direct sum of subspaces Ω^nA generated by linear combinations of x_0dx_1 . . . dx_n , and dx_1 . . . dx_n , x_j ∈ A. This decomposition makes ΩA into a graded algebra. As usual, we write deg(ω) = n if ω ∈ Ω^nA.

As a vector space, for n ≥ 1,

Ω^nA ∼= ~A ⊗ A^{⊗n} ∼= A^{⊗(n+1)} ⊕ A^{⊗n} (6)

(where ~A is A with a unit adjoined and 1 ⊗ x_1 ⊗ · · · ⊗ x_n corresponds to dx_1 . . . dx_n). The operator d is defined on ΩA by d(x_0dx_1 . . . dx_n) = dx_0dx_1 . . . dx_n d(dx_1 . . . dx_n) = 0 (7) The operator b is defined by b(ωdx) = (−1)^{deg ω}[ω, x] b(dx) = 0 , b(x) = 0 , x ∈ A , ω ∈ ΩA (8) Then clearly d^2 = 0 and one easily computes that also b^2 = 0. Under the isomorphism in equation (6) d becomes d(x_0 ⊗ . . . ⊗ x_n) = 1 ⊗ x_0 ⊗ . . . ⊗ x_n x_0 ∈ A d(1 ⊗ x_1 ⊗ . . . ⊗ x_n) = 0 while b corresponds to the usual Hochschild operator

b( ~x_0 ⊗ x_1 ⊗ . . . ⊗ x_n) = ~x_0x_1 ⊗ . . . ⊗ x_n + ∑_n j=2(−1)^{j−1} ~x_0 ⊗ . . . ⊗ x_{j−1}x_j ⊗ . . . ⊗ x_n + (−1)^nx_n ~x_0 ⊗ x_1 ⊗ . . . ⊗ x_{n−1} , ~x_0 ∈ ~A, x_1, . . . , x_n ∈ A Another important natural operator is the degree (or number) operator: N(ω) = deg(ω)ω (9) We also define the Karoubi operator κ on ΩA by κ = 1 − (db + bd) (10) Explicitly, κ is given by κ(ωdx) = (−1)^{degω}dxω The operator κ satisfies (κ^n − 1)(κ^{n+1} − 1) = 0 on Ω^n. Therefore, by linear algebra, there is a projection operator P on ΩA corresponding to the generalized eigenspace for 1 of the operator κ = 1 − (db + bd).

Lemma 7.1 Let L = (Nd)b + b(Nd). Then ΩA = Ker L ⊕ Im L and P is exactly the projection onto Ker L in this splittting. Proof. This follows from the identity L = (κ − 1)^2(κ^{n−1} + 2κ^{n−2} + 3κ^{n−3} + . . . + (n − 1)κ + n)

□ The operator L thus behaves like a “selfadjoint” operator. It can be viewed as an abstract Laplace operator on the algebra of abstract differential forms ΩA. The elements in the image of P are then “abstract harmonic forms”. By construction, P commutes with b, d, N. Thus setting B = NP d one finds Bb + bB = P L = 0 and B^2 = 0.

Explicitly, B is given on ω ∈ Ω by the formula B(ω) = n∑ j=0 κ^j dω Under the isomorphism in equation (6), this corresponds to: B(x_0dx_1 . . . dx_n) = dx_0dx_1 . . . dx_n + (−1)^ndx_ndx_0 . . . dx_{n−1} + . . . + (−1)^{nn}dx_1 . . . dx_ndx_0 The preceding identities show that we obtain a bicomplex - the (B, b)-bicomplex - in the following way ↓ b ↓ b ↓ b ↓ b Ω^3A^B←− Ω^2A^B←− Ω^1A^B←− Ω^0A ↓ b ↓ b ↓ b Ω^2A^B←− Ω^1A^B←− Ω^0A ↓ b ↓ b Ω^1A^B←− Ω^0A ↓ b Ω^0A

(11)

One can rewrite the (B, b)-bicomplex (11) using the isomorphism Ω^nA ∼= A^{⊗(n+1)} ⊕ A^{⊗n} in equation (6). An easy computation shows that the operator b : Ω^nA → Ω^{n−1}A corresponds under this isomorphism to the operator A^{⊗(n+1)} ⊕ A^{⊗n} → A^{⊗n} ⊕ A^{⊗(n−1)} which is given by the matrix ( b (1 − λ) 0 − b^′ )

where b^′, b and λ are the operators discussed in Section 6.

Similarly, the operator B : Ω^nA → Ω^{n+1}A corresponds to the operator A^{⊗(n+1)} ⊕ A^{⊗n} → A^{⊕(n+2)} ⊕ A^{⊗(n+1)} given by the 2 × 2-matrix ( 0 0 Q 0 ) where Q is as in Section 6.

This shows that the (B, b)-bicomplex is just another way of writing the cyclic bicomplex, i.e., the total complex D^Ω for the (B, b)-bicomplex is exactly isomorphic to the total complex D for the cyclic bicomplex. As a consequence we have

Proposition 7.2 HC_nA is the homology of the complex −→ D^Ω_n^{B′−b}−→ D^Ω_{n−1}^{B′−b}−→ . . .^{B′−b}−→ D^Ω_1^{B′−b}−→ D^Ω_0 −→ 0 where D^Ω_{2n} = Ω^0A ⊕ Ω^2A ⊕ . . . ⊕ Ω^{2n}A

D^Ω_{2n+1} = Ω^1A ⊕ Ω^3A ⊕ . . . ⊕ Ω^{2n+1}A

and B^′ is the truncated B-operator, i.e., B^′ = B on the components Ω^kA of D^Ω_n , except on the highest component Ω^nA, where it is 0. HH_n(A) is the homology of the complex

−→ Ω^nA^b−→ Ω^{n−1}A^b−→ . . .^b−→ Ω^1A^b−→ Ω^0A −→ 0

Remark 7.3 Assume that A has a unit 1. We may introduce in ΩA the additional relation d(1) = 0, i.e., divide by the ideal M generated by d(1) (this is equivalent to introducing the relation 1 · ω = ω for all ω in ΩA). We denote the quotient by ΩA. Now M is a graded subspace, invariant under b and B, and its homology with respect to b is trivial. The preceding proposition is thus still valid if we use ΩA in place of ΩA. The convention d(1) = 0 is often used (implicitly) in the literature. In some cases it simplifies computations considerably. There are however situations where one cannot reduce the computations to the unital situation (in particular this is true for the excision problem).

If A is an m-algebra, then ΩA is defined using the completed projective tensor product ΩA = ~A ^⊗A^{^⊗n} ∼= A^{^⊗(n+1)} ⊕ A^{^⊗n}

The operators on ΩA considered above are of course continuous and extend to the completed tensor products.

8 Periodic cyclic homology and the bivariant theory.

Let A be an algebra. We denote by ^ΩA the infinite product ^ΩA = ∏ n Ω^nA and by ^Ω^{ev} A, ^Ω^{odd}A its even and odd part, respectively. ^ΩA may be viewed as the (periodic) total complex for the bicomplex

↓−b ↓−b ↓−b ↓−b ←− Ω^3A^B←− Ω^2A^B←− Ω^1A^B←− Ω^0A ↓−b ↓−b ↓−b ←− Ω^2A^B←− Ω^1A^B←− Ω^0A ↓−b ↓−b ←− Ω^1A^B←− Ω^0A ↓−b ←− Ω^0A Similarly, the (continuous) dual (^ΩA)^′ of ^ΩA is (^ΩA)^′ = ⨁ n (Ω^nA)^′

Definition 8.1 The periodic cyclic homology HP_∗(A), ∗ = 0, 1, is defined as the homology of the Z/2-graded complex ^Ω^{ev}A^{B−b}−→←−_{B−b} ^Ω^{odd}A and the periodic cyclic cohomology HP^∗(A), ∗ = 0, 1, is defined as the homology of the Z/2-graded complex (^Ω^{ev}A)^′ B−b←−−→ B−b (^Ω^{odd}A)^′ Now by definition, S is the projection D^Ω_n = Ω^n ⊕ Ω^{n−2} ⊕ . . . −→ D^Ω_{n−2} = Ω^{n−2} ⊕ Ω^{n−4} ⊕ . . .

where D^Ω_n is as in 7.2. Therefore we get ^ΩA = lim

←−_S (D^{Ω2n} ⊕ D^{Ω2n+1}) and (^ΩA)^′ = lim−→ S^′ (D^Ω_{2n} ⊕ D^Ω_{2n+1})^′ We deduce

Proposition 8.2 For any algebra A and ∗ = 0, 1 one has HP^∗(A) = lim−→ S HC^{2n+∗}A and an exact sequence 0 → lim←− S 1HC_{2n+∗+1}A → HP_∗A → lim←− S HC_{2n+∗}A → 0 (where as usual lim←− S 1HC_{2n+∗+1}A is defined as ( ∏ n HC_{2n+∗+1}A)/((1−s)( ∏ n HC_{2n+∗+1}A)), s being the shift on the infinite product).

Now ^ΩA is in a natural way a complete metric space (with the metric induced by the filtration on ΩA—the distance of families (x_n) and (y_n) in ∏ Ω^nA to 0 is 2^{−k} if the k first x_i and y_i agree). We call this the filtration topology and denote by Hom (^ΩA, ^ΩB) the set of continous linear maps ^ΩA → ^ΩB. It can also be described as Hom (^ΩA, ^ΩB) = lim←− m ( lim−→ n Hom ( ⨁ i≤n Ω^iA, ⨁ j≤m Ω^j B).

It is a Z/2-graded complex with boundary map ∂φ = φ ∘ ∂ − (−1)^{deg(φ)}∂ ∘ φ where ∂ = B − b. If A and B are themselves topological algebra (m-algebras) of course one takes, in the definition of Hom above, continuous (for the locally convex vector space topology) linear maps from Ω^iA to Ω^j B.

Definition 8.3 Let A and B be algebras. Then the bivariant periodic cyclic homology HP_∗(A, B) is defined as the homology of the Hom-complex HP_∗(A, B) = H_∗(Hom (^ΩA, ^ΩB)) ∗ = 0, 1 It is not difficult to see that the Z/2-graded complex ^ΩC is (continuously with respect to the filtration topology) homotopy equivalent to the trivial complex C −→←− 0 Therefore HP_∗(C , B) = HP_∗(B) and HP_∗(A, C ) = HP^∗(A) There is an obvious product HP_i(A_1, A_2) × HP_j(A_2, A_3) → HP_{i+j}(A_1, A_3) induced by the composition of elements in Hom (^ΩA_1, ^ΩA_2) and Hom (^ΩA_2, ^ΩA_3), which we denote by (x, y) → x · y. In particular, HP_0(A, A) is a unital ring with unit 1_A given by the identity map on ^ΩA.

An element α ∈ HP_∗(A, B) is called invertible if there exists β ∈ HP_∗(B, A) such that α · β = 1_A ∈ HP_0(A, A) and β · α = 1_B ∈ HP_0(B, B). An invertible element of degree 0, i.e., in HP_0(A, B) will also be called an HP -equivalence. Such an HP - equivalence exists in HP_0(A, B) if and only if the supercomplexes ^ΩA and ^ΩB are continuously homotopy equivalent. Multiplication by an invertible element α on the left or on the right induces natural isomorphisms HP_∗(B, D) ∼= HP_∗(A, D) and HP_∗(D, A) ∼= HP_∗(D, B) for any algebra D.

One can also define a Z-graded version of the bivariant cyclic theory, [], as follows. Say that a linear map α : ^ΩA → ^ΩB, continuous for the filtration topology, is of order ≤ k if α(F^n ^ΩA) ⊂ F^{n−k} ^ΩB for n ≥ k, where F^n ^ΩA is the infinite product of b(Ω^{n+1}), Ω^{n+1}, Ω^{n+2}, . . .. We denote by Hom^k(^ΩA, ^ΩB) the set of all maps of order ≤ k. This is, for each k, a subcomplex of the Z/2-graded complex Hom (^ΩA, ^ΩB). We can define

HC_n(A, B) = H_i(Hom^k(^ΩA, ^ΩB)) where i ∈ {0, 1}, i ≡ n mod 2

The bivariant theory HC_n(A, B) has a product HC_n(A, B) × HC_m(B, C) −→ HC_{n+m}(A, C) and satisfies HC_n(C , B) = HC_n(B) and HC_n(A, C ) = HC^n(A) In general, there exist elements in HP_∗(A, B) which are not in the range of the natural map HC_{2n+∗}(A, B) → HP_∗(A, B) for any n, [].

9 Mixed Complexes.

In this section we present still another construction of cyclic theory which is sometimes convenient for explicit computations of cyclic homology in terms of Hochschild homology.

Following [26], a mixed complex is a Z-graded complex ⨁ n M_n, bounded below, whose differential (usually denoted b) has degree −1, which is equipped with an operator B of degree +1 satisfying [b, B] = B^2 = 0. The homology of M as a complex, i.e., with respect to b, is by definition the Hochschild homology of M: HH_nM = H_nM Associated to M is the Z/2-graded complex given by ^M = ∏ n M_n equipped with the usual even-odd grading and the differential B − b. The periodic cyclic homology is then the homology of this supercomplex: HP_νM = H_ν ^M, ν ∈ Z/2 The cyclic homology of M is defined as HC_nM = H_n(D) where D is the complex given by

D_n = ⨁ p≥0 M_{n−2p} with boundary operator B^′ − b, where B^′ : M_n → M_{n−1} is, as in 7.2, the truncated B-operator.

We have seen that, for any algebra A, there is a natural mixed complex, given by (Ω(A), b, B) and the Hochschild, cyclic and periodic cyclic homology of A is by definition the Hochschild, cyclic and periodic cyclic homology of this mixed complex. The following simple observation is useful for computations of cyclic homology invariants.

Proposition 9.1 Let φ : (M, b, B) → (M^′, b, B) be a morphism of mixed complexes (i.e., φ maps M_n to M^′_n for all n and φ commutes with the b- and B-operators). If φ is a quasi-isomorphism from (M, b) to (M^′, b), then φ induces isomorphisms on the cyclic and periodic cyclic homology of M and M^′.

Proof. This follows from the analogue of 6.4 and 8.2 for mixed complexes. □

For instance, the cyclic homology of smooth (in the sense of Grothendieck) algebras, of the locally convex algebra of smooth functions on a compact differentiable manifold or of the irrational rotation algebra (noncommutative torus) can be computed that way. In these cases, the Hochschild homology HH(A) can be computed and there is an operator Ḃ of degree 1 on HH(A) as well as a surjective map of mixed complexes (Ω(A), b, B) → (HH(A), 0, Ḃ) see [4], [31]. In the case of a smooth algebra or of the smooth functions on a compact manifold, HH(A) is simply the algebra of ordinary classical differential forms and the operator Ḃ is the the classical de Rham operator d.

10 The X-complex description of cyclic homology.

The simple X-complex provides a useful alternative description of cyclic theory. It has been introduced first by Quillen [40] in connection with cyclic homology for coalgebras and then been used systematically in [13], [14], [15]. This different approach to cyclic theory is particularly useful for the study of periodic theories and cyclic theories for topological algebras, for proving the excision theorem, and for understanding the connection with topological K-theory.

Definition 10.1 Let A be an algebra. The X-complex X(A) is the Z/2-graded complex A ♮d −→←− ḃ Ω^1A_♮

where Ω^1A_♮ = Ω^1A/b(Ω^2A) = Ω^1A/[A, Ω^1A] and ♮ : Ω^1A → Ω^1A_♮ is the canonical quotient map.

Recall that, from the definition of b, its image exactly consists of all commutators, thus b(Ω^2A) = [A, Ω^1A].

The X-complex is constructed from the lowest level of the (B, b)-bicomplex

↓ b ↓ b ↓ b ←− Ω^2A^B←− Ω^1A^{B=d}←− Ω^0A ↓ b ↓ b ←− Ω^1A^{B=d}←− Ω^0A ↓ b ←− Ω^0A To be precise, the X-complex is the total complex of the quotient of the bicomplex

↓ b ↓ b ↓ b ↓ b ←− Ω^3A^B←− Ω^2A^B←− Ω^1A^B←− Ω^0A ↓ b ↓ b ↓ b ←− Ω^2A^B←− Ω^1A^B←− Ω^0A ↓ b ↓ b ←− Ω^1A^B←− Ω^0A ↓ b ←− Ω^0A by the sub-bicomplex ↓ b ↓ b ↓ b ←− Ω^3A^B←− Ω^2A^B←− b(Ω^2A) ↓ b ↓ b ←− Ω^2A^B←− b(Ω^2A) ↓ b ←− ( ¯ Ω^2A)

(12)

where Ω^0A is replaced by 0 and Ω^1A is replaced by b(Ω^2A). It is periodic of period two and specifically designed to compute the periodic cyclic theory for a special class of “smooth” algebras - the quasi-free algebras, because for quasi-free algebras the subcomplex by which we divide is contractible.

Proposition-Definition 10.2 Let A be an algebra. The following conditions are equivalent:

(1) Let 0 → N → S^q→ B → 0 be an extension of algebras where the ideal N is nilpotent (i.e., N^k = {0} for some k ≥ 1) and A^α−→ B a homomorphism. Then there exists a homomorphism A^{α′}−→ S such that q ∘ α^′ = α.

(2) A has cohomological dimension ≤ 1 with respect to Hochschild cohomology. (3) Ω^1A is a projective bimodule over A.

The algebra A is called quasi-free if these equivalent conditions are satisfied. The list of equivalent conditions characterizing quasi-freeness can be extended. In particular, (2) is equivalent to (2)’ There exists a linear map φ : A → Ω^2A such that φ(xy) = xφ(y) + φ(x)y − dxdy (13) (i.e., the universal Hochschild 2-cocycle c : A × A → Ω^2A defined by c(x, y) = dxdy is the boundary of φ: c = bφ).

and (3) is equivalent to (3)’ There exists a linear map ∇ : Ω^1A → Ω^2A (a “right connection”) satisfying ∇(aω) = a∇ω ∇(ωa) = (∇ω)a + ωda (a ∈ A, ω ∈ Ω^2A)

The equivalence between (2)’ and (3)’ is based on the correspondence between φ and ∇ given by the equality ∇(xdy) = xφ(y). For explicit computations the property (13) of quasi-free algebras often is particularly useful.

Proposition 10.3 Let A be quasi-free and HX_∗(A), ∗ = 0, 1 be the homology of the complex X(A). Then HX_∗(A) = HP_∗A.

Proof. The proof is based on a contraction of the infinite product (bΩ^2A, Ω^2A, Ω^3A, . . .) inside Ω̂A obtained from the connection ∇. Or, equivalently on showing that the the total complex of the sub-bicomplex (12) is contractible. □

The preceding characterizations of quasi-free algebras carry over directly to the category of m-algebras. In condition (1) of 10.2 N^k has to be interpreted as the image of the n-fold projective tensor power of N under the multiplication map and the nilpotent extension has to be assumed to admit a continuous linear splitting. The most important examples of quasi-free algebras are free algebras. In particular, for any vector space V , the (non-unital) tensor algebra T V = V ⊕ V^{⊗2} ⊕ V^{⊗3} ⊕ . . . is quasi-free. It obviously satisfies condition (1) in 10.2. In fact, it admits liftings in any (not necessarily nilpotent) extension. The map φ of (13) is determined by the condition that φ(x) = 0 for all generators x ∈ V . If A is an m-algebra, then the tensor algebra T A in the category of m-algebras is quasi-free. Other examples of quasifree algebras include C , M_n(C ) or C [z, z^{−1} ]. One obtains from this

Corollary 10.4

HP_0(C ) = C HP_1(C ) = 0

HP_0(C [z, z^{−1} ]) = C HP_1(C [z, z^{−1} ]) = C

Definition 10.5 Let T be an algebra and J an ideal in T . The J-adic filtration on X(T ) is defined by

F^{2n+1}X(T ) = J^{n+1} ⊕ ♮(J^{n+1}dT + J^ndJ)

F^{2n}X(T ) = (J^{n+1} + [J^n, T ]) ⊕ ♮(J^ndT )

Remark 10.6 This defines a decreasing filtration which is closely related to the inverse system X(T/J^n). In fact. let F^n be the J-adic filtration of X(T ) as above and G^n the kernel of the quotient map X(T ) → X(T/J^n). Then

G^{n+1} ⊂ F^{2n+1} ⊂ G^{2n} ⊂ G^n ⊂ . . .

Therefore ^X(T ) = X( ^T ) where ^T = lim_{←−} n T/J^n and ^X(T ) = lim_{←−} n X(T )/F^n

The connection between the X-complex for free-algebras and the cyclic bicomplex is based on the following results. Proposition 10.7 Let A be an algebra.

(1) The following defines an associative product (Fedosov product) on ΩA: ω_1 ∘ ω_2 = ω_1ω_2 + (−1)^{deg(ω1)}dω_1dω_2 where ω_1ω_2 is the ordinary product of ω_1, ω_2 in ΩA. Clearly, the even forms Ω^{ev}A form a subalgebra of (ΩA, ∘) for ∘.

(2) Let p : A → T A be the canonical linear inclusion of A into the tensor algebra over A and, for x, y ∈ A, ω(x, y) = p(xy) − pxpy. Then the map α : x_0dx_1dx_2 . . . dx_{2n−1}dx_{x2n} → x_0ω(x_1, x_2) . . . ω(x_{2n−1}, x_{2n}) defines an isomorphism of algebras (Ω^{ev}A, ∘)^α−→ T A.

(3) The map ωdx → ♮(α(ω)d(px)) (where α and p are as in (2)) defines a linear isomorphism Ω^{odd}A^{α′}−→ Ω^1T A_♮.

(4) The isomorphism α ⊕ α^′ : ΩA → X(T A) described in (2) and (3) identifies the natural filtration F^nΩA = bΩ^{n+1}A ⊕ Ω^{n+1}A ⊕ Ω^{n+2}A ⊕ . . . on Ω(A) with the JA-adic filtration

F^{2n+1}X(T A) = (JA)^{n+1} ⊕ ♮((JA)^{n+1}d(T A) + (JA)^nd(JA)) F^{2n}X(T A) = ((JA)^{n+1} + [(JA)^n, T A]) ⊕ ♮((JA)^nd(T A)) on X(T A), see 10.5, where JA is the ideal in T A given as the kernel of the natural homomorphism T A → A.

Remark 10.8 The full algebra (ΩA, ∘) with Fedosov product is isomorphic to the algebra QA = A ∗ A, 4.3. The isomorphism sends x + dx to ι(x) and x − dx to ι(x). Thus, in particular, the algebra T A is isomorphic to the even part, for the natural Z/2-grading of QA.

As a consequence of the preceding proposition, the X-complex X(T A) : T A ♮d −→←− ḃ Ω^1(T A)_♮ is isomorphic to a complex of the form Ω^{ev}A δ−→←− β Ω^{odd}A where the maps δ and β have to be determined.

This is the content of the following key theorem.

Theorem 10.9 Let δ, β be as above and ΩA^κ→ ΩA the Karoubi operator. Then

(a) β(ω) = bω − (1 + κ)dω, ω ∈ Ω^{odd}A δ(ω) = 2n+1∑

j=0 κ^j dω − n−1∑ j=0 κ^{2j} bω, ω ∈ Ω^{2n}A (b) Let P be the spectral projection to 1 for κ (see 7.1). P commutes with b, B and β, δ and P β = P (b −^2_N B)

P δ = P (B − b^N_2 )

(b) follows immediately from (a) by using the equality P κ = P and B = NP d.

The complex (1 − P )^ΩA is contractible, both with the boundary operator B − b and with β and δ. The same holds for the complexes in the associated filtration. For a precise statement we refer to [14], §6.

We still denote by P the projection operator corresponding to P under the isomorphism ΩA ∼= X(T A). Let c be the scaling operator on ΩA which is multiplication by c_q on Ω^q where c_{2n} = c_{2n+1} = (−1)^nn!. It follows from 10.9 that c : P X(T A) → P ΩA is an isomorphism identifying the differential ♮d and ḃ on P X(T A) with the differential B − b on P ΩA. It obviously is compatible with the filtration F^n on both sides described in 10.7(4).

This proves the following theorem

Theorem 10.10 Let A be an algebra

(a) For each n we have HC_n(A) = H_i ( X(T A) / F^nX(T A) )

where H_i, i = 0, 1 is the homology of the Z/2-graded complex (“supercomplex”) X(T A)/F^nX(T A) and i ≡ n mod 2.

(b) Let ^ΩA = lim_{←−} n ΩA/F^nΩA and ^X(T A) = lim_{←−} n X(T A)/F^nX(T A) be the comple-

tions. Then HP_iA = H_i(^ΩA) ∼= H_i( ^X(T A)) where i = 0, 1 and the differentials on ^ΩA and ^X(T A) are given by B − b and by (♮d, ḃ), respectively.

Corollary 10.11 For each n we have

HC_n(A) = H_{i+1}(F^nX(T A)) HC^n(A) = H_{i+1}((F^nX(T A))^′) where H_i, i = 0, 1 is the homology of the Z/2-graded complex F^nX(T A) and its dual (F^nX(T A))^′ while i ≡ n mod 2. In particular, any trace τ on (JA)^n defines an element in HC^{2n−1}A. This element is represented by the cyclic cocycle f_{2n−1} given by f_{2n−1}(x_0, x_1, . . . x_{2n−1}) = τ(ω(x_0, x_1)ω(x_2, x_3) . . . ω(x_{2n−2}, x_{2n−1}))

−τ(ω(x_{2n−1}, x_0)ω(x_1, x_2) . . . ω(x_{2n−3}, x_{2n−2}))

where ω(x, y) = p(xy) − p(x)p(y) for the canonical linear inclusion p : A → T A.

Proof. The first assertion follows from 10.10 and the exact sequence of complexes 0 → F^nX(T A) → X(T A) → X(T A)/(F^nX(T A)) → 0 together with the fact that the homology of X(T A) is trivial.

The second assertion is an easy consequence of the fact that (JA)^n is exactly the even part of F^{2n−1}X(T A). □

The preceding corollary is a translation of 6.6. There is a Z/2-graded version using supertraces. A supertrace on a Z/2-graded algebra with grading automorphism x → x̄ is by definition a linear functional f such that f(xy) = (−1)^{deg x deg y}f(yx). f is called odd if f(x̄) = −f(x).

Proposition 10.12 Let qA be the canonical ideal in the free product QA = A ∗ A defined in 4.3. Any odd supertrace τ on (qA)^{2n+1} defines an element of HC^{2n} represented by the cyclic cocycle

f(x_0, x_1, . . . , x_{2n}) = τ(q(x_0)q(x_1) . . . q(x_{2n}))

Theorem 10.13 Let 0 → J → T → A → 0 be any extension of A where T is quasi-free. Then the complex X(T ) is homotopy equivalent to X(T A) by a chain map respecting the filtrations induced by J and JA as in 10.5. Therefore HC_n(A) and HP_{0/1}A can be computed from X(T ). Explicitly HC_n(A) = H_i ( X(T ) / F^nX(T ) ) for i ≡ n mod 2 HP_iA = H_i( ^X(T )) for i = 0, 1

Proof. This follows from the fact that the X-complex is homotopy invariant for quasi-free algebras (see 12.1) and the fact that T and T A are homotopy equivalent by a homomorphism that respects the filtrations of T and T A by the powers of the ideals J and JA. □

Remark 10.14 (a) The operator S : HC_{n+2} → HC_n is induced by the natural map Ω/F^{n+2}Ω → Ω/F^nΩ or by the map X/F^{n+2}X → X/F^nX. (b) Also the Hochschild homology HH_n(A) can be read off from the filtered complex X(T ), if T is any quasi-free extension of A. In fact, HH_n(A) is the homology of the Z/2-graded complex F^{n−1}XT/F^nXT in dimension i ∈ {0, 1} with i ≡ n mod 2.

Corollary 10.15 (Goodwillie’s theorem). Let I be an ideal in the algebra A that is nilpotent, i.e., I^k = 0 for some k. Then the quotient map A → A/I induces an invertible element in HP_∗(A, A/I). In particular HP_∗(A) ∼= HP_∗(A/I).

Proof. We can choose T A as a quasi-free extension for both A and A/I. Since I is nilpotent, the resulting filtrations on X(T A) are continuous with respect to each other. □

All constructions in this section also work in the category of m-algebras. If I is an m-algebra then, by definition, I^2 is the image of the multiplication map I ^⊗I → I. Note the following important property of ideals in quasi-free m-algebras:

If I is the ideal in an extension 0 −→ I −→ A −→ A/I −→ 0 of m-algebras with a continuous splitting and A is quasi-free, then also I^n is an ideal which is a direct summand in A as a topological vector space for each n. For instance (JA)^n is a direct summand in T A for each n.

Remark 10.16 The fact that cyclic and periodic cyclic homology can be reduced to the homology of the X-complex applied to a quasi-free algebra, means that the properties of the theory can be checked by computations that only involve the cyclic homology of a quasi-free algebra in dimensions 0 and 1! This fact is essential for establishing some of the most important properties of the theory.

11 Cyclic homology as non-commutative de Rham theory

For smooth commutative algebras the cyclic homology/cohomology can be determined by computing first the Hochschild homology and then using Connes’ SBIsequence. This applies in essentially the same way to the coordinate ring of a smooth variety or to the Fréchet algebra of smooth functions on a compact C^∞-manifold.

Definition 11.1 A commutative algebra A is smooth if any homomorphism α : A → B/N where B is a commutative algebra and N an ideal in B with N^2 = 0, can be lifted to a homomorphism ^α : A → B such that π ∘ ^α = α for the quotient map π : B → B/N. There are various other characterizations of smoothness. Note that, in particular, the coordinate ring of a smooth algebraic variety is smooth.

For a unital commutative algebra we define Ω^∗_{comm}A as the largest graded commutative quotient of ΩA, i.e., as ΩA divided by the ideal generated by all differences xdy − d(y)x and dxdy + dydx—with the additional relation d(1) = 0. It also can be defined as the exterior algebra over A on the A-bimodule Ω^1A, with additional relation d(1) = 0.

The Hochschild homology of a smooth algebra is determined by the following theorem.

Theorem 11.2 (Hochschild-Kostant-Rosenberg) If A is a smooth unital commutative algebra then the natural map Ω^∗_{comm}A → HH_∗(A) is an isomorphism (of graded algebras).

The de Rham cohomology H^{dR}A of A is by definition the homology of the complex . . . → Ω^k_{comm}A^d→ Ω^{k+1}_{comm}A → . . . For ∗ = 0, 1 we write H^{dR}_0 A for the direct sum of all de Rham homology groups in even dimensions and H^{dR}_1 A for the sum of all de Rham homology groups in odd dimensions. We have Theorem 11.3 Let A be a unital smooth algebra of homological dimension n. Then (a) HP_∗A ∼= H^{dR}_∗ A (a) If k > n, then HC_kA ∼= H^{dR}_∗ A for ∗ ≡ k mod 2.

Proof. The quotient map Ω^nA → Ω^n_{comm}A induces a natural map from the (B, b)- bicomplex for A to the bicomplex

↓ 0 ↓ 0 ↓ 0 Ω^2_{comm}A^d←− Ω^1_{comm}A^d←− Ω^0_{comm}A ↓ 0 ↓ 0 Ω^1_{comm}A^d←− Ω^0_{comm}A ↓ 0 Ω^0_{comm}A By the Hochschild-Kostant-Rosenberg theorem this map is a quasi-isomorphism on the columns. Thus the theorem follows for instance from the spectral sequence comparison theorem (or also from Connes’s SBI-sequence). □

Remark 11.4 If A is the coordinate ring for a not necessarily smooth variety V then HP_∗A is isomorphic to the infinitesimal cohomology of V in the sense of Grothendieck which is in this case the correct replacement for de Rham theory. In the case of the Fréchet algebra C^∞M of course we use the cyclic homology for locally convex algebras.

Theorem 11.5 (Connes) Let C^∞M be the algebra of smooth functions on a smooth compact manifold M and C^∞(ΛT^∗M) be the algebra of differential forms on M. Then the natural map C^∞(Λ^kT^∗M) → HH_k(C^∞M) is an isomorphism for each k.

Theorem 11.6 Let M be a smooth compact manifold of dimension n. Then

(a) HP_∗(C^∞M) ∼= H^{dR}_∗ (C^∞M)

(a) If k > n, then HC_k(C^∞M) ∼= H^{dR}_∗ (C^∞M) for ∗ ≡ k mod 2.

All results in this section are of course also valid in cohomology in place of homology.

Remark 11.7 Karoubi has defined de Rham homology for an arbitrary algebra A as the homology of the complex given by the A-bimodules Ω^n(A)/[Ω^∗(A), Ω^∗(A)], where the quotients are by graded commutators, and has shown that it is isomorphic to the image of HC_{n+2}(A) in HC_n(A) under the operator S, see [24].

There is an even more significant and important analogy between cyclic homology and Grothendieck’s notion of infinitesimal homology which describes the topology of non-smooth varieties in algebraic geometry. In this analogy, quasi-free algebras play the role of smooth varieties in the non-commutative category and the X-complex corresponds to the de Rham complex.

In fact, in algebraic geometry, the infinitesimal cohomology is defined by writing the coordinate ring A of the variety as a quotient of the coordinate ring of a smooth variety T and by taking the de Rham cohomology of the completion ^T . It can be shown that this does not depend on the choice of the embedding into a smooth variety.

The periodic cyclic homology of an algebra A is obtained by writing A as a quotient of a quasi-free algebra T and taking the X-complex-homology of the completion ^T . This does not depend on the choice of the quasi-free extension T , see 10.10.

12 Homotopy invariance for cyclic theory

The important basic features of cyclic homology are homotopy invariance (under differentiable homotopies), Morita invariance, and excision. These properties hold very generally for the periodic theory HP —but only in a very limited sense for the non-periodic theory HC.

In this section we discuss homotopy invariance. The first (and main) step consists in showing that derivations act trivially on HP (or on HC after stabilizing by the S-operator). This can be done by guessing the correct homotopy formula on the complex (Ω^n(A), B − b) computing the cyclic homology HC_∗(A), or, in the X-complex-picture, by using the fact that the X-complex is naturally homotopy invariant for quasi-free algebras.

Given an algebra B, we denote by B[0, 1] the algebra B ⊗ C^∞[0, 1] where C^∞[0, 1] stands for the algebra of C -valued C^∞-functions on [0, 1] (i.e., restrictions of functions in C^∞(R) to [0, 1]). When we work in the category of m-algebras, we use the completed projective tensor product. In this case, B[0, 1] can be identified with the algebra of B-valued C^∞-functions on [0, 1].

By a differentiable homotopy from an algebra A to an algebra B we mean a homomorphism α from A to the algebra B[0, 1]. Given such a family α, evaluation for each t ∈ [0, 1] defines a homomorphism α_t : A → B. We say that two homomorphisms β_0, β_1 : A → B are differentiably homotopic if there exists a differentiable homotopy α such that α_0 = β_0, α_1 = β_1.

Let u : A → B[0, 1] be a differentiable family of homomorphisms between algebras A and B. For each fixed t ∈ [0, 1] let u_t : A → B be the morphism given by u at the point t and u̇_t the derivative, with respect to t, at the point t, which is a linear map A → B and behaves like a derivation with respect to u_t, i.e.,

u̇_t(xy) = u_t(x)u̇_t(y) + u̇_t(x)u_t(y) , x, y ∈ A . The Lie derivative L_t = L(u_t, u̇_t) : X(A) → X(B)

is defined by

L_t(x) = u̇_t(x) , L_t(♮(xdy)) = ♮(u̇_t(x)d(u_ty) + u_t(x)d(u̇_ty)) ,

x, y ∈ A. Then L_t is a morphism of supercomplexes, see [14], beginning of §7.

Proposition 12.1 Let u : A → B[0, 1] be as above and assume that A is quasifree. Then, for each t ∈ [0, 1], there is a map of supercomplexes of odd degree h_t : X(A) → X(B) such that L_t = ∂h_t + h_t∂ where ∂ is the boundary operator in the X-complex.

Proof. Let φ be the fundamental map A → Ω^2A for the quasi-free algebra A, see (13). Put h_t(x) = ♮iφ(x) h_t(♮(xdy)) = i(xdy + b(xφ(y)) x, y ∈ A, where i(x_0dx_1 . . . dx_k) = u_t(x_0)u̇_t(x_1)du_t(x_2) . . . du_t(x_k) .

One computes that L = ∂h + h∂, see [14]. □

By integrating h_t with respect to t, see [14], 8.1, we obtain an operator H =

∫_1 0 u_tdt and

Proposition 12.2 Let u : A → B[0, 1] be as above and A quasi-free. There is an odd map of supercomplexes H : X(A) → X(B) such that u_{1∗} − u_{0∗} = ∂H + H∂ for the maps u_{t∗} : X(A) → X(B) induced by u_t, t = 0, 1.

Assume now that A and B are written as quotients of free algebras T and R, respectively: A ∼= T/I B ∼= R/J and that u : A → B[0, 1] is a homotopy as before. Since T is free, u induces a homomorphism w : T → R[0, 1] which makes the following diagram commutative: T^w−→ R[0, 1] ↓ ↓ A^u−→ B[0, 1] Necessarily, w maps I to J[0, 1] and thus each w_t maps I to J. Therefore the map induced by w_t on the X-complexes maps the subspace F^n in the filtration of X(T ) induced by I, see 10.5, to the corresponding subspace F^n in the filtration of X(R) induced by J. The formulas used in the definition of L(u_t, u̇_t) and H show that these maps send F^n to F^{n−1}. As a consequence, we get

Theorem 12.3 Let u : A → B[0, 1] be a differentiable homotopy and u_t : A → B the corresponding family of homomorphisms.

(a) The element HP_0(u_t) ∈ HP_0(A, B) defined by u_t does not depend on t. Thus, in particular, the maps induced by u_t on HP_∗ and on HP^∗ are constant.

(b) Let (u_t)_∗ be the map induced by u_t on HC_n and S : HC_{n−2} → HC_n the S-operator. Then (u_t)_∗ ∘ S : HC_{n−2}(A) → HC_n(B) is constant.

13 Morita invariance for periodic cyclic theory

Theorem 13.1 Let E and F be linear subspaces of the algebra A and A(EF ), A(F E) the subalgebras of A generated by the spaces of products EF and F E. Then there is an invertible element in HP_0(A(EF ), A(F E))

This theorem can be proved using the following quasi-free extensions of A(EF ) and A(F E): 0 → K(EF ) → T (E ⊗ F )^{π1}−→ A(EF ) → 0 0 → K(F E) → T (F ⊗ E)^{π2}−→ A(F E) → 0 Here, π_1 and π_2 are the homomorphisms induced by the linear maps E⊗F ∋ x⊗y → xy ∈ A(EF ), F ⊗ E ∋ y ⊗ x → yx ∈ A(F E) and K(EF ), K(F E) are the kernels of π_1, π_2.

The invertible element in HP_0(A(EF ), A(F E)) is induced by the linear isomorphism λ : X(T (E ⊗ F )) → X(T (F ⊗ E)) which is simply cyclic permutation on tensor products

λ(x_1 ⊗ y_1 ⊗ x_2 ⊗ y_2 ⊗ . . . ⊗ x_k ⊗ y_k) = y_k ⊗ x_1 ⊗ y_1 ⊗ x_2 ⊗ . . . ⊗ x_k λ(♮(x_1 ⊗ y_1 ⊗ . . . ⊗ x_{k−1} ⊗ y_{k−1}d(x_k ⊗ y_k))) = ♮(y_k ⊗ x_1 ⊗ y_1 ⊗ . . . ⊗ x_{k−1}d(y_{k−1} ⊗ x_k)) x_1, . . . , x_k ∈ E; y_1, . . . , y_k ∈ F It is trivially checked that λ commutes with the boundary operators ♮d and ḃ of the X-complex, using the definition of these operators.

One can also show that λ : X(T (E ⊗ F )) → X(T (F ⊗ E)) is “continuous” with respect to the natural filtration, see 10.5, i.e., that for each n there is k, such that λ maps F^k to F^n, see [12].

A Morita context ( A X Y B )

for two algebras A and B is by definition an algebra with a splitting into four linear subspaces such that when the elements are written as 2 × 2 matrices the multiplication is consistent with matrix multiplication.

Corollary 13.2 Let A and B be algebras which are related by a Morita context as above and assume that A = XY , B = Y X. Then there is an invertible element in HP_0(A, B). The results of this section and of the following one are also valid for magebras replacing A(EF ), A(F E), XY and Y X by the closed subalgebras generated by the respective products.

14 Morita invariance for the non-periodic theory

In the non-periodic theory, Morita invariance only holds for unital or at least Hunital algebras, [47].

Theorem 14.1 Let E and F be linear subspaces of the algebra A and A(EF ), A(F E) the subalgebras of A generated by the spaces of products EF and F E. Assume that A(EF ), A(F E) are both H-unital (see 6.3). Then there is an invertible element in HC^0(A(EF ), A(F E)). This element induces isomorphisms HC^n(A(EF )) ∼= HC^n(A(F E)) for all n.

Corollary 14.2 Let A and B be H-unital algebras. Let E be a A − B-bimodule and F be a B − A-bimodule such that E ⊗_B F ∼= A F ⊗_A E ∼= B Then there is an invertible element in HC^0(A, B) inducing isomorphisms HC^n(A) ∼= HC^n(B) for all n.

15 Excision for periodic cyclic theory

Theorem 15.1 Let 0 → S → P → Q → 0 be an extension of algebras and A an algebra. There are two natural six-term exact sequences HP_0(A, S) → HP_0(A, P ) → HP_0(A, Q) ↑ ↓ HP_1(A, Q) ← HP_1(A, P ) ← HP_1(A, S) and HP_0(S, A) ← HP_0(P, A) ← HP_0(Q, A) ↓ ↑ HP_1(Q, A) → HP_1(P, A) → HP_1(S, A) where the horizontal arrows are induced by the maps in the given extension (a description of the vertical arrows will be given below).

In the category of m-algebras, this theorem is valid for extensions admitting a continuous linear splitting, see [10]. We include a brief discussion of the vertical arrows in 15.1 (see [15] and also [27], III 2.2). Given an extension of algebras 0 → S → P → Q → 0 let δ, δ^′ be the connecting maps in the following two six-term exact sequences. −→ HP_∗(P, S) −→ HP_∗(S, S)^δ−→ HP_{∗+1}(Q, S) −→ −→ HP_∗(Q, P ) −→ HP_∗(Q, Q)^{δ′}−→ HP_{∗+1}(Q, S) −→ Let 1_S and 1_Q denote the class of id in HP_0(S, S) and HP_0(Q, Q) respectively. Proposition 15.2 One has δ(1_S ) = −δ^′(1_Q).

Theorem 15.3 Let E : 0 → S → P → Q → 0 be an extension of algebras. We write ch(E) for the element δ^′(1_Q) = −δ(1_S ) ∈ HP_1(Q, S). The connecting map in the first exact sequence in Theorem 5.3 acts on HP_j(A, Q) by multiplication by (−1)^j chE on the right, while the connecting map in the second exact sequence in Theorem 5.3 is given by multiplication by −ch(E) on the left.

16 Excision for the non-periodic theory

Let I be a (non-unital) algebra and (Ω^n(I), b) and (D^Ω_n (I), B^′ − b) be the standard complexes computing Hochschild and cyclic homology of I, respectively, see 7.2. If 0 → I → A → B → 0 with I as ideal, we let (Ω^n(I : A), b) and (D^Ω_n (I : A) denote the kernels of the maps Ω^n(A) → Ω^n(B) and D^Ω_n (A) → D^Ω_n (B), respectively, so that we have exact sequences of complexes: 0 → Ω^n(I : A) → Ω^n(A) → Ω^n(B) → 0 0 → D^Ω_n (I : A) → D^Ω_n (A) → D^Ω_n (B) → 0 We say that I is excisive in Hochschild homology (respectively in cyclic homology), if the inclusion Ω^n(I) → Ω^n(I : A) (respectively D^Ω_n (I) → D^Ω_n (I : A)) is a homotopy equivalence of complexes. If this is the case then obviously the exact sequences of complexes above induce long exact sequences in Hochschild (respectively cyclic) homology.

Theorem 16.1 ([46], [47]) Let I be a (non-unital) algebra. The following conditions are equivalent:

(a) I is H-unital, (see 6.3).

(b) I is excisive in Hochschild homology, i.e., any extension of the form 0 → I → A → B → 0 induces a long exact sequence in Hochschild homology . . . HH_n(I) → HH_n(A) → HH_n(B) → HH_{n−1}(I) → HH_{n−1}(A) → HH_{n−1}(B) → . . . (c) I is excisive in cyclic homology, i.e., any extension of the form 0 → I → A → B → 0 induces a long exact sequence in cyclic homology . . . HC_n(I) → HC_n(A) → HC_n(B) → HC_{n−1}(I) → HC_{n−1}(A) → HC_{n−1}(B) → . . . 17 Cyclic homology for Schatten ideals

The cyclic homology of the m-algebra ℓ^p(H), see 3.5 can—somewhat unexpectedly— be computed using the excision property of periodic cyclic homology. Proposition 17.1 Let I and A be m-algebras. We assume that there are continuous homomorphisms α : I → A and μ : A ^⊗A → I with the following properties: (a) α ∘ μ is the multiplication on A.

(b) μ ∘ (α ⊗ α) is the multiplication on I.

(thus, in particular α(I) is an ideal in A with A^2 ⊂ α(I)). Then α induces an invertible element HP_0(α) in HP_0(I, A).

Proof. This follows by applying the excision theorem in HP for m-algebras to the following extension.

0 → I(0, 1) → I(0, 1) + At → A → 0 (14)

The m-algebra I(0, 1)+At is defined in the following way. As a locally convex vector space it simply is the direct sum of I(0, 1) and A. The symbol t denotes the identity function on [0, 1]. The elements of At are regarded as functions on [0, 1] with values in A, which are multiples of t by elements of A. The multiplication on the first summand is the one of I(0, 1). The product of a function f in I(0, 1) by an element xt ∈ At is μ(α(f) ⊗ xt) (we extend μ and α canonically to functions). The product of xt and yt in the second factor is defined as μ(x ⊗ y)(t^2 − t) + αμ(x ⊗ y)t, where the first summand is in I(0, 1) and the second one in At. The extension constructed that way obviously has a continuous linear splitting and defines an element u in HP_1(A, I(0, 1)) ∼= HP_0(A, I). This element is inverse to HP_0(α). □

We now apply this result to the Schatten ideals ℓ^p = ℓ^p(H). More generally, consider the case where I = ℓ^p ^⊗B and A = ℓ^q ^⊗B for an arbitrary m-Algebra B and p ≤ q ≤ 2p. The maps α and μ are obtained from the continuous inclusion ℓ^p → ℓ^q and from the multiplication map ℓ^q ^⊗ℓ^q → ℓ^p.

Corollary 17.2 For any m-algebra B, ℓ^p ^⊗B is equivalent in HP_∗ to ℓ^q ^⊗B, i.e., the map ℓ^p ^⊗B → ℓ^q ^⊗B induced by the inclusion ℓ^p → ℓ^q gives an invertible element in HP_0(ℓ^p ^⊗B, ℓ^q ^⊗B) for q ≥ p.

Proposition 17.3 The inclusion map C → ℓ^1(H) (which maps 1 ∈ C to a onedomensional projector in ℓ^1) and the canonical trace T r : ℓ^1(H) → C define elements in HP_0(C , ℓ^1 (H)) and HP_0(ℓ^1(H), C ), respectively, which are inverse to each other. Thus in particular HP_∗(ℓ^1(H)) ∼= HP_∗(C ).

Corollary 17.4 The inclusion map C → ℓ^p(H) defines an invertible element in HP_0(C , ℓ^p (H)) for each p ≥ 1. Thus in particular HP_∗(ℓ^p(H)) ∼= HP_∗(C ).

Remark 17.5 Assume (for simplicity) that p is an odd integer. The generator of HP^0(ℓ^p(H)) = lim_{−→} HC^{2n}(ℓ^p(H) is represented by the cyclic cocycle f in C^{p−1}_λ given by f(x_0, x_1, . . . , x_{p−1}) = Tr (x_0x_1 . . . x_{p−1})

It follows from the SBI-sequence that the class of f is not in the image of the Soperator and thus that p−1 is the smallest integer k for which the map HC^k(ℓ^p(H)) → HP^0(ℓ^p(H)) is non-trivial.

18 The Chern character for K-theory classes given by idempotents and invertibles

With homotopy classes of idempotents and invertibles in a matrix algebra over A one can associate periodic cyclic homology classes as follows.

Let A be unital, e an idempotent in a matrix algebra M_n(A) and [e] its homotopy class. e may be thought of as a homomorphism C → M_n(A). It induces a map HP_0C → HP_0(M_n(A)) ∼= HP_0A. We denote by ch([e]) the image of the generator of HP_∗C ∼= C (see 10.4) under this map.

Similarly, an invertible element u in M_n(A) may be thought of as a map from the algebra C [z, z^{−1} ] to M_n(A) mapping z to u. This induces a map HP_1C [z, z^{−1} ] → HP_1(M_n(A)) ∼= HP_1A. We denote by ch([u]) the image in HP_1A of the generator of HP_1C [z, z^{−1} ] ∼= C (see 10.4) under this map.

Remark 18.1 It is very easily seen that the classes ch([e]) and ch([u]) are additive for the natural K-theory addition. Therefore one may view these classes as defining homomorphisms ch : K^{alg}_∗ A → HP_∗A, ∗ = 0, 1 from the algebraic K-theory to HP_∗ (which in fact can be extended to the higher-dimensional algebraic K-theory in a rather straightforward way). This homomorphism even passes to the quotient of algebraic K-theory by homotopy. Since there is no good definition of topological Ktheory for arbitrary m-algebras based only on idempotents and invertibles in matrix algebras, it is not clear, a priori, how to interpret this as a map from topological K-theory though.

To obtain explicit formulas for the cycles ch([e]) and ch([u]) in the periodic cyclic complex it is very convenient to use the description of HP_∗(A) as the homology of the completed X-complex ^X(T A) and its homotopy equivalence with the (B, b)- bicomplex ^ΩA.

The idempotent e admits a canonical lifting to an idempotent ê in each nilpotent extension, and therefore in the projective limit M_n( ^T A) of nilpotent extensions of M_n(A). This is easily seen putting f = 2e − 1 in the unitization and defining a lift f̂ for f by the formula f̂ = s(f)(s(f)2)−1/2, given by a power series in the nilpotent variable 1 − s(f)^2) (s denotes the canonical linear lift M_n(A) → M_n(T A)). Under the isomorphism M_n( ^T A) ∼= M_n(^Ω^{ev}A) with Fedosov product, 10.7, ê is given by the following formula

ê = e + ∑ n≥1 (2n)! (n!)^2 ( e − 1 2 ) (de)^{2n}

where de is to be considered as the matrix (de_{ij} ) if e = (e_{ij}). Now, T r(ê) is an even cycle in the complex ^X(T A) = X( ^T A), representing ch([e]) (since the generator of HP_0(C ) is represented by 1 in X(C )). Under the identification of ^X(T A) with ^ΩA, this becomes ch([e]) = T r(e) + ∑ n≥1 (−1)^n

(2n)! n! T r (( e − 1 2 ) (de)^{2n} )

as an element of the complex ^ΩA with boundary operator B − b.

Let further u be an invertible element in the unitization M_n(A)~ and consider the reduced X-complex X(M_n(A)~) where we introduce the relation d(1) = 0 for the adjoined unit 1. By a similar argument as before, the element ♮(u^{−1}du) can be lifted to a cycle ♮(û^{−1}dû) in X(M_n( ^T A)~). The trace on M_n induces a map T r : X(M_n( ^T A)~) → X( ^T A~) and T R(♮(û^{−1}dû)) will represent ch([u]) (the generator of HP_1(C [z, z^{−1} ]) is represented by ♮(z^{−1}dz) in X(C [z, z^{−1} ])). Then ch([u]) corresponds to ch([u]) = ∑ n≥0 n! T r((u^{−1} − 1)d(u − 1) (d(u^{−1} − 1)d(u − 1))^n)

19 Cyclic cocycles associated with Fredholm modules

The concept of a Fredholm module over an algebra A has been introduced by Atiyah and Kasparov as a framework for K-homology. The bivariant version (over two algebras A and B) is due to Kasparov and is usually called a Kasparov module. It describes an extension of B by an algebra Morita equivalent to A which admits an inverse (i.e, there exists another extension such that its sum with the given extension is equivalent to a trivial extension). The notion of an unbounded Fredholm module or a spectral triple plays a fundamental role in Alain Connes’s “dictionary” for noncommutative geometry. We treat in this section only the simplest but typical case of a “bounded” Fredholm module.

Given a Hilbert space H, we denote by L(H) the algebra of bounded operators on H and by ℓ^p(H) the Schatten ideal of p-summable operators in L(H).

Definition 19.1 Let A be an algebra

(a) A p-summable odd Fredholm module over A is a representation π : A → L(H) together with an operator F ∈ L(H) such that F = F^∗, F^2 = 1 and such that the commutators [F, π(x)], x ∈ A are all in ℓ^p(H).

(b) A p-summable even Fredholm module over A is a representation π : A → L(H) together with an operator F ∈ L(H) such that F = F^∗, F^2 = 1 and [F, π(x)] ∈ ℓ^p(H) ∈, x ∈ A and a grading operator γ on H, γ = γ^∗, γ^2 = 1, such that γF γ = −F and γπ(x)γ = π(x), x ∈ A (i.e., F has degree 1, while π(A) has degree 0 for the Z/2-grading induced by γ).

An odd p-summable Fredholm module determines an extension of the following form

0 −→ ℓ^{p/2}(H) −→ (ℓ^{p/2}(H) + σ(A)) −→ A_0 −→ 0 (15)

where σ(x) = P π(x)P , P = 1/2(F + 1) the spectral projection for 1 and A_0 = A/Ker(σ). Note that we can work with p/2 rather than p, since σ(xy) − σ(x)σ(y) = (1/2)P [F, x][F, y]P ∈ ℓ^{p/2}(H). We know from 17.5 that HP^0(ℓ^{2n+1}(H)) is one-dimensional with generator the image ġ in HP^0 of the cyclic cocycle g(x_0, . . . , x_{2n}) = Tr(x_0x_1 . . . x_{2n}). By excision for HP^∗, the image of ġ under the boundary map in the long exact sequence associated to the extension (15) gives an element ch(A, F ) in HP^1(A) which is called the character of the Fredholm module (A, F ). A more refined version of this argument is the following. By 4.2, the extension (15) determines a classifying map γ : JA → ℓ^p(H) which maps the p-th power (JA)^p of JA to the p-th power of ℓ^p(H), i.e., to ℓ^1(H). Composition of γ with the trace on ℓ^1(H) gives a trace τ on (JA)^p. Now, by 10.11, any trace on (JA)^p determines for each n with 2n + 2 ≥ p cyclic cocycles f_{2n+1} ∈ C^{2n+1}_λ (A) which are related by the S-operator. According to 10.11 the explicit formula for f_{2n+1} is

f_{2n+1}(x_0, x_1, . . . x_{2n+1}) = Tr(ω(x_0, x_1)ω(x_2, x_3) . . . ω(x_{2n}, x_{2n+1}))

−Tr(ω(x_{2n+1}, x_0)ω(x_1, x_2) . . . ω(x_{2n−1}, x_{2n}))

where ω(x, y) = σ(xy) − σ(x)σ(y) = P π(xy)P − P πxP πyP . A simple computation shows that this formula can be rewritten in terms of commutators [F, ·] as follows

f_{2n+1}(x_0, x_1, . . . x_{2n+1}) = Tr (F ([F, x_0][F, x_1] . . . [F, x_{2n+1}]))

It follows from the proof of excision in HP^∗ that ch(A, F ) is the image of^{(−1)n}_{n!} f_{2n+1} under the map HC^{2n+1} → HP^1. There is a simple index theorem based on this cocycle. Recall that a Fredholm operator on a Hilbert space is a bounded operator which is invertible modulo compact operators and that the index of a Fredholm operator L is defined as ind L = dim Ker L − dim Coker L.

Theorem 19.2 (Connes) Let A be unital (and unitally represented), u ∈ A invertible and (A, F ) a p-summable Fredholm module over A. Then the u_P = P π(u)P is a Fredholm operator on the Hilbert space P H. Its index is given by ind u_P = ⟨ch(A, F )|ch(u)⟩ = f_{2n+1}(u^{−1}, u, u^{−1}, . . . , u) With obvious modifications, the theorem is still valid for invertibles in a matrix algebra over A.

An even p-summable Fredholm module determines an extension of the form 0 −→ ℓ^p(H) −→ (ℓ^p(H) + π(A)) −→ A_0 −→ 0 with two different splittings π, π̄ : A → (ℓ^p(H) + π(A)) where π̄(x) = F π(x)F . Using excision for HP we see that HP^0(ℓ^p(H) + π(A)) ∼= HP^0(ℓ^p(H)) ⊕ HP^0(A). Denote by ch(A, F ) the image of 1 under the map C = HP^0(ℓ^p(H))^{π∗−π∗}−→ HP^0(A) Again there is an explicit formula for a cyclic cocycle representing ch(A, F ). In fact, the universality property of the extension 0 −→ qA −→ QA −→ A −→ 0 shows that there is a natural homomorphism qA → ℓ^p(H). Composing again with the supertrace on ℓ^1(H) (recall that H is graded) we obtain an odd supertrace on (qA)^p and thus by 10.12 cyclic cocycles determined for each n with 2n + 1 ≥ p by the formula f_{2n}(x_0, x_1, . . . x_{2n}) = Tr(γq(x_0)q(x_1) . . . q(x_{2n}))

where q(x) = π(x) − π̄(x) and γ is the grading automorphism on H. Again, one may rewrite this as

f_{2n}(x_0, x_1, . . . x_{2n}) = Tr (γF ([F, x_0][F, x_1] . . . [F, x_{2n}]))

The class ch(A, F ) is represented by^{(−1)n n!}_{(2n)!} f_{2n}

Theorem 19.3 (Connes) Let A be unital, e ∈ A idempotent and (A, F ) a psummable Fredholm module over A. Then the F_e = π(e)F π(e) is a Fredholm operator from the Hilbert space π(e)H_+ to the Hilbert space π(e)H_−, where H = H_+ ⊕ H_− is the eigenspace-decomposition of H with respect to the grading operator γ. Its index is given by ind F_e = ⟨ch(A, F )|ch(e)⟩ = f_{2n}(e, e, . . . , e) 20 Bivariant K-theory for locally convex algebras

A natural category on which topological K-theory can be defined with good properties, is the one of Banach algebras. It has been studied with particular intensity on the category of C*-algebras. On the category of C*-algebras Kasparov, [25], extended K-theory to a bivariant theory KK in such a way that, for a C*-algebra A, one has K_∗(A) = KK_∗(C , A), ∗ = 0, 1. A closely related similar bivariant theory on the category of C*-algebras is the E-theory of Connes-Higson, [8]. It is an alternative extension of K-theory to a bivariant theory. In particular it also satisfies K_∗(A) = E_∗(C , A), ∗ = 0, 1.

Now it is a well-known fact that cyclic homology is degenerate on Banach or C*- algebras. Thus, for instance, if we define cyclic and periodic cyclic homology for a locally convex algebra as in Section 8, we obtain for the algebra C(X) of continuous functions on the compact space X

HP^0(C(X)) = { bounded complex measures onX }

HP^1(C(X)) = 0

It is possible to define cyclic homology theories (even in the bivariant setting) with good properties on the category of C*-algebras (or Banach algebras) and to define a bivariant transformation from KK(A, B) or from E(A, B) into this theory, [37], [38], [39].

On the other hand, it is in fact also possible to construct a bivariant topological K-theory on the category of locally convex algebras and then to define a bivariant Chern-Connes character from this theory into the ordinary bivariant cyclic theory HP_∗(A, B), as we discussed it in Section 8. We will describe the construction in this section. As before, to simplify constructions, we work within the category of m-algebras (projective limits of Banach algebras), rather than with general locally convex algebras. Since cyclic theory is homotopy invariant only for differentiable homotopies (called diffeotopies below), we have to set up the theory in such a way that it uses only diffeotopies in place of general homotopies.

For an m-algebra A we write A[a, b], A[a, b) and A(a, b) for the m-algebras A ^⊗C [a, b], A ^⊗C [a, b) and A ^⊗C (a, b), see 3.1 .

Definition 20.1 (see 3.1) Two continuous linear maps α, β : V → W between two complete locally convex spaces are called differentiably homotopic or diffeotopic, if there is a family φ_t : V → W, t ∈ [0, 1] of continuous linear maps, such that φ_0 = α, φ_1 = β and such that the map t → φ_t(x) is infinitely differentiable for each x ∈ V . Another formulation of the condition in this definition is that there exists a continuous linear map φ : V → C^∞([0, 1]) ^⊗W with the property that φ(x)(0) = α(x), φ(x)(1) = β(x) for each x ∈ V .

Let h : [0, 1] → [0, 1] be a monotone and bijective C^∞-map, whose restriction to (0, 1) is a diffeomorphism from (0, 1) → (0, 1) and whose derivatives in 0 and 1 all vanish. Replacing φ_t by ψ_t = φ_{h(t)} one sees that α and β are diffeotopic if and only if there is a continuous linear map ψ : V → C [0, 1] ^⊗W , for which ψ(x)(0) = α(x), ψ(x)(1) = β(x), x ∈ V . This shows that diffeotopy is an equivalence relation. Given a homomorphism α we denote by ⟨α⟩ its diffeotopy class and given two m-algebras A and B, we denote by ⟨A, B ⟩ the set of diffeotopy classes of homomorphisms from A to B.

Definition 20.2 Let A and B be m-algebras. For any homomorphism φ : A → B of m-algebras, we denote by ⟨φ⟩ the equivalence class of φ with respect to diffeotopy and we set

⟨A, B⟩ = {⟨φ⟩| φ is a continuous homomorphism A → B }

Let K be the algebra of smooth compact operators defined in 3.4. For two continuous homomorphisms α, β : A → K ^⊗B we define the direct sum α ⊕ β as α ⊕ β = ( α 0 0 β ) : A −→ M_2(K ^⊗B) ∼= K ^⊗B

With the addition defined by ⟨α⟩ + ⟨β⟩ = ⟨α ⊕ β⟩ the set ⟨A, K ^⊗B⟩ of diffeotopy classes of homomorphisms from A to K ^⊗B is an abelian semigroup with 0-element ⟨0⟩. Definition 20.3 (see 4.2) Given an m-algebra A we define the ideal JA in the standard free extension as in (2). JA is, for each m-algebra A, again an m-algebra. By iteration we can therefore form J^2A = J(JA), . . . , J^nA = J(J^{n−1}A). For any extension of A of length n there is a classifying map from J^nA into the first ideal in the n-step extension.

Consider the set H_k = ⟨J^kA, K ^⊗B ⟩, where H_0 = ⟨A, K ^⊗B ⟩. Each H_k is an abelian semigroup with 0-element for the K-theory addition defined in 20.2. To define a map S : H_k → H_{k+2}, we use the classifying map ε : J^2A → K ^⊗A for the two-step extension which is obtained by composing the Toeplitz with the suspension extension, see 4.4 and 4.1.

Definition 20.4 Let φ : JA → C^∞(S^1) ^⊗A be the composition of the classifying map JA → A(0, 1), belonging to the extension

0 −→ A(0, 1) −→ A[0, 1) −→ A −→ 0

with the inclusion map A(0, 1) −→ C^∞(S^1) ^⊗A. The map

ε : J^2A −→ K ^⊗A

is defined as the composition ε = γ ∘ φ with the classifying map γ for the extension 0 −→ K ^⊗A −→ T ^⊗A s ↶−→ C_∞(S_1) ^⊗A −→ 0 For ⟨α⟩ ∈ H_k, α : J^kA −→ K ^⊗B , let S⟨α⟩ = ⟨(id_K ⊗α)∘ε⟩. Here ε : J^{k+2}A −→ K⊗ J^kA is the ε-map for J^kA. Let ε_− : J^{k+2}A −→ K⊗J^kA be the map which is obtained by replacing, in the definition of ε, the Toeplitz extension by the inverse Toeplitz extension. The sum ε ⊕ ε_− is then diffeotopic to 0. Therefore S⟨α⟩ + S_−⟨α⟩ = 0, putting S_−⟨α⟩ = ⟨(id_K ⊗ α) ∘ ε_−⟩.

Definition 20.5 Let A and B be m-algebras and ∗ = 0 or 1. We define

kk_∗(A, B ) = lim_{−→} k H_{2k+∗} = lim_{−→} k ⟨J^{2k+∗}A, K ^⊗B ⟩

The preceding discussion shows that kk_∗(A, B) is not only an abelian semigroup, but even an abelian group (every element admits an inverse). Theorem 20.6 (a) There is an associative product kk_i(A, B) × kk_j(B, C) −→ kk_{i+j} (A, C) (i, j ∈ Z/2; A, B and C m-algebras), which is additive in both variables.

(b) There is a bilinear, graded commutative, exterior product kk_i(A_1, A_2) × kk_j(B_1, B_2) −→ kk_{i+j}(A_1 ^⊗A_2, B_1 ^⊗B_2) (c) Each homomorphism φ : A → B defines an element kk(φ) in the group kk_0(A, B). If ψ : B → C, is another homomorphism, then kk(ψ ∘ φ) = kk(φ) · kk(ψ) kk_∗(A, B ) is a contravariant functor in A and a covariant functor in B. If α : A^′ → A and β : B → B^′ are homomorphisms, then the induced maps, in the first and second variable of kk_∗, are given by left multiplication by kk(α) and right multiplication by kk(β).

(d) kk_∗(A, A) is, for each m-algebra A, a Z/2-graded ring with unit element kk(id_A). (e) The functor kk_∗ is invariant under diffeotopies in both variables. (f) The canonical inclusion ι : A → K ^⊗A defines an invertible element in kk_0(A, K ^⊗A).

In particular, kk_∗(A, B) ∼= kk_∗(K ^⊗A, B) and kk_∗(B, A) ∼= kk_∗(B, K ^⊗A) for each m-algebra B.

(g) (Bott periodicity) The suspension extension gives rise to classifying maps JA → A(0, 1) and J^2A → A(0, 1)^2 (where A(0, 1)^2 = A(0, 1)(0, 1)). The elements in kk_0(JA, A(0, 1)), in kk_1(A, A(0, 1)) and in kk_0(A, A(0, 1)^2) defined by these homomorphisms are invertible.

(h) Let D be any m-algebra. Every extension admitting a continuous linear split E : 0 → I^i−→ A^q−→ B → 0 induces exact sequences in kk(D, · ) and kk( · , D) of the following form: kk_0(D, I)^{·kk(i)}−→ kk_0(D, A)^{·kk(q)}−→ kk_0(D, B) ↑ ↓ kk_1(D, B)^{·kk(q)}←− kk_1(D, A)^{·kk(i)}←− kk_1(D, I)

(16) and kk_0(I, D)^{kk(q)·}←− kk_0(A, D)^{kk(i)·}←− kk_0(B, D) ↓ ↑ kk_1(B, D)^{kk(i)·}−→ kk_1(A, D)^{kk(q)·}−→ kk_1(I, D)

(17)

The given extension E defines a classifying map JB → I and thus an element of kk_1(I, B), which we denote by kk(E). The vertical arrows in (16) and (17) are (up to a sign) given by right and left multiplication, respectively, by this class kk(E).

Finally, we have to compare kk with the ordinary topological K-theory. For a Fréchet m-algebra A one can define the following abelian groups:

K_0(A) = { ⟨e⟩ | | e is an idempotent element in

M_2(K ^⊗A^∼) such that e − ( 1 0 0 0 ) ∈ M_2(K ^⊗A) } K_1(A) = K_0(A(0, 1))

(18)

Here, as usual K ^⊗A^∼ denotes the algebra obtained by adjoining a unit to K ^⊗A.

Phillips shows in [36] that this defines a topological K-theory with the usual properties (homotopoy invariance, stability, Bott periodicity, six-term exact sequences) on the category of Fréchet m-algebras and in addition gives the usual well-known K-theory if A is a Banach algebra. We have

Theorem 20.7 For every Fréchet m-algebra A, the groups kk_∗(C , A) and K_∗A are naturally isomorphic.

Remark 20.8 V.Lafforgue, [29] has introduced a bivariant K-theory KK^{Ban} which is defined on the category of Banach algebras. It does not have a product but it has very good properties for very general Morita equivalences of Banach algebras. Lafforgue uses his theory to obtain striking positive results on the Baum-Connes conjecture. For Banach algebras, it is possible to construct an analogue kk^{Ban}_∗ of kk_∗ on the category of Banach algebras using continuous homotopies rather than differentiable one (this is straightforward) and to show that there is a natural transformation KK^{Ban}_∗ → kk^{Ban}_∗ . 21 The bivariant Chern-Connes character

In this section we describe the construction of a bivariant multiplicative transformation from kk_∗ to the bivariant theory HP_∗ on the category of m-algebras.

Consider a covariant functor E from the category of m-algebras to the category of abelian groups which satisfies the following conditions:

(E1) E is diffeotopy invariant, i.e., the evaluation map ev_t in any point t ∈ [0, 1] induces an isomorphism E(ev_t) : E(A[0, 1]) → E(A)

(E2) E is stable, i.e., the canonical inclusion ι : A → K ^⊗A induces an isomorphism E(ι). (E3) E is half-exact, i.e., each extension 0 → I → A → B → 0 admitting a continuous linear splitting induces a short exact sequence E(I) → E(A) → E(B)

(The same conditions can of course be formulated analogously for a contravariant functor E.) We note that a standard construction from algebraic topology, using property (E1) and mapping cones, permits to extend the short exact sequence in (E3) to an infinite long exact sequence of the form

· · · → E(B(0, 1)^2) → E(I(0, 1)) → E(A(0, 1)) → E(B(0, 1)) → E(I) → E(A) → E(B)

(19)

see, e.g., [25] or [1].

Theorem 21.1 Let E be a covariant functor with the properties (E1), (E2), (E3). Then we can associate in a unique way with each h ∈ kk_0(A, B) a morphism of abelian groups E(h) : E(A) → E(B), such that E(h_1 · h_2) = E(h_2) ∘ E(h_1) for the product h_1 ·h_2 of h_1 ∈ kk_0(A, B) and h_2 ∈ kk_0(B, C) and such that E(kk(α)) = E(α) for each morphism α : A → B of m-algebras. An analogous statement holds for contravariant functors.

Proof. Let h be represented by η : J^{2n}A → K ^⊗B. We set

E(h) = E(ι)^{−1}E(η)E(ε^n)^{−1}E(ι)

It is clear that E(h) is well-defined and that E(kk(α)) = E(α). □ The preceding result can be interpreted differently, see also [20], [1]. For this, note first that kk_0 can be regarded as a category, whose objects are the m-algebras, and where the morphism set between A and B is given by kk_0(A, B). This category is additive in the sense that the morphism set between two objects forms an abelian group and that the product of morphisms is bilinear.

We denote the natural functor from the category of m-algebras to the category kk_0, which is the identity on objects, also by kk_0.

Corollary 21.2 Let F be a functor from the category of m-algebras to an additive category C, such that F (β ∘α) = F (α)·F (β), for any two homomorphisms α : A_1 → A_2 and β : A_2 → A_3 between m-algebras.

We assume that for each B, the contravariant functor C(F ( · ), F (B)) and the covariant functor C(F (B), F ( · )) on the category of m-algebras satisfy the properties (E1), (E2), (E3). Then there is a unique covariant functor F^′ from the category kk_0 to C, such that F = F^′ ∘ kk_0.

Remark 21.3 Property (E3) implies that any such functor F^′ is automatically additive:

F^′(h + g) = F^′(h) + F^′(g)

As a consequence of the preceding corollary we get a bilinear multiplicative transformation from kk_0 to HP_0—the bivariant Chern-Connes character.

Corollary 21.4 There is a unique (covariant) functor ch : kk_0 → HP_0, such that ch(kk_0(α)) = HP_0(α) ∈ HP_0(A, B) for every morphism α : A → B of m-algebras.

Proof. This follows from 21.2, since HP_0 satisfies properties (E1), (E2) and (E3). □ The Chern-Connes-character ch is compatible with the exterior product on kk_0 as well, see 20.6(b), and the corresponding product on HP_0, see [15], p.86. It remains to extend ch to a multiplicative transformation from the Z/2-graded theory kk_∗ to HP_∗ and to study the compatibilty with the boundary maps in the long exact sequences associated to an extension for kk and HP . For the special case of the free extension

E_u : 0 → JA → T A → A → 0

we put, using the notation in 15.3,

x_A = ch(E_u) = δ^′(1_A) = −δ(1_{JA}) ∈ HP_1(A, JA)

The boundary maps δ and δ^′ in the long exact sequences associated to E_u are given by left and right multiplication by x_A, see 15.3.

Let now u be an element in kk_1(A, B). By definition we have kk_1(A, B) = kk_0(JA, B). Let u_0 be the element in kk_0(JA, B) that corresponds to u under this isomorphism. We set ch(u) = √ 2πi x_A · ch(u_0) ∈ HP_1(A, B)

Theorem 21.5 The thus defined Chern-Connes character ch : kk_∗ → HP_∗ is multiplicative, i.e., for u ∈ kk_i(A, B) and v ∈ kk_j (B, C) we have ch(u · v) = ch(u) · ch(v) For m-algebras, the bivariant character ch constructed here is a far reaching generalization of the Chern character from K-Theory and K-homology in Sections 18 and 19.

If e is an idempotent in M_nA,then e can be viewed as a homomorphism from C to K ⊗ A, thus as an element h_e of kk_0(C , A). It is not difficult to see that for the class ch([e]) constructed in section 18 one has ch([e]) = ch(h_e)

Similarly any invertible element u in M_nA^∼ defines an element h_u in kk_1(C , A) and we have ch([u]) = ch(h_u) Similarly, any p-summable Fredholm module over A gives an element of kk_∗(A, ℓ^p(H)). Corollary 17.2 shows that ℓ^p ^⊗B and ℓ^1 ^⊗B are equivalent in HP_0 for each p ≥ 1. On the other hand, it is easy to see that ℓ^1 ^⊗B is in HP_0 equivalent to B, see for instance [17]. We thus obtain

Corollary 21.6 The m-algebra ℓ^p ^⊗B is equivalent, in HP_0, to B for each p ≥ 1. The Chern-Connes-character gives a transformation ch^{(p)}: kk_∗(A, ℓ^p ^⊗B) → HP_∗(A, B) such that

ch^{(p)}(x · kk(ι^{(p)})) = ch(x) für x ∈ kk_∗(A, B)

where ι^{(p)} denotes the canonical inclusion B → ℓ^p ^⊗B.

Comparing the functorial properties, one sees that this transformation generalizes the construction of cyclic cohomology classes associated to p-summable Fredholm modules in Section 19. It also generalizes previous constructions of a bivariant Chern-Connes charcter in special cases, [27], [45], [34], [35].

22 Entire cyclic cohomology

In the study of discrete subgroups of Lie groups and of quantum field theory, one is naturally lead to consider Fredholm modules that are not finitely summable but only θ-summable:

Definition 22.1 A Fredholm module (F, π, H) is called θ-summable iff the (graded) commutators [F, π(a)] are contained in the operator ideal

Li^{1/2}(H) := {T ∈ L(H) | μ_n(T ) = O ( (ln n)^{−1/2} ) for n → ∞}. Here μ_n(T ) denotes the nth singular value of T .

In periodic cyclic cohomology, one can only express the Chern character of a finitely summable Fredholm module. Entire cyclic cohomology was introduced to handle θ-summable Fredholm modules as well [5].

Definition 22.2 Let A be a Banach algebra.

Let K be the Z/2-graded vector space of all linear maps ϕ: ΩA → C that satisfy the following growth condition: For all bounded subsets S ⊆ A, there is a constant C_S such that |ϕ(a_0da_1 . . . da_n)| ≤ C_S , |ϕ(da_1 . . . da_n)| ≤ C_S (20) for all a_0, . . . , a_n ∈ S. We equip K with the boundary ∂^∗ : K → K induced from the boundary maps of X(T A). That is, ∂^∗(ϕ) := ϕ ∘ β for even ϕ and ∂^∗(ϕ) := −ϕ ∘ δ for odd ϕ. The entire cyclic cohomology HE^∗(A) is defined to be the homology of the complex K.

If we use B ± b instead of the X-complex boundary, we have to modify the growth condition above, replacing (20) by [n/2]! · |ϕ(a_0da_1 . . . da_n)| ≤ C_S , [n/2]! · |ϕ(da_1 . . . da_n)| ≤ C_S, (21) where [n/2] = k if n = 2k or n = 2k +1. This yields a chain homotopic complex [32]. Definition 22.2 can be carried over literally to locally convex algebras with separately continuous multiplication. However, since we only use the bounded subsets of A, it is more appropriate to define entire cyclic cohomology for complete (convex) bornological algebras. These are algebras equipped with a collection S of subsets satisfying some reasonable axioms like S, T ∈ S, λ ∈ C =⇒ S · T, S + T, λ · S ∈ S Convexity means that if S ∈ S, so is the absolutely convex hull of S. If S ⊆ A is absolutely convex, then the linear span A_S of S carries a unique semi-norm with unit ball S. We call S completant iff A_S is a Banach space. We call A separated iff A_S is a normed space for all S and we call A complete iff each S ∈ S is contained in a completant absolutely convex set T ∈ S. A complete bornological vector space is automatically separated. In the following, we will drop the words convex and separated from our notation and assume all bornological vector spaces to be convex and separated. The collection S is called the bornology of A. We call S ⊆ A small iff S ∈ S. See [21] for an introduction to bornological vector spaces. Here are some important examples of bornologies. If V is just a vector space, we can equip it with the finest possible bornology: We let S ∈ S iff S is a bounded subset of a finite dimensional vector subspace of V . If V is a (quasi)complete locally convex vector space, then the collection of bounded subsets of V is a complete bornology. Another reasonable complete bornology is the collection of all precompact or relatively compact subsets. (If V is (quasi)complete, then a subset is precompact iff it is relatively compact iff it is contained in a compact subset.) Actually, the precompact bornology tends to be better behaved than the bounded one. For local cyclic cohomology, it is essential to use the precompact bornology.

Let A be a bornological algebra. Then there is an obvious bornology on ΩA such that the space K of Definition 22.2 is equal to the space of bounded linear functionals on ΩA. Namely, the bornology generated by the sets ⋃ n≥0 S(dS)^n ∪(dS)^{n+1}. That is, a subset of ΩA is small if and only if it is contained in the absolutely convex hull of a set of the form ⋃ n≥0 S(dS)^n ∪ (dS)^{n+1}. The operators b, d, B, κ and the multiplication of differential forms are bounded with respect to this bornology. Identifying T A and X(T A) with Ω^{ev}A and ΩA as in Proposition 10.7, we obtain canonical bornologies on T A and X(T A). We always equip ΩA ∼= X(T A) and T A with these bornologies. If V is a bornological vector space, we write V^c for its completion. Moreover, we write L(X, Y ) for the space of bounded linear maps between two bornological vector spaces X and Y .

Definition 22.3 Let A and B be bornological algebras. We define entire cyclic homology and bivariant entire cyclic homology by

HE_∗(B) := H_∗ ( X(T B)^c ) , HE_∗(A, B) := H_∗ ( L ( X(T A)^c, X(T B)^c )) . It is necessary to complete X(T B) because the complex X(T B) itself is always acyclic. We have HE_∗(A, C ) ∼= HE^∗(A) and HE_∗(C , A) ∼= HE_∗(A) because the complex X(T C )^c is chain homotopic to the complex C with C in degree 0 and 0 in degree 1.

The composition of chain maps gives rise to an associative composition product in bivariant entire cyclic homology. A bounded homomorphism f : A → B induces a bounded chain map f_∗ : X(T A)^c → X(T B)^c. Thus we obtain an element [f_∗] ∈ HE_0(A, B). Composition with [f_∗] yields the functoriality of the entire cyclic theories.

Since X(T A)^c is contained in the complex X̂(T A) defining the periodic cyclic theories, there are natural transformations HP^∗(A) → HE^∗(A) and HE_∗(A) → HP_∗(A). Entire cyclic (co)homology has the same stability, homotopy invariance, and exactness properties as periodic cyclic (co)homology [32].

To formulate homotopy invariance and stability, we need the completed bornological tensor product ^⊗. It is defined by a universal property analogous to the universal property of the projective tensor product: Bounded linear maps V ^⊗ W → X correspond bijectively to bounded bilinear maps V × W → X. For Banach spaces equipped with the bounded bornology, V ^⊗ W is nothing but the projective tensor product, again equipped with the bounded bornology. If V and W are Fréchet spaces equipped with the precompact bornology, then V ^⊗ W will be isomorphic to the projective tensor product V ^⊗_π W equipped with the precompact bornology [32]. A slightly weaker statement holds if V and W carry the bounded bornology. For a complete bornological algebra, we define B[0, 1] := C [0, 1] ^⊗ B, where C [0, 1] carries the bounded bornology (which is equal to the precompact bornology). This gives rise to a notion of smooth homotopy. Entire cyclic (co)homology is smoothly homotopy invariant, that is, Theorem 12.3.(a) holds with HE instead of HP. Similarly, entire cyclic homology is stable with respect to the trace class operators ℓ^1(H). That is, the canonical embedding A → A ^⊗ ℓ^1(H) is invertible in HE_0. These two assertions can be proved as for the periodic theory. The excision theorem also holds [39], [32]:

Theorem 22.4 Bivariant entire cyclic homology satisfies excision in both variables for extensions with a bounded linear section.

That is, if 0 → S → P → Q → 0 is an extension of complete bornological algebras with a bounded linear section and if A is another complete bornological algebra, then there are two natural six-term exact sequences as in Theorem 15.1, only with

HE instead of HP. However, the proof of Theorem 22.4 is considerably more difficult than the proof of Theorem 15.1. We will explain the strategy of the proof below. The formulas for the Chern character in K-theory in Section 18 actually yield elements of X(T A)^c. Hence these formulas define a Chern character

ch : K_∗(A) → HE_∗(A).

The Chern character K_∗(A) → HP_∗(A) is the composition of this character with the natural map HE_∗(A) → HP_∗(A).

There are two apparently different definitions for the Chern character of a θ-summable Fredholm module, due to Connes [5] and Jaffe-Lesniewski-Osterwalder [22], respectively. It is an important fact that both approaches yield homologous cocycles [6]. In [22], an entire cochain is written down explicitly and it is checked that it is a cocycle. However, it is not clear why this particular formula should be the right one. Connes’s construction is more conceptual. Presumably, it can be explained using the excision theorem, as in Section 19. However, Connes’s construction is technically quite involved, so that we cannot discuss it here.

Both constructions of the Chern character work with unbounded Fredholm modules in the following sense.

Definition 22.5 Let A be a bornological algebra. Let H be a Hilbert space, let π : A → L(H) be a bounded representation of A, and let D be an unbounded selfadjoint operator on H. We call the triple (D, π, H) an unbounded odd Fredholm module over A iff (1 + D^2)^{−1} is compact, Dπ(a) is densely defined for all a ∈ A, [D, π(a)] extends to a bounded operator on H for all a ∈ A, and the map A ∋ a → [D, π(a)] ∈ L(H) is bounded.

If H is a graded Hilbert space, π(a) has degree 0 for all a ∈ A, and D has degree 1, we call the triple (D, π, H) an unbounded even Fredholm module. We call (D, π, H) θ-summable iff exp(−D^2) ∈ ℓ^1(H).

In applications, it frequently happens that exp(−βD^2) ∈ ℓ^1(H) for all β > 0. This stronger assumption is made in [5] and [22], although it is not necessary to obtain the Chern character.

Given an unbounded Fredholm module (D, π, H), we get an associated bounded Fredholm module as follows. If D is injective, we may put F := sign D. Otherwise, we first modify (D, π, H) so that D becomes injective and then put F := sign D. In the odd case, we may simply add to D the projection onto the kernel of D. In the even case, this does not work because the resulting operator will no longer have degree 1. In fact, there may be no injective self-adjoint degree 1 operator on ker D. Therefore, we replace H by the direct sum H ⊕ker D and extend π(a) and D to be 0 on the summand ker D. We equip the summand ker D with the opposite grading. This insures that the operator ( 0 1 1 0 ) on ker D ⊕ ker D has degree 1. Adding this operator to D ⊕ 0, we get an unbounded Fredholm module (D^′, π ⊕ 0, H ⊕ ker D) with ker D^′ = {0}.

If we start with a θ-summable unbounded Fredholm module in the sense of Definition 22.5, the resulting bounded Fredholm module will be θ-summable as well [41]. Conversely, if A is countably generated, then any bounded θ-summable Fredholm module arises in this way from a suitable unbounded θ-summable Fredholm module [7]. This construction only yields exp(−D^2) ∈ ℓ^1(H), not exp(−βD^2) ∈ ℓ^1(H) for all β > 0.

Let (D, π, H) be an unbounded, even, θ-summable Fredholm module with grading operator γ. The associated JLO-cocycle is defined as follows. Let

Δ_k := {(s_0, . . . , s_k) ∈ [0, 1]^{k+1} | s_0 + · · · + s_k = 1}

be the standard k-simplex and let ∫ Δ_k denote integration over Δk with respect to the

usual Lebesgue measure ds_0 . . . ds_{k−1}. The JLO-cocycle is defined by the formula

τ(a_0da_1 . . . da_{2n}) := ∫ Δ_{2n} tr ( γa_0e^{−s0D2} [D, a_1]e^{−s1D2} · · · [D, a_{2n}]e^{−s2nD2} ) (22)

for n ≥ 0. An involved computation shows that τ ∘ (B + b) = 0 and that τ satisfies the growth condition (21). Hence τ defines an element of HE^0(A). For odd Fredholm modules, almost the same formula works, see [7]. As expected, the Chern character for Fredhom modules is compatible with the Chern character in K-theory ch : K_∗(A) → HE_∗(A). That is, the analogues of Theorem 19.2 and 19.3 hold:

Theorem 22.6 Let x ∈ K_∗(A) and let y be a θ-summable Fredholm module with the same parity as x. Then the pairing between the Chern characters ⟨ch x, ch y⟩ equals the index pairing between K-theory and K-homology.

Viewing entire cyclic cohomology as a version of periodic cyclic cohomology that contains, in addition, certain infinite dimensional cycles, we expect that HE^∗(A) = HP^∗(A) for “finite dimensional” algebras. A positive result in this direction is the following [28]:

Theorem 22.7 Let A be a Banach algebra of finite Hochschild homological dimension. Then HE^∗(A) ∼= HP^∗(A).

However, there are quasi-free Fréchet algebras for which entire and periodic cyclic cohomology differ.

Entire and periodic cyclic cohomology have many properties in common. An explanation for this is that we can describe both HP^0(A) and HE^0(A) using traces on “nilpotent” extensions of A. For the purposes of periodic cyclic cohomology, a nilpotent extension of A is an extension of algebras N → E → A in which the kernel N is nilpotent in the sense that N^n = 0 for some n ∈ N. A trace on E gives rise to an element of HP^0(E) and hence of HP^0(A) because Goodwillie’s theorem asserts that HP^0(A) ∼= HP^0(E). Moreover, all elements of HP^0(A) arise in this way. It is also possible to describe when two traces give rise to the same element in HP^0(A), but we will not explain this here.

We get entire cyclic cohomology by weakening the notion of nilpotence.

Definition 22.8 A bornological algebra A is called analytically nilpotent iff S^∞ := ⋃ n≥1 S^n is small for all S ∈ S(A).

An analytically nilpotent extension of A is an extension N → E → A of complete bornological algebras with a bounded linear section and analytically nilpotent kernel N.

Let A be a complete bornological algebra that is analytically nilpotent and let a ∈ A. If the power series ∑ c_jz^j has non-zero radius of convergence, then the series ∑ c_ja^j converges in A. This means that all elements of A have “spectral radius zero”. A typical example of an analytically nilpotent algebra is JA or its completion (JA)^c. Indeed, the bornology on T A is the coarsest one for which JA is analytically nilpotent and the canonical linear map A → T A is bounded. Consequently, the extension (JA)^c → (T A)^c → A is universal among the analytically nilpotent extensions in the following sense: If N → E → A is an analytically nilpotent extension of A, then there is a morphism of extensions from (T A)^c → A to E → A, that is, a commutative diagram (JA)^c −−−→ (T A)^c −−−→ A ‖ ‖ ‖ N −−−→ E −−−→ A In addition, this morphism is unique up to smooth homotopy.

Definition 22.9 Let l : A → B be a linear map between bornological algebras. For S ∈ S(A), let ω_l(S, S) := {l(xy) − l(x)l(y) | x, y ∈ S} ⊆ B. We say that l is almost multiplicative or that l has analytically nilpotent curvature iff ⋃ n≥1 ω_l(S, S)^n is small for all S ∈ S(A).

It is an important fact that almost multiplicative linear maps form a category, that is, compositions of almost multiplicative linear maps are again almost multiplicative. This is closely related to the observation that the class of analytically nilpotent algebras is closed under extensions. That is, if A → B → C is an extension with analytically nilpotent A and C, then B is analytically nilpotent as well. Working with almost multiplicative linear maps, it is easy to obtain the following analogue of Goodwillie’s theorem:

Theorem 22.10 Let N → E^p→ A be an extension of complete bornological algebras with a bounded linear section. Suppose that N is analytically nilpotent. Then [p_∗] ∈ HE_0(E, A) is invertible. Therefore, p^∗ : HE^0(A) → HE^0(E) is an isomorphism.

Another consequence of the composability of almost multiplicative maps is that any extension N → E → T A with analytically nilpotent kernel N splits by a bounded homomorphism. Thus (T A)^c is analytically quasi-free:

Definition 22.11 A complete bornological algebra R is called analytically quasi-free iff any analytically nilpotent extension N → E → R splits by a bounded homomorphism.

Analytical quasi-freeness is a much stronger condition than quasi-freeness and is not related to homological algebra. Examples of analytically quasi-free algebras besides (T A)^c are C and the algebra of Laurent series C [u, u^{−1} ], equipped with the finest possible bornology.

Theorem 22.12 Let N → R → A be an extension of complete bornological algebras with a bounded linear section. If N is analytically nilpotent and R is analytically quasi-free, then the complexes X(R)^c and X(T A)^c are homotopy equivalent via bounded chain maps and homotopies.

We now sketch the proof of the Excision Theorem 22.4 in [32]. Let S → P → Q be an extension with bounded linear section. The basic idea of the proof is to play with the left ideal L ⊆ T P that is generated by S ⊆ T P . It turns out that while the two-sided ideal generated by S does not have good properties, the ideal L behaves very nicely. First, there is an explicit free L-bimodule resolution of L̃ of length 1 related to the embedding L ⊆ T P . It follows that L is quasi-free. An analysis of this resolution shows that the complex X(L) is homotopy equivalent to the kernel of the canonical map X(T P ) → X(T Q). Secondly, L is not just quasi-free but analytically quasi-free. This is more difficult to show. One can construct a bounded homomorphism L → T L using the universal property of T P . The kernel of the canonical projection L → S is contained in JP and therefore analytically nilpotent. Hence Theorem 22.12 shows that X(T S) and X(L) are homotopy equivalent. Since X(L) is homotopy equivalent to the kernel of the canonical map X(T P ) → X(T Q), the Excision Theorem follows.

23 Local cyclic cohomology

Neither periodic nor entire cyclic cohomology yield good results for big algebras like C^∗-algebras. If A is a nuclear C^∗-algebra or, more generally, an amenable Banach algebra, then HE^1(A) = HP^1(A) = 0 and HE^0(A) ∼= HP^0(A) ∼= HH^0(A) is the space of traces on A [28]. To obtain reasonable results for C^∗-algebras as well, one has to use local cyclic cohomology [38].

The definition of local cyclic cohomology is based on entire cyclic cohomology. The first modification with respect to the entire theory is that we equip a Banach (or Fréchet) algebra A with the bornology of all precompact subsets. This change of bornology can still be handled within the framework of section 22. The second modification is that we view a bornological vector space as an inductive system and replace the ordinary cohomology by a “local” cohomology that is defined in the setting of inductive systems.

Let X be a bornological vector space. Then the absolutely convex small subsets of X form a directed set with respect to inclusion. Recall that if S ⊆ X is an absolutely convex small subset, then its linear span X_S carries a canonical norm. The map S → X_S defines an inductive system of normed spaces with the additional property that all the structure maps are injective. Its limit (in the category of bornological vector spaces) is isomorphic to X. Thus any bornological vector space can be written in a canonical way as an inductive limit of normed spaces. This construction gives rise to an equivalence between the category of bornological vector spaces and bounded linear maps and the category of inductive systems of normed spaces with injective structure maps and morphisms of inductive systems [32]. If we apply this construction to a Z/2-graded complex of bornological vector spaces, the resulting inductive system is (isomorphic to) an inductive system of Z/2-graded complexes of normed spaces. In the following, we view X(T A) as an inductive system of Z/2-graded complexes of normed spaces in this way. We still write X(T A) for this inductive system to simplify notation.

The space of bounded linear functionals on an inductive system (C_i)_{i∈I} is equal to the projective limit of the dual spaces C^′_i. The projective limit functor has the following undesirable property: Even if all the complexes C^′_i are contractible, it may happen that the cohomology of the inductive limit is non-zero. We would like to have another cohomology functor H^∗_{loc} that is local in the following sense: if H^∗(C_i) = 0 for all i ∈ I, then H^∗_{loc} ( (C_i)_{i∈I} ) = 0 as well.

To define H^∗_{loc}, we observe the following. The category Ho(Ind) of inductive systems of Z/2-graded complexes of normed spaces with homotopy classes of chain maps as morphisms is a triangulated category. The subclass N of inductive systems of contractible complexes is a “null system” in Ho(Ind). Thus the corresponding quotient category Ho(Ind)/N is again a triangulated category. The decisive property of this quotient category is that in it all elements of N become isomorphic to the zero object.

In the following definition, we view C as a constant inductive system of complexes with zero boundary as usual.

Definition 23.1 Let K = (K_i)_{i∈I} and L = (L_j )_{j∈J} be two inductive systems of complexes. Define H^{loc}_∗ (K, L) to be the space of morphisms K → L in the category Ho(Ind)/N . Let

H^∗_{loc}(K) := H^{loc}_∗ (K, C ), H^{loc}_∗ (L) := H^{loc}_∗ (C , L).

One can compute H^{loc}_∗ (K, L) via an appropriate projective resolution of K (see [38]). An analysis of this resolution yields that H^{loc}_∗ (K, L) is a limit of a spectral sequence whose E^2-term involves the homologies H_∗ ( L(K_i, L_j) ) and the derived functors of the projective limit functor lim←−. For countable inductive systems, the derived functors R^p lim←− with p ≥ 2 vanish. Hence the spectral sequence degenerates to a Milnor lim←−^1-exact sequence

0 −→ lim←−^1_I lim−→_J H_{∗−1} ( L(K_i, L_j) ) −→ H^{loc}_∗ (K, L) −→ lim←−_I lim−→_J H_∗ ( L(K_i, L_j) ) −→ 0 if I is countable. In the local theory we have this exact sequence for arbitrary countable inductive systems (K_i). In particular, for K = C we obtain

H^{loc}_∗ (L) = lim−→ H_∗(L_j ).

Since the inductive limit functor is exact, H^{loc}_∗ (L) is equal to the homology of the inductive limit of L.

The completion of an inductive system of normed spaces (X_i)_{i∈I} is defined entrywise: (X_i)^c := (X^c_i )_{i∈I} .

Definition 23.2 Let A and B be complete bornological algebras. We define local cyclic cohomology, local cyclic homology, and bivariant local cyclic homology by

HE^∗_{loc}(A) := H^∗_{loc} ( X(T A) ) , HE^{loc}_∗ (B) := H^{loc}_∗ ( X(T B)^c ) , HE^{loc}_∗ (A, B) := H^{loc}_∗ ( X(T A)^c, X(T B)^c ) ∼ = H^{loc}_∗ ( X(T A), X(T B)^c ) . As usual, we have HE^{loc}_∗ (A, C ) ∼= HE^∗_{loc}(A) and HE^{loc}_∗ (C , A) ∼= HE^{loc}_∗ (A). The composition of morphisms gives rise to a product on HE^{loc}_∗ .

If we view a bornological vector space X as an inductive system (X_i) with injective structure maps, then the structure maps of the completion (X_i)^c need not be injective any more, so that (X_i)^c may differ from the inductive system that corresponds to the bornological vector space X^c. Hence we have to be careful in what category we form the completion X(T B)^c. For the local theory, it is crucial to take the completion in the category of inductive systems. A consequence is that, in general, HE^{loc}_∗ (B) may be different from HE_∗(B). However, in applications it often turns out that the two completions coincide. This holds, for instance, if B is a Fréchet algebra equipped with the precompact bornology or if B is nuclear in the sense of Grothendieck. In these two cases we have HE_∗(B) ∼= HE^{loc}_∗ (B) and a natural map HE_∗(A, B) → HE^{loc}_∗ (A, B).

The main advantage of local cyclic cohomology is that it behaves well when passing to “smooth” subalgebras.

Definition 23.3 Let A be a complete bornological algebra with bornology S(A), let B be a Banach algebra with closed unit ball U, and let j : A → B be an injective bounded homomorphism with dense image. We call A a smooth subalgebra of B iff S^∞ := ⋃ S^n ∈ S(A) whenever S ∈ S(A) and j(S) ⊆ rU for some r < 1.

Let A ⊆ B be a smooth subalgebra. Then an element a ∈ A that is invertible in B is already invertible in A. Hence A is closed under holomorphic functional calculus. In the setting of topological algebras, smooth subalgebras are defined in [2] using norms with special properties. If A ⊆ B is a smooth subalgebra in the sense of [2], then A equipped with the precompact bornology is a smooth subalgebra in the sense of Definition 23.3.

Whereas the inclusion of a smooth subalgebra A → B induces an isomorphism K_∗(A) ∼= K_∗(B) in K-theory, the periodic or entire cyclic theories of A and B may differ drastically. However, local theory behaves like K-theory in this situation:

Theorem 23.4 Let A ⊆ B be a smooth subalgebra. Assume that A and B are both endowed with the bornology of precompact subsets. Let j : A → B be the inclusion and let j_∗ ∈ HE^{loc}_0 (A, B) be the corresponding element in the bivariant local cyclic homology.

If B has Grothendieck’s approximation property, then j_∗ is invertible. More generally, j_∗ is invertible if the identity map on B can be approximated uniformly on small subsets of B by maps of the form j ∘ l with l : B → A bounded and linear.

Bivariant local cyclic homology is exact for extensions with a bounded linear section, homotopy invariant for smooth homotopies and stable with respect to tensor products with the trace class operators ℓ^1(H). The proofs are the same as for entire cyclic cohomology. Using Theorem 23.4, we can strengthen these properties considerably:

Theorem 23.5 Let A be a C^∗-algebra. The functors B → HE^{loc}_∗ (A, B) and B → HE^{loc}_∗ (B, A) are split exact, stable homotopy functors on the category of C^∗-algebras. For separable C^∗-algebras, there is a natural bivariant Chern character

ch : KK_∗(A, B) → HE^{loc}_∗ (A, B).

The Chern character is multiplicative with respect to the Kasparov product on the left and the composition product on the right hand side.

If both A and B are in the bootstrap class satisfying the universal coefficient theorem, then the Chern character gives rise to isomorphisms

HE^{loc}_∗ (A, B) ∼= KK_∗(A, B) ⊗_Z C ∼= Hom ( K_∗(A), K_∗(B) ) ⊗_Z C . Proof. Since C^∞([0, 1], A) ⊆ C([0, 1], A) is a smooth subalgebra, Theorem 23.4 and smooth homotopy invariance imply continuous homotopy invariance. The subalgebra M_∞(A) = M_∞ ^⊗ A defined as in (1) is a smooth subalgebra of the C^∗-algebraic stabilization of A. Hence Theorem 23.4 and stability with respect to M_∞ imply C^∗-algebraic stability.

The existence of the bivariant Chern character follows from these homological properties by the universal property of Kasparov’s KK-theory.

The last assertion is trivial for A = B = C . The class of C^∗-algebras for which it holds is closed under KK-equivalence, inductive limits and extensions with completely positive section. Hence it contains all C^∗-algebras satisfying the universal coefficient theorem (see [1]). □

Examples of C^∗-algebras satisfying the universal coefficient theorem are commutative C^∗-algebras and the C^∗-algebras of amenable groupoids [44]. Assume that Γ is a discrete torsion free group that is the fundamental group of a manifold M of non-positive sectional curvature. Then M is a model for BΓ, so that C [Γ] has finite homological dimension. We have

HE^{loc}_∗ ( ℓ^1(Γ) ) ∼ = HP ∗ ( C [Γ] ) ∼ = H∗(Γ, C ). However, the local cyclic homology of C^∗_{red}Γ is still unknown.

References

[1] B.Blackadar: K-theory for Operator Algebras, Springer-Verlag, Heidelberg / Berlin / New York / Tokyo, 1986.

[2] B. Blackadar and J. Cuntz. Differential Banach algebra norms and smooth subalgebras of C^∗-algebras. J. Operator Theory, 26(2):255–282, 1991.

[3] L.G.Brown, R.G.Douglas und P.Fillmore: Extensions of C*-algebras and Khomology, Ann. of Math. 105 (1977), 265-324.

[4] A. Connes, Non-commutative differential geometry. Publ. Math. I.H.E.S. 62 (1985), 257-360.

[5] A. Connes. Entire cyclic cohomology of Banach algebras and characters of θ-summable Fredholm modules. K-Theory, 1(6):519–548, 1988.

[6] A. Connes. On the Chern character of θ summable Fredholm modules. Comm.

Math. Phys., 139(1):171–181, 1991.

[7] A. Connes, Non-commutative Geometry, Academic Press, London-Sydney- Tokyo-Toronto, 1994.

[8] A. Connes und N.Higson: Déformations, morphismes asymptotiques et Kthéorie bivariante, C.R.Acad.Sci. Paris Ser. I, Math, 311 (1990), 101-106.

[9] J. Cuntz: A new look at KK-theory, K-theory 1 (1987), 31-52.

[10] J. Cuntz: Excision in bivariant cyclic theory for topological algebras, Proc.

Workshop on Cyclic Cohomology and Noncommutative Geometry, Fields Institute, wird erscheinen.

[11] J. Cuntz: Bivariante K-theorie für lokalkonvexe Algebren und der bivariante Chern-Connes-Charakter, Docum. Math. J. DMV 2 (1997), 139-182, http://www.mathematik.uni-bielefeld.de/documenta

[12] J. Cuntz: Morita invariance in cyclic homology for nonunital algebras, Ktheory 15 (1998), 301 - 305.

[13] J.Cuntz and D. Quillen, Algebra extensions and nonsingularity, J.Amer. Math.

Soc. 8 (1995), 251-289

[14] J. Cuntz and D. Quillen: Cyclic homology and nonsingularity, J. Amer. Math.

Soc. 8 (1995), 373-442.

[15] J. Cuntz and D. Quillen: Excision in bivariant periodic cyclic cohomology, Invent. math. 127 (1997), 67-98.

[16] J. Cuntz and D. Quillen, Operators on noncommutative differential forms and cyclic homology, in ”Geometry, Topology and Physics; for Raoul Bott”, International Press, Cambridge MA, 1995.

[17] G.A.Elliott, T.Natsume and R.Nest: Cyclic cohomology for one-parameter smooth crossed products, Acta Math. 160 (1988), 285-305.

[18] T.G. Goodwillie, Cyclic homology and the free loopspace. Topology 24 (1985), 187-215.

[19] A.Grothendieck: Produits tensoriels topologiques et espaces nucléaires, Memoirs of the Amer. Math. Soc. 16 (1955).

[20] N.Higson: On Kasparov theory, M.A. thesis, Dalhousie University, 1983.

[21] H. Hogbe-Nlend. Bornologies and functional analysis. North-Holland Publishing Co., Amsterdam, 1977.

[22] A. Jaffe, A. Lesniewski, and K. Osterwalder. Quantum K-theory. I. The Chern character. Comm. Math. Phys., 118(1):1–14, 1988.

[23] J.D.S. Jones and C. Kassel, Bivariant cyclic theory, K-theory 3 (1989), 339- 365.

[24] M.Karoubi, Homologie cyclique et K-théorie, Astérisque 149 (1987).

[25] G. G. Kasparov, The operator K-functor and extensions of C^∗-algebras, Izv.

Akad. Nauk. SSSR, Ser. Mat. 44 (1980), 571-636

[26] C. Kassel, Cyclic homology, comodules and mixed complexes, J. of Algebra 107 (1987), 195 - 216.

[27] C. Kassel, Caractère de Chern bivariant. K-Theory 3 (1989), 367-400. [28] M. Khalkhali. Algebraic connections, universal bimodules and entire cyclic cohomology. Comm. Math. Phys., 161(3):433–446, 1994.

[29] V.Lafforgue: K-théorie bivariante pour les algèbres de Banach et conjecture de Baum-Connes, thesis, Paris 1999.

[30] J.-L.Loday, Cyclic Homology, Grundlehren 301, Springer Verlag, 1992. [31] J.-L.Loday and D. Quillen, Cyclic homology and the Lie algebra homology of matrices, Comment. Math. Helvetici 59 (1984), 565 - 591.

[32] R. Meyer. Analytic cyclic cohomology. Thesis. math.KT/9906205, 1999. [33] E. A. Michael, Locally multiplicatively-convex topological algebras, Memoirs of the AMS, number 11, 1952.

[34] V. Nistor, A bivariant Chern character for p-summable quasihomomorphisms.

K-Theory 5 (1991), 193-211.

[35] V. Nistor, A bivariant Chern-Connes character, Ann. of Math. 138 (1993), 555-590.

[36] C.Phillips: K-theory for Fréchet algebras, International Journal of Mathematics vol. 2 no. 1 (1991), 77 - 129.

[37] M.Puschnigg: Asymptotic cyclic cohomology, Lecture Notes in Mathematics 1642, Springer 1996.

[38] M.Puschnigg: Cyclic homology theories for topological algebras, preprint. [39] M.Puschnigg: to appear in Inv. Math.

[40] D. Quillen, Algebra cochains and cyclic cohomology, Publ. Math. IHES, 68 (1988), 139 - 174.

[41] E. Schrohe, M. Walze, and J.-M. Warzecha. Construction de triplets spectraux à partir de modules de Fredholm. C. R. Acad. Sci. Paris Sér. I Math., 326(10):1195–1199, 1998.

[42] F.Treves: Topological vector spaces, distributions and kernels, Academic Press, New York, London, 1967.

[43] F.Tsygan: The homology of matrix Lie algebras over rings and the Hochschild homology (in Russian), Uspekhi Mat. Nauk 38 (1983), 217-218 - Russ. Math. Survey 38 no. 2 (1983), 198-199.

[44] J.-L. Tu. La conjecture de Baum-Connes pour les feuilletages moyennables.

K-Theory, 17(3):215–264, 1999.

[45] X. Wang, A bivariant Chern character, II, Can. J. Math. 35 (1992), 1-36. [46] M.Wodzicki, The long exact sequence in cyclic homology associated with an extension of algebras, C.R. Acad. Sci. Paris 306 (1988), 399-403.

[47] M.Wodzicki, Excision in cyclic homology and in rational algebraic K-theory, Ann. of Math. 129 (1989), 591-639.