Introduction to deformation quantization. Ryszard Nest

1. Fedosov type deformation quantization 1.1. Basic definition.

Definition 1.1.1. Let (M, ω) be a symplectic manifold.

(1) A deformation quantization of M (cf. [BFFLS]) is a formal power series

f ∗ g = fg + ∞� k=1 (iℏ)^kD_k(f, g) (1.1)

where D_k : C^∞(M) ⊗ C^∞(M) → C^∞(M) are bilinear bidifferential expressions, ∗ is associative, f ∗ 1 = 1 ∗ f = f, and {f, g} = D_1(f, g) − D_1(g, f) (1.2) is the Poisson bracket defined by the symplectic structure.

(2) An isomorphism between ∗ and ∗^′ is a formal series

T (f) = f + ∞� k=1 (iℏ)^kT_k(f) (1.3)

where T (f ∗ g) = T (f) ∗^′ T (g) and T_k are differential operators on C^∞(M). Example 1.1.2. For M = R^{2n} and ω = dξ ∧ dx, put f ∗ g = exp( iℏ 2 (∂_ξ∂_y − ∂_η∂_x))f(x, ξ)g(y, η)|_{x=y,ξ=η} (1.4) (the Moyal product). This is a deformation quantization of R^{2n}. 1.2. Infinitesimal version. We will denote by W (the Weyl algebra) the algebra C[[^x^1, . . . , ^x^n, , ^ξ^1, . . . , ^ξ^n, ℏ]] with the Moyal product (1.4) (we always denote formal variables by ^x, ^ξ). One can identify W with the ring of operators of the form � A_{αβ} ^x^α(iℏ^∂_{∂bx} )^β on C[[^x, ℏ]]. This identification takes ^x^α ^ξ^β to the symmetrized product ^x^α(iℏ^∂_{∂bx} )^β (the Weyl identification). Note that, if one puts |^x^k | = |^ξ^k | = 1, |ℏ| = 2, (1.5) then W becomes a direct product of its graded components W = � k≥0 W_k Put g = 1 iℏ W/ 1 iℏ C[[ℏ]] (1.6) with the bracket a ∗ b − b ∗ a. This Lie algebra is isomorphic to the algebra of continuous derivations of W via a → ad(a). The Lie algebra g splits into the product of its graded components g = � k≥−1

g_k 1

Note that g_{−1} =^1_{iℏ} C^{2n} and g_0 = sp(2n, C). Also, the group Sp(2n, C) acts on W by linear changes of coordinates. This action preserves the product. Its infinitesimal action coincides with the adjoint action of g_0. Put ~g = 1 iℏ W (1.7)

with the bracket a ∗ b − b ∗ a. One has ~g = � k≥−2

~g_k

where ~g_{−2} =^1_{iℏ} C, ~g_{−1} =^1_{iℏ} C^{2n} and ~g_0 = sp(2n, C) ⊕ C

canonically. The subalgebra sp(2n, C) is formed by^1_{iℏ} q(^x, ^ξ) where q are quadratic functions.

1.3. Fedosov connections. For any symplectic manifold M, we form a bundle of associative algebras W = W_M and the bundles of Lie algebras g = g_M , ~g = ~g_M . We define them to be the bundles associated to the Sp-equivariant algebras W , g, etc. A Fedosov connection is an operator ∇ : Ω^•(M, W ) → Ω^{•+1}(M, W ) such that: (1) ∇ = A_{−1} + ∇_0 + A_1 + . . .

where A_k ∈ Ω^1(M, g_k) and ∇_0 is a connection in T M preserving ω; (2) A_{−1} ∈ Ω^1(M, g_{−1}) = Ω^1(M, T^∗_M ) is minus the map T_M → T^∗_M defined by ω;

(3) ∇^2 = 0 A lifting of ∇ is an expression ~∇ = ~A_{−1} + ∇_0 + ~A_0 + ~A_1 + . . .

where ∇_0 is the same connection which is now viewed as ~g_0-valued, ~A_k ∈ Ω^1(M, ~g_k), and the image of ~A_k under the map induced by the projection ~g → g is A_k. (For the sake of uniformity we put A_0 = 0).

The following theorem is essentially due to Fedosov [Fe]. For expositions closer to ours, cf. [BNT], [NT1]. Another approach, which is valid for algebraic varieties, is contained in [BK].

Theorem 1.3.1. 1) For any Fedosov connection ∇, A_M = A^∇_M = ker(∇ : C^∞(M, W ) → Ω^1(M, W )) is an algebra which is isomorphic to C^∞(M)[[ℏ]] as a C[[ℏ]]-module. The resulting product on C^∞(M)[[ℏ]] is a deformation quantization.

2) Any ∇ admits a lifting ~∇, and

~∇^2 = θ = 1 iℏ ω + ∞� k=0 (iℏ)^kθ_k (1.8) where θ_k are closed two-forms. For two different liftings of ∇, the forms θ are cohomologous.

3) Deformation quantizations ker(∇) and ker(∇^′) are isomorphic if and only if the curvatures of their liftings are cohomologous.

4) Given two lifted Fedosov connections with the same curvature form θ, there is an isomorphism between ker(∇) and ker(∇^′) which is canonical up to a canonical inner isomorphism.

5) Any deformation quantization is isomorphic to ker(∇) for some ∇. 6) For any closed θ such as in (1.8), there is a Fedosov connection ∇ with a lifting ~∇ such that ~∇^2 = θ.

1.4. Groups of automorphisms of W and gauge transformations. Put ~g_{≥1} = � k≥1 ~g_k. This is a pronilpotent Lie algebra, so one can define

~G_{≥1} = exp ~g_{≥1}

Put also

G_{≥0} = Sp(2n, R) ⋉ ~G_{≥1} (1.9)

~G^N_{≥0} = ~Sp^N (2n, R) ⋉ ~G_{≥1} (1.10)

Note that ~G_{≥1} acts on ~g-valued connections by gauge transformations. One can show that

Lemma 1.4.1. Two Fedosov connections ∇, ∇^′ define isomorphic star products if and only if they are gauge equivalent, if and only if they have gauge equivalent liftings. Two lifted Fedosov connections are gauge equivalent if and only if their curvature forms are equal.

This is the key part of the proof of the statements 3 and 4 of theorem 1.3.1. For example, to prove 4, observe that a gauge equivalence defines an isomorphism of corresponding bundles with connection, hence of the algebras of horizontal elements; two gauge equivalences of lifted connections differ by a gauge auto-equivalence, which is by definition an invertible section of the bundle W which is horizontal under ∇, hence an invertible element of ker(∇).

1.5. Gelfand-Fuks and all that. Let P denote the unitary frame bundle of T^∗M (associated to a reduction of the structure group from Sp(2n) to U(n)). Let (L^∗, δ) be a (profinite) complex of (g, U)-modules. Given Fedosov connection, we set

Ω(M, L^∗) = (Ω(P) ⊗ L)_{basic} = {ω ∈ (Ω(P) ⊗ L)^U | ∀_{H∈u}ι_H ω = 0}

and form the complex (Ω(M, L^∗), ∇ + δ).

The Gelfand-Fuks map is a map of complexes:

GF : (C^∗_{Lie}(g, U; L^∗), ∂_{Lie} + δ) → (Ω(M, L^∗), ∇ + δ)

constructed as follows. Let l ∈ C^k_{Lie}(g, U; L^∗) and X_1, . . . , X_k ∈ V ect(M). Let X̃_1, . . . , X̃_k be arbitrary lifts to T P. Then

GF (l)(X_1, . . . X_k) = l(A(X̃_1), . . . , A(X̃_k)).

Example 1.5.1. (1) Suppose that L = C.

Then (Ω(M, L^∗), ∇ + δ) = (Ω(M), d), the standard de Rham complex of M, and

(S(u^∗)^{U Chern−W eil}

−→ H^∗_{Lie}(g, U)^{GF}−→ H^∗_{DR}(M) coincides with the Chern-Weil construction of the Chern classes associated to the unitary structure of the tangent bundle of M. Let θ be the 2-cohomology class of g associated to the extension 0 → 1 iℏ C^{2n} → ~g → g → 0.

Then GF (θ) is the characteristic class (curvature) of the formal deformation provided by Fedosov connection ∇.

(2) Suppose that L = W .

Then C^∞(M)[[ℏ]]^{quis}→ (Ω(M, W ), ∇), and the product on the right hand side induces the *-product of Fedosov construction. In fact, locally, think of the W-valued forms as f(x, ξ, ^x, ^ξ)dx^ndξ^m, and of ∇ as � (∂_x + ∂_{bx})dx + (∂_ξ + ∂_{bξ} )dξ.

Then, as easily seen, (Ω(M, W ), ∇) is acyclic in positive dimension and the 0’th cohomology coincides with the set of functions (formal power series) of the form f(x + ^x, ξ + ^ξ) (think of ^x and ^ξ as infinitesimal increments of x and ξ).

The following will be very useful later on. We set L^∗ = Ker∇|_{(Ω}0_{(M,L}∗_).

This is naturally a sheaf of complexes on M, and, very often, (Ω(M, L^∗) is its acyclic resolution.

1.6. The jet bundle J_M . For any manifold M of dimension m, let J be the bundle of jets of C^∞ functions.

In invariant terms, set, for an open subset U ⊂ M, set J (U) = Hom_C∞_{(U)}(Diff(U), C^∞(U)).

Then U → J (U) form a locally free sheaf with the associated bundle J.

If M = ∪U_α is an open cover and a coordinate system x^1, . . . , x^m is chosen on every U_α, then we identify J|U_α with U_α × C[[^x]] where we denote by C[[^x]] the algebra C[[^x^1, . . . , ^x^m]]. The transition functions of the bundle J are G_{αβ} : U_α ∩ U_β → Aut C[[^x]] defined as follows:

G_{αβ} (x) : ^x → g_{αβ}(ϕ_β (x) + ^x) − g_{αβ}(ϕ_β (x)) (1.11) where ϕ_α : U_α → R^N are the coordinate embeddings and g_{αβ} = ϕ_αϕ^{−1}_β

The jet bundle is filtered by powers of the ideal (^x^1, . . . , ^x^m), and the associated graded bundle of algebras is S[T^∗_M ], the symmetric algebra of the cotangent bundle. Using the fact that C^∞_M is an acyclic sheaf, one shows that, noncanonically, J_M^∼→ S[[T^∗_M ]] (1.12) (the completion of the symmetric algebra S[T^∗_M ]) as bundles of algebras.

If a deformation quantization is given on M, then J_M [[ℏ]] becomes a bundle of algebras. Locally, using the grading as in (1.5), put F^kJ[[ℏ]] = � p≥k J[[ℏ]]_p

The transition functions and the product preserve this filtration. The completed associated graded bundle of algebras is the Weyl bundle W . As above, one can show that J_M [[ℏ]]^∼→ W_M (1.13) as bundles of algebras.

For any M there is the canonical flat connection ∇_{can} : Ω^•(M, J) → Ω^{•+1}(M, J) (1.14) which preserves the product.

Abstractly, (∇_{can,X} f)(D) = Xf(D) − f(XD).

In coordinates, (∇_{can}f)(x, ^x) = m� k=1 ( ∂f ∂x^k + ∂f ∂^x^k

)dx^k

The kernel of ∇_{can}|C^∞(M, J) is canonically isomorphic to the algebra C^∞(M).

If a deformation quantization is given on M, the image of ∇_{can} under the isomorphism (1.13) becomes a Fedosov connection. This proves the assertion 5) of theorem 1.3.1.

1.7. Differential operators and the deformation quantization of T^∗(X). Let X be a manifold. For the sheaf of rings D^{12}_X of differential operators on halfdensities on X, let F_pD^{12}_X be the filtration by order. Let RD^{12}_X = � p≥0 ℏ^pF_pD^{12}_X (1.15)

be the Rees ring. Let X = ∪_αU^0_α be an open cover. A choice of coordinates on U^0_α identifies RD^{12}_{U 0α} with the ring C^∞_{U 0α} [ξ^1, . . . , ξ^n, ℏ] where

ξ^k = iℏ ∂ ∂x^k The latter ring can be identified with the ring C^{∞,poly}_{π−1U 0α} where π : T^∗X → X is the projection and C^{∞,poly} stands for the sheaf of C^∞ functions which are polynomial along the fibers. We use the Weyl identification, analogous to one that was used in the discussion after (1.4).

We get ϕ_α : RD^{12}_{U 0α}^∼→ C^{∞,poly}_{π−1 U 0α}

One checks that the product on RD^{12}_{U 0α} induces on the right hand side a star product which we denote by ∗_α. This star product extends to C^∞_{π−1 Uα} . Furthermore, G_{αβ} = ϕ_αϕ^{−1}_β extend to isomorphisms between ∗_α and ∗_β in the sense of definition 1.1.1. Using partitions of unity, one constructs automorphisms T_α of ∗_α such that G_{αβ} = T_αT^{−1}_β . This allows to define a star product on T^∗X.

Let us recall how one identifies the above deformation in terms of the classification theorem 1.3.1.

Proposition 1.7.1. The characteristic class θ of this deformation is^1_{iℏ} ω (= 0).

Proof. Start with an open cover {π^{−1}(U^0_α)} of T^∗(X). A choice of coordinates x_α = (x^1_α, . . . , x^n_α) on U^0_α determines a coordinate system (x_α, ξ^α) on π^{−1}(U^0_α). The transition functions between two different coordinate systems are x_α = g_{αβ}(x_β ) ξ^α =^tg^′_{αβ} (x_β )^{−1}ξ^β (1.16) (^tg^′_{αβ} (x_β ) stands for the transposed Jacobi matrix).

Now consider the bundle π^∗ jets RD^{12}_X with the canonical connection π^∗∇_{can}. (To construct the bundle of jets one acts as in 1.6). This is a bundle of algebras with the fiber W_{fin} = C[[^x]][^ξ, ℏ] (1.17) (again, we use the Weyl identification of the two sides). Its transition functions are given explicitly as follows:

^x → g_{αβ}(x_β + ^x) − x_α (1.18) ^ξ →^t g^′_{αβ} (x_β + ^x)^{−1} ^ξ (1.19) Because of the presence of the half-densities, the product in the second equation is the commutative product, not the composition in the Weyl algebra (as always, we use the Weyl identification between functions and operators). The canonical connection is, in coordinates, given by π^∗∇_{can} = d − � ∂ ∂^x^k dx^k , without a similar ξ term. To correct that, apply the gauge transformation σ_α = exp ad 1 iℏ ξ^α ^x^α ∈ Aut(W_{fin}) (1.20) We get a new bundle of algebras whose transition functions are ^x → g_{αβ}(x_β + ^x) − x_α (1.21) ^ξ →^t g^′_{αβ} (x_β + ^x)^{−1}(ξ^β + ^ξ) − ξ^α (1.22) Again, the multiplication in the second formula is the commutative multiplication of power series. Therefore, these transition functions coincide with the transition functions of the jet bundle J_T ∗_X (compare with (1.16)). Note also that these transition functions admit a canonical lifting to ~G_{≥0}. Indeed, consider the group K of formal automorphisms of the trivial line bundle on R^n acting by f(^x) → p(^x)f(g(^x))|detg^′(^x)|^{12} (1.23) where g is a formal diffeomorphism of the form g : ^x → a^x+o(^x), a ∈ GL(n, R), and p(^x) ∈ C[[^x]], p(0) = 0. The group K maps into G_{≥0} as follows. We can represent W as an algebra of operators on C[[^x, ℏ]] by identifying, as above, ^x^n ^ξ^m with the symmetrized product ^x^n(iℏ^∂_{∂bx} )^m. Then K acts on these operators by conjugation. To check that there is a canonical lifting K → ~G_{≥0}, observe that K = GL(n, R) ⋉ K_{≥1} where K_{≥1} is the group of elements for which a = 1. But GL maps to Sp, and this map lifts to ~Sp; on the other hand, K_{≥1} has a canonical lifting to ~G_{≥1}. Indeed, K_{≥1} = exp(k_{≥1}) where

k_{≥1} = { 1 iℏ P (^x)^ξ + Q(^x)|P (^x) = o(^x); Q(0) = 0}

and this pronilpotent Lie algebra is a subalgebra of ~g_{≥1}, not just of g_{≥1}.

As for the connection, π^∗∇_{can} becomes a Fedosov connection after the gauge transformation σ_α. It has a flat lifting which has an extra summand^i_ℏ ξdx. Subtract it, and we get a Fedosov connection, together with a lifting whose curvature is^1_{iℏ} ω. This proves the proposition.

1.8. Gelfand-Fuks again. Some more local-to-global examples. Let (L^∗, δ) = (CC_∗(W ), b + B) be the cyclic periodic complex of the Weyl algebra. Suppose moreover that (M, ω) is a symplectic manifold, ∇ is a g-valued Fedosov connection and A_M is the formal deformation of M associated to ∇. Since (CC_∗(W ), b + B) is a module over g = Der(W ), Gelfand-Fuks construction provides the associated complex of sheaves (L^∗, b + B). As easily seen, (L^∗, b + B) = jets_Δ(CC_∗(A_M ), b + B), the jets along the diagonal of the periodic cyclic complex of the deformation algebra.

References

[BFFLS] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, D. Sternheimer, Deformation theory and quantization, Ann. Phys. 111 (1977). p. 61-151 [BK] R. Bezrukavnikov, D. Kaledin, Fedosov quantization in algebraic context, math.AG/0309290.

[BNT] P. Bressler, R. Nest, B. Tsygan, Riemann-Roch theorems via deformation quantization. I, II, Adv. Math. 167 (2002), no. 1, 1–25, 26–73.

[DP] A. D’Agnolo, P. Polescello, Stacks of twisted modules and integral transforms, math.AG/0307387 [Fe] B. Fedosov, Deformation Quantization and Index Theorem, Akademie Verlag, 1994. [GU] V. Guillemin, A. Uribe, Reduction and the trace formula, Journal Differential Geometry 32 (1990), 315-347.

[Kas] M. Kashiwara,Quantization of contact manifolds, Publ. Res. Inst. Math. Sci. 32, 1 (1996), 1-7 [LNT] E. Leichtnam, R. Nest, and B. Tsygan, Local index formula for the index of a Fourier integral operator, Journal of Differential Geometry 59 (2001), no. 2, 269–300.

[NT2] R. Nest, B. Tsygan, Formal versus analytic index theorems, IMRN 11, 1996, 557-564 [NT1] R. Nest, B. Tsygan, Deformations of symplectic Lie algebroids, deformations of holomorphic symplectic structures, and index theorems, Asian J. Math. 5 (2001), no. 4, 599–635

[PS] Polescello, P. Schapira, Stack of deformation quantization modules on complex symplectic manifolds, math.AG/0305171.

[Se] P.Seidel, Graded Lagrangian submanifolds, Bull. Soc.Math.France,128 (2000), no. 1, 103–149.

Mathematical Institute, Copenhagen University, Universitatsparken, 2100 Copenhagen, Denmark

E-mail address: rnest@math.ku.dk