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in 4d N=4 SYM 



S3

<latexit sha1_base64="PdfFJCXqKQZJytbTNFKGscvjL2g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQL0FvXiMxDwgWcPsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSKFQdf9cnIrq2vrG/nNwtb2zu5ecf+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81iPXRsTqHscJ9yM6UCIUjKKV6vWH816x5JbdOchf4mWkBBlqveJntx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzolJ1bpkzDWthSSufpzYkIjY8ZRYDsjikOz7M3E/7xOiuGlPxEqSZErtlgUppJgTGZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt++S9pnpW9SvnqrlKqXmdx5OEIjuEUPLiAKtxCDRrAYABP8AKvjnSenTfnfdGac7KZQ/gF5+Mb2KaNiA==</latexit>

AdS5 ⇥ S5
<latexit sha1_base64="jCI218w2qw7tlf3N5w/DCzywG4M=">AAACAHicbVC7TsNAEDzzDOFloKCgOREhUUU2EEEZoKEMCnlIsYnOl0tyyvls3a0RkeWGX6GhACFaPoOOv+HyKCBhpJVGM7va3QliwTU4zre1sLi0vLKaW8uvb2xubds7u3UdJYqyGo1EpJoB0UxwyWrAQbBmrBgJA8EaweB65DcemNI8kncwjJkfkp7kXU4JGKlt73vAHiG97FSzdgl7wEOmcfW+1LYLTtEZA88Td0oKaIpK2/7yOhFNQiaBCqJ1y3Vi8FOigFPBsryXaBYTOiA91jJUErPIT8cPZPjIKB3cjZQpCXis/p5ISaj1MAxMZ0igr2e9kfif10qge+GnXMYJMEkni7qJwBDhURq4wxWjIIaGEKq4uRXTPlGEgsksb0JwZ1+eJ/WTontadG7PCuWraRw5dIAO0TFy0TkqoxtUQTVEUYae0St6s56sF+vd+pi0LljTmT30B9bnD8dxldw=</latexit>

-BPS states1
16

[Sundborg ’99; Aharony, Marsano, Minwalla, 
Papadodimas, van Raamsdonk ’03; 
Kinney, Maldacena, Minwalla, Raju ’05]

IN (⌧) = Tr(�1)F e2⇡i⌧iqi

<latexit sha1_base64="eBfhk8HBPLAGDAprLm9cf/Doaz4="></latexit>

log IN
?
= O(N2)

<latexit sha1_base64="rlEAnBc0OP9u2CLad1SlV9ASVwo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5KUgoqIRTe6qRXsA5oYJtNpO3TyYGYilJDfcOOvuHGhiEtd+TdO2iy09cDA4Zx7uXOOGzIqpGF8a7mFxaXllfxqYW19Y3NL395piSDimDRxwALecZEgjPqkKalkpBNygjyXkbY7ukz99gPhggb+nRyHxPbQwKd9ipFUkqMbFgsG0PKQHGLE4uvEqUPrFFpCIjzihMXnSXyWpNJNqX5fOYSOXjTKxgRwnpgZKYIMDUf/tHoBjjziS8yQEF3TCKUdIy4pZiQpWJEgoTqGBqSrqI88Iux4kiyBB0rpwX7A1fMlnKi/N2LkCTH2XDWZRhCzXir+53Uj2T+2Y+qHkSQ+nh7qRwzKAKY1wR7lBEs2VgRhTtVfIR4ijrBUZRZUCeZs5HnSqpTNavnktlqsXWR15MEe2AclYIIjUANXoAGaAINH8AxewZv2pL1o79rHdDSnZTu74A+0rx/SoZ7m</latexit>

Does the most general index in  
capture the susy BH entropy in                ?

time

N = 4 U(N) SYM

<latexit sha1_base64="sYYH+xKyZV/OAjCG/DU5xEYkOGQ=">AAACDnicbZC7SgNBFIZnvcZ4i1raDIZAbMKuBFSCELSxMUQ0F8kuYXYySYbMXpg5K4Zln8DGV7GxUMTW2s63cXIpNPGHgY//nMOc87uh4ApM89tYWFxaXllNraXXNza3tjM7u3UVRJKyGg1EIJsuUUxwn9WAg2DNUDLiuYI13MHFqN64Z1LxwL+FYcgcj/R83uWUgLbamZztEehTIuJKclbEdsku4Vq+cqgJ28AeIL65u0ramaxZMMfC82BNIYumqrYzX3YnoJHHfKCCKNWyzBCcmEjgVLAkbUeKhYQOSI+1NPrEY8qJx+ckOKedDu4GUj8f8Nj9PRETT6mh5+rO0fJqtjYy/6u1IuieODH3wwiYTycfdSOBIcCjbHCHS0ZBDDUQKrneFdM+kYSCTjCtQ7BmT56H+lHBKhZOr4vZ8vk0jhTaRwcojyx0jMroElVRDVH0iJ7RK3oznowX4934mLQuGNOZPfRHxucPSBmaYQ==</latexit>

S3

<latexit sha1_base64="PdfFJCXqKQZJytbTNFKGscvjL2g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQL0FvXiMxDwgWcPsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSKFQdf9cnIrq2vrG/nNwtb2zu5ecf+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81iPXRsTqHscJ9yM6UCIUjKKV6vWH816x5JbdOchf4mWkBBlqveJntx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzolJ1bpkzDWthSSufpzYkIjY8ZRYDsjikOz7M3E/7xOiuGlPxEqSZErtlgUppJgTGZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt++S9pnpW9SvnqrlKqXmdx5OEIjuEUPLiAKtxCDRrAYABP8AKvjnSenTfnfdGac7KZQ/gF5+Mb2KaNiA==</latexit>

N = 4 SYM

<latexit sha1_base64="FMVt/TjbRjT4C7z7SFmnKUTYkxQ=">AAACBHicbVDLSgNBEJyNrxhfqx5zGQyCp7ArARURgl68KBHNQ7IhzE4mccjs7DLTK4ZlD178FS8eFPHqR3jzb5w8DppY0FBUddPd5UeCa3CcbyszN7+wuJRdzq2srq1v2JtbNR3GirIqDUWoGj7RTHDJqsBBsEakGAl8wep+/2zo1++Z0jyUNzCIWCsgPcm7nBIwUtvOewGBO0pEcpmelLB3jD1gD5Bc316kbbvgFJ0R8CxxJ6SAJqi07S+vE9I4YBKoIFo3XSeCVkIUcCpYmvNizSJC+6THmoZKEjDdSkZPpHjXKB3cDZUpCXik/p5ISKD1IPBN5/BkPe0Nxf+8Zgzdw1bCZRQDk3S8qBsLDCEeJoI7XDEKYmAIoYqbWzG9I4pQMLnlTAju9MuzpLZfdEvFo6tSoXw6iSOL8mgH7SEXHaAyOkcVVEUUPaJn9IrerCfrxXq3PsatGWsys43+wPr8AdkQl5s=</latexit>

AdS5 ⇥ S5

<latexit sha1_base64="/AmICGtVTZlPO3LktvuuMtsbdSQ=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwFHYlQb1FvXiMxDwgiWF2dpIMmZ1dZnrFsOzNi7/ixYMiXv0Fb/6Nk8dBEwsaiqpuuru8SHANjvNtLSwuLa+sZtay6xubW9v2zm5Nh7GirEpDEaqGRzQTXLIqcBCsESlGAk+wuje4Gvn1e6Y0D+UtDCPWDkhP8i6nBIzUsQ9awB4gufAraaeIW8ADpvFEq6R3xY6dc/LOGHieuFOSQ1OUO/ZXyw9pHDAJVBCtm64TQTshCjgVLM22Ys0iQgekx5qGSmL2tZPxHyk+MoqPu6EyJQGP1d8TCQm0Hgae6QwI9PWsNxL/85oxdM/aCZdRDEzSyaJuLDCEeBQK9rliFMTQEEIVN7di2ieKUDDRZU0I7uzL86R2kncL+fObQq50OY0jg/bRITpGLjpFJXSNyqiKKHpEz+gVvVlP1ov1bn1MWhes6cwe+gPr8wfG+ZlF</latexit>

SBH =
AH

4GN

= O(N2)
<latexit sha1_base64="WFOLkFfBhS1X2b3VQwKzzEka/0Q=">AAACGnicbVBNS8NAEN34WetX1KOXxSLopSQqKIhQ68GeakWrQlPDZrupSzcf7E7EEvI7vPhXvHhQxJt48d+4rUW09cHA470ZZuZ5seAKLOvTGBufmJyazs3kZ+fmFxbNpeULFSWSsjqNRCSvPKKY4CGrAwfBrmLJSOAJdul1jnr+5S2TikfhOXRj1gxIO+Q+pwS05Jr2mesAu4O0XMmws48PdDm+JDQ9dCtZunPsVn/0k43q9damaxasotUHHiX2gBTQADXXfHdaEU0CFgIVRKmGbcXQTIkETgXL8k6iWExoh7RZQ9OQBEw10/5rGV7XSgv7kdQVAu6rvydSEijVDTzdGRC4UcNeT/zPayTg7zVTHsYJsJB+L/ITgSHCvZxwi0tGQXQ1IVRyfSumN0QHAzrNvA7BHn55lFxsFe3tonW6UyiVB3Hk0CpaQxvIRruohCqohuqIonv0iJ7Ri/FgPBmvxtt365gxmFlBf2B8fAF9uZ34</latexit>

-BPS BH1
16

[Gutowski, Reall ’04; Chong, Cvetic, Lu, 
Pope ’05; Kunduri, Lucietti, Reall ’06]



Does the most general index in          SCFT4 
capture the susy BH entropy in dual AdS5 ?

time

SBH =
AH

4GN

= O(N2)
<latexit sha1_base64="WFOLkFfBhS1X2b3VQwKzzEka/0Q=">AAACGnicbVBNS8NAEN34WetX1KOXxSLopSQqKIhQ68GeakWrQlPDZrupSzcf7E7EEvI7vPhXvHhQxJt48d+4rUW09cHA470ZZuZ5seAKLOvTGBufmJyazs3kZ+fmFxbNpeULFSWSsjqNRCSvPKKY4CGrAwfBrmLJSOAJdul1jnr+5S2TikfhOXRj1gxIO+Q+pwS05Jr2mesAu4O0XMmws48PdDm+JDQ9dCtZunPsVn/0k43q9damaxasotUHHiX2gBTQADXXfHdaEU0CFgIVRKmGbcXQTIkETgXL8k6iWExoh7RZQ9OQBEw10/5rGV7XSgv7kdQVAu6rvydSEijVDTzdGRC4UcNeT/zPayTg7zVTHsYJsJB+L/ITgSHCvZxwi0tGQXQ1IVRyfSumN0QHAzrNvA7BHn55lFxsFe3tonW6UyiVB3Hk0CpaQxvIRruohCqohuqIonv0iJ7Ri/FgPBmvxtt365gxmFlBf2B8fAF9uZ34</latexit>

S3

<latexit sha1_base64="PdfFJCXqKQZJytbTNFKGscvjL2g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQL0FvXiMxDwgWcPsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSKFQdf9cnIrq2vrG/nNwtb2zu5ecf+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81iPXRsTqHscJ9yM6UCIUjKKV6vWH816x5JbdOchf4mWkBBlqveJntx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzolJ1bpkzDWthSSufpzYkIjY8ZRYDsjikOz7M3E/7xOiuGlPxEqSZErtlgUppJgTGZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt++S9pnpW9SvnqrlKqXmdx5OEIjuEUPLiAKtxCDRrAYABP8AKvjnSenTfnfdGac7KZQ/gF5+Mb2KaNiA==</latexit>

-BPS states1
4

S3

<latexit sha1_base64="PdfFJCXqKQZJytbTNFKGscvjL2g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQL0FvXiMxDwgWcPsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSKFQdf9cnIrq2vrG/nNwtb2zu5ecf+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81iPXRsTqHscJ9yM6UCIUjKKV6vWH816x5JbdOchf4mWkBBlqveJntx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzolJ1bpkzDWthSSufpzYkIjY8ZRYDsjikOz7M3E/7xOiuGlPxEqSZErtlgUppJgTGZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt++S9pnpW9SvnqrlKqXmdx5OEIjuEUPLiAKtxCDRrAYABP8AKvjnSenTfnfdGac7KZQ/gF5+Mb2KaNiA==</latexit>

N = 1 SCFT

<latexit sha1_base64="ebx1QHq3XLpgm1RUeDD7qZS+n+M=">AAACBXicbVDLSgNBEJyNrxhfUY96GAyCp7ArARURggHxJBHzguwSZieTZMjsg5leMSx78eKvePGgiFf/wZt/4yTZgyYWNBRV3XR3uaHgCkzz28gsLC4tr2RXc2vrG5tb+e2dhgoiSVmdBiKQLZcoJrjP6sBBsFYoGfFcwZrusDL2m/dMKh74NRiFzPFI3+c9TgloqZPftz0CA0pEfJNcWNg+xzawB4jvKle1pJMvmEVzAjxPrJQUUIpqJ/9ldwMaecwHKohSbcsMwYmJBE4FS3J2pFhI6JD0WVtTn3hMOfHkiwQfaqWLe4HU5QOeqL8nYuIpNfJc3Tm+Wc16Y/E/rx1B79SJuR9GwHw6XdSLBIYAjyPBXS4ZBTHShFDJ9a2YDogkFHRwOR2CNfvyPGkcF61S8ey2VChfpnFk0R46QEfIQieojK5RFdURRY/oGb2iN+PJeDHejY9pa8ZIZ3bRHxifP1ZWl9k=</latexit>

-BPS BH1
4

AdS5 ⇥M5

<latexit sha1_base64="E4leD+RSrXXG+Yh6dbDcXKyZ4xE=">AAACAHicbVDLSsNAFJ34rPVVdeHCzWARXJVEWtRd1Y0boaJ9QBvCZDJth04mYeZGLCEbf8WNC0Xc+hnu/Bunj4W2HrhwOOde7r3HjwXXYNvf1sLi0vLKam4tv76xubVd2Nlt6ChRlNVpJCLV8olmgktWBw6CtWLFSOgL1vQHVyO/+cCU5pG8h2HM3JD0JO9ySsBIXmG/A+wR0ovgLvMquAM8ZBrfeBWvULRL9hh4njhTUkRT1LzCVyeIaBIyCVQQrduOHYObEgWcCpblO4lmMaED0mNtQyUxi9x0/ECGj4wS4G6kTEnAY/X3REpCrYehbzpDAn09643E/7x2At0zN+UyToBJOlnUTQSGCI/SwAFXjIIYGkKo4uZWTPtEEQoms7wJwZl9eZ40TkpOuXR+Wy5WL6dx5NABOkTHyEGnqIquUQ3VEUUZekav6M16sl6sd+tj0rpgTWf20B9Ynz/DCJXh</latexit>

N = 1

<latexit sha1_base64="J0qYHMQqtG6LNF6Lfo/OlRsNgPI=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWZEUBdC0Y0rqWAf0A4lk2ba0ExmTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OX4suDaO840KK6tr6xvFzdLW9s7uXnn/oKmjRFHWoJGIVNsnmgkuWcNwI1g7VoyEvmAtf3Sb+a0xU5pH8tFMYuaFZCB5wCkxVvK6ITFDSkR6P712e+WKU3VmwMvEzUkFctR75a9uP6JJyKShgmjdcZ3YeClRhlPBpqVuollM6IgMWMdSSUKmvXQWeopPrNLHQaTskwbP1N8bKQm1noS+ncxC6kUvE//zOokJLr2UyzgxTNL5oSAR2EQ4awD3uWLUiIklhCpus2I6JIpQY3sq2RLcxS8vk+ZZ1T2vXj2cV2o3eR1FOIJjOAUXLqAGd1CHBlB4gmd4hTc0Ri/oHX3MRwso3zmEP0CfP4HdkfI=</latexit>

IN (⌧) = Tr(�1)F e2⇡i⌧q

<latexit sha1_base64="kjtggJVAT1sKFV4SbXaEOqWBJ00="></latexit>

log IN
?
= O(N2)

<latexit sha1_base64="rlEAnBc0OP9u2CLad1SlV9ASVwo=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5KUgoqIRTe6qRXsA5oYJtNpO3TyYGYilJDfcOOvuHGhiEtd+TdO2iy09cDA4Zx7uXOOGzIqpGF8a7mFxaXllfxqYW19Y3NL395piSDimDRxwALecZEgjPqkKalkpBNygjyXkbY7ukz99gPhggb+nRyHxPbQwKd9ipFUkqMbFgsG0PKQHGLE4uvEqUPrFFpCIjzihMXnSXyWpNJNqX5fOYSOXjTKxgRwnpgZKYIMDUf/tHoBjjziS8yQEF3TCKUdIy4pZiQpWJEgoTqGBqSrqI88Iux4kiyBB0rpwX7A1fMlnKi/N2LkCTH2XDWZRhCzXir+53Uj2T+2Y+qHkSQ+nh7qRwzKAKY1wR7lBEs2VgRhTtVfIR4ijrBUZRZUCeZs5HnSqpTNavnktlqsXWR15MEe2AclYIIjUANXoAGaAINH8AxewZv2pL1o79rHdDSnZTu74A+0rx/SoZ7m</latexit>



SU(4)R
<latexit sha1_base64="iH+ER6mqAjbmKetxIwEr60+E8fM=">AAAB73icbVBNT8JAEJ3iF+JX1aOXjcQEL6RVEj0SvXjEjwIJNGS7bGHDdlt3tyak4U948aAxXv073vw3LtCDgi+Z5OW9mczMCxLOlHacb6uwsrq2vlHcLG1t7+zu2fsHTRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvB6Hrqt56oVCwWD3qcUD/CA8FCRrA2Uvveq9ROe3eoZ5edqjMDWiZuTsqQo9Gzv7r9mKQRFZpwrFTHdRLtZ1hqRjidlLqpogkmIzygHUMFjqjys9m9E3RilD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif10l1eOlnTCSppoLMF4UpRzpG0+dRn0lKNB8bgolk5lZEhlhiok1EJROCu/jyMmmeVd3zqnNbK9ev8jiKcATHUAEXLqAON9AADwhweIZXeLMerRfr3fqYtxasfOYQ/sD6/AFAA47K</latexit>

(Q1, Q2, Q3)
<latexit sha1_base64="fITyxZyxnjD5nRh7uLgr8IVomt0=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFfRY9OKxBfsBbQib7aZdutnE3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz485U9q2v63cxubW9k5+t7C3f3B4VDw+aasokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH9/P/c6ESsUi8ainMXVDPBQsYARrI7nlpudcNb2qqdqlVyzZFXsBtE6cjJQgQ8MrfvUHEUlCKjThWKmeY8faTbHUjHA6K/QTRWNMxnhIe4YKHFLlpoujZ+jCKAMURNKU0Gih/p5IcajUNPRNZ4j1SK16c/E/r5fo4NZNmYgTTQVZLgoSjnSE5gmgAZOUaD41BBPJzK2IjLDERJucCiYEZ/XlddKuVpxaxW5el+p3WRx5OINzKIMDN1CHB2hACwg8wTO8wps1sV6sd+tj2ZqzsplT+APr8wcEhZBN</latexit>

N = 4 SYM
<latexit sha1_base64="ESWNX8kI+lDiS4qW0wg8zLwMiIs=">AAACBXicbVDLSgNBEJz1GeMr6lEPg0HwFHY1oCBC0IsXJaJ5SHYJs5PZZMjs7DLTK4YlFy/+ihcPinj1H7z5N04eB00saCiquunu8mPBNdj2tzUzOze/sJhZyi6vrK6t5zY2qzpKFGUVGolI1X2imeCSVYCDYPVYMRL6gtX87vnAr90zpXkkb6EXMy8kbckDTgkYqZnbcUMCHUpEetU/LWL3BGMX2AOkN3eX/WYubxfsIfA0ccYkj8YoN3NfbiuiScgkUEG0bjh2DF5KFHAqWD/rJprFhHZJmzUMlSRk2kuHX/TxnlFaOIiUKQl4qP6eSEmodS/0TefgZj3pDcT/vEYCwbGXchknwCQdLQoSgSHCg0hwiytGQfQMIVRxcyumHaIIBRNc1oTgTL48TaoHBeewYF8X86WzcRwZtI120T5y0BEqoQtURhVE0SN6Rq/ozXqyXqx362PUOmONZ7bQH1ifPzKkl7s=</latexit>

Index counts BPS states labelled by  
(R-charge + spin) 

(J1, J2)
<latexit sha1_base64="4vtrkUm7+Lt+8u+IKRPT2U1Uea0=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLJbBT0WvUhPFeyHtMuSTbNtaJJdkqxQSn+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyacaeO6387K6tr6xmZuK7+9s7u3Xzg4bOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVDm+nfuuJKs1i+WBGCfUF7ksWMYKNlR5LtcA7rwWVs6BQdMvuDGiZeBkpQoZ6UPjq9mKSCioN4Vjrjucmxh9jZRjhdJLvppommAxxn3YslVhQ7Y9nB0/QqVV6KIqVLWnQTP09McZC65EIbafAZqAXvan4n9dJTXTtj5lMUkMlmS+KUo5MjKbfox5TlBg+sgQTxeytiAywwsTYjPI2BG/x5WXSrJS9i7J7f1ms3mRx5OAYTqAEHlxBFe6gDg0gIOAZXuHNUc6L8+58zFtXnGzmCP7A+fwBtVKPCA==</latexit>

SO(4)
<latexit sha1_base64="1k7elyP2xEsxvQCYXv7LVbHSmPI=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSLUS9nVgh6LXrxZ0W0L7VKyabYNzSZLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmhQln2rjut7Oyura+sVnYKm7v7O7tlw4Om1qmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upn6rSeqNJPi0YwTGsR4IFjECDZW8h/uKrWzXqnsVt0Z0DLxclKGHI1e6avblySNqTCEY607npuYIMPKMMLppNhNNU0wGeEB7VgqcEx1kM2OnaBTq/RRJJUtYdBM/T2R4VjrcRzazhiboV70puJ/Xic10VWQMZGkhgoyXxSlHBmJpp+jPlOUGD62BBPF7K2IDLHCxNh8ijYEb/HlZdI8r3oXVfe+Vq5f53EU4BhOoAIeXEIdbqEBPhBg8Ayv8OYI58V5dz7mrStOPnMEf+B8/gCGlo3V</latexit>

S3
<latexit sha1_base64="JYucFBwXwrvTyfXxWHoNvZViqlQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbFRI9ELx4xyCOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFK9fpjpVcsuWV3DrJKvIyUIEOtV/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzU6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmU7AheMsvr5LmRdmrlN37y1L1JosjDydwCufgwRVU4Q5q0AAGA3iGV3hzpPPivDsfi9ack80cwx84nz/VcI1+</latexit>

on

Q
<latexit sha1_base64="SnyS1RJushenj8bo0uqHpcCXECM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDq8eM1w==</latexit>

U(1)R
<latexit sha1_base64="6zwjxeJCrAYYwVRmkB/01jVl1Cs=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KrJnokevGIxgUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91hNVmknxYMYJDWI8ECxiBBsrNf2qd9q775Urbs2dAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXibNs5p3XnPvLir16zyOIhzBMVTBg0uowy00wAcCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AP2WOQA==</latexit>

+ Flavors Fa

<latexit sha1_base64="7lr/AwGIbKLd1pioAao5J1kTG28=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FQTxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw22P9soVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6tX9eaV2ncdRhCM4hlPw4AJqcAd1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx8MJI2q</latexit>

N = 1 SCFT
<latexit sha1_base64="lhA0+j7PwCl5hz84y9wfEZ4fNj8=">AAACBXicbVDLSgNBEJz1GeNr1aMeBoPgKeyqoCBCMCCeJGJekF3C7GSSDJl9MNMrhmUvXvwVLx4U8eo/ePNvnE1y0MSChqKqm+4uLxJcgWV9G3PzC4tLy7mV/Ora+samubVdV2EsKavRUISy6RHFBA9YDTgI1owkI74nWMMblDO/cc+k4mFQhWHEXJ/0At7llICW2uae4xPoUyKSm/TCxs45doA9QHJXvqqmbbNgFa0R8CyxJ6SAJqi0zS+nE9LYZwFQQZRq2VYEbkIkcCpYmndixSJCB6THWpoGxGfKTUZfpPhAKx3cDaWuAPBI/T2REF+poe/pzuxmNe1l4n9eK4bumZvwIIqBBXS8qBsLDCHOIsEdLhkFMdSEUMn1rZj2iSQUdHB5HYI9/fIsqR8V7eOidXtSKF1O4sihXbSPDpGNTlEJXaMKqiGKHtEzekVvxpPxYrwbH+PWOWMys4P+wPj8AVMgl88=</latexit>

⇥
Ji +

1

2
Q , Q

⇤
= 0

<latexit sha1_base64="SseSeREjjjFKl7u+9UpmaLNk9/M=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0UQLCUpxQciFN2IqxbsA5IQJtNJO3TyYGYilNA/ceOvuHGhiLjr3zhps9DWC3c4nHMuc+/xYkaFNIypVlhZXVvfKG6WtrZ3dvf0/YOOiBKOSRtHLOI9DwnCaEjakkpGejEnKPAY6Xqju0zvPhEuaBQ+ynFMnAANQupTjKSiXP3c9uiAWQ8uPbN9jrBZgy1oVyqqoR0gOcSIpa1J5uIOtK/hTfYYrl42qsas4DIwc1AGeTVd/dvuRzgJSCgxQ0JYphFLJ0VcUszIpGQngsQIj9CAWAqGKCDCSWf3TeCJYvrQj7jqUMIZ+3siRYEQ48BTzmxlsahl5H+alUj/0klpGCeShHj+kZ8wKCOYhQX7lBMs2VgBhDlVu0I8RComqSItqRDMxZOXQadWNevVq1a93LjN4yiCI3AMToEJLkAD3IMmaAMMnsEreAcf2ov2pn1qX3NrQctnDsGf0qY/4WCfxA==</latexit>

⇥
Fa , Q

⇤
= 0

<latexit sha1_base64="jphfJ2Pt7X1BNVaIZI5PDeob0mw=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0VwUUsiBRURioK4bME+IAlhMp22QyeTMDMRSuhXuPFX3LhQxK2482+ctFlo64E7HM65l7n3BDGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29towSgUkLRywS3QBJwignLUUVI91YEBQGjHSC0U3mdx6IkDTi92ocEy9EA077FCOlJd88cQM6YA689RF0KxVd0A2RGmLE0uYkM4UH3Ut4lT2Wb5atqjUFXCR2TsogR8M3v9xehJOQcIUZktKxrVh5KRKKYkYmJTeRJEZ4hAbE0ZSjkEgvnZ41gUda6cF+JHRxBafq74kUhVKOw0B3ZivLeS8T//OcRPXPvZTyOFGE49lH/YRBFcEsI9ijgmDFxpogLKjeFeIhEggrnWRJh2DPn7xI2qdVu1a9aNbK9es8jiI4AIfgGNjgDNTBHWiAFsDgETyDV/BmPBkvxrvxMWstGPnMPvgD4/MHnbychw==</latexit>

Commutant: ,

{Q,Q} = E � J1 � J2 �
3

2
Q

<latexit sha1_base64="2P8/kM7Wh9ET3hb71iwXPToygAY="></latexit>

Susy:

Tr (�1)F e��{Q,Q} e2⇡i�(J1+ 1
2Q)+2⇡i⌧(J2+ 1

2Q) e2⇡iµaFa

<latexit sha1_base64="9OLoz7ZtjLQpq/ew50M7N4YV8XE="></latexit>

Most general   - BPS index:1

4

<latexit sha1_base64="U2OgLv8AIawC7oDGEIv/yEuUjvg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokU1FvRi8cK9gPaUDbbTbt0swm7E6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmdzO/88S1EbF6xGnC/YiOlAgFo2ilXj/UlGVentXzQaXq1tw5yCrxClKFAs1B5as/jFkacYVMUmN6npugn1GNgkmel/up4QllEzriPUsVjbjxs/nJOTm3ypCEsbalkMzV3xMZjYyZRoHtjCiOzbI3E//zeimG134mVJIiV2yxKEwlwZjM/idDoTlDObWEMi3srYSNqU0BbUplG4K3/PIqaV/WvHrt5qFebdwWcZTgFM7gAjy4ggbcQxNawCCGZ3iFNwedF+fd+Vi0rjnFzAn8gfP5A0AqkUE=</latexit>



=
X

n�0

dN (n) e2⇡i ⌧ n/3

<latexit sha1_base64="LMn30efkvEg/29+SxNSE8iC6xCM="></latexit>

⇥
Ji +

1

2
Q , Q

⇤
= 0

<latexit sha1_base64="SseSeREjjjFKl7u+9UpmaLNk9/M=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0UQLCUpxQciFN2IqxbsA5IQJtNJO3TyYGYilNA/ceOvuHGhiLjr3zhps9DWC3c4nHMuc+/xYkaFNIypVlhZXVvfKG6WtrZ3dvf0/YOOiBKOSRtHLOI9DwnCaEjakkpGejEnKPAY6Xqju0zvPhEuaBQ+ynFMnAANQupTjKSiXP3c9uiAWQ8uPbN9jrBZgy1oVyqqoR0gOcSIpa1J5uIOtK/hTfYYrl42qsas4DIwc1AGeTVd/dvuRzgJSCgxQ0JYphFLJ0VcUszIpGQngsQIj9CAWAqGKCDCSWf3TeCJYvrQj7jqUMIZ+3siRYEQ48BTzmxlsahl5H+alUj/0klpGCeShHj+kZ8wKCOYhQX7lBMs2VgBhDlVu0I8RComqSItqRDMxZOXQadWNevVq1a93LjN4yiCI3AMToEJLkAD3IMmaAMMnsEreAcf2ov2pn1qX3NrQctnDsGf0qY/4WCfxA==</latexit>

⇥
Fa , Q

⇤
= 0

<latexit sha1_base64="jphfJ2Pt7X1BNVaIZI5PDeob0mw=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0VwUUsiBRURioK4bME+IAlhMp22QyeTMDMRSuhXuPFX3LhQxK2482+ctFlo64E7HM65l7n3BDGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29towSgUkLRywS3QBJwignLUUVI91YEBQGjHSC0U3mdx6IkDTi92ocEy9EA077FCOlJd88cQM6YA689RF0KxVd0A2RGmLE0uYkM4UH3Ut4lT2Wb5atqjUFXCR2TsogR8M3v9xehJOQcIUZktKxrVh5KRKKYkYmJTeRJEZ4hAbE0ZSjkEgvnZ41gUda6cF+JHRxBafq74kUhVKOw0B3ZivLeS8T//OcRPXPvZTyOFGE49lH/YRBFcEsI9ijgmDFxpogLKjeFeIhEggrnWRJh2DPn7xI2qdVu1a9aNbK9es8jiI4AIfgGNjgDNTBHWiAFsDgETyDV/BmPBkvxrvxMWstGPnMPvgD4/MHnbychw==</latexit>

Commutant: ,

{Q,Q} = E � J1 � J2 �
3

2
Q

<latexit sha1_base64="2P8/kM7Wh9ET3hb71iwXPToygAY="></latexit>

Susy:

SU(4)R
<latexit sha1_base64="iH+ER6mqAjbmKetxIwEr60+E8fM=">AAAB73icbVBNT8JAEJ3iF+JX1aOXjcQEL6RVEj0SvXjEjwIJNGS7bGHDdlt3tyak4U948aAxXv073vw3LtCDgi+Z5OW9mczMCxLOlHacb6uwsrq2vlHcLG1t7+zu2fsHTRWnklCPxDyW7QArypmgnmaa03YiKY4CTlvB6Hrqt56oVCwWD3qcUD/CA8FCRrA2Uvveq9ROe3eoZ5edqjMDWiZuTsqQo9Gzv7r9mKQRFZpwrFTHdRLtZ1hqRjidlLqpogkmIzygHUMFjqjys9m9E3RilD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif10l1eOlnTCSppoLMF4UpRzpG0+dRn0lKNB8bgolk5lZEhlhiok1EJROCu/jyMmmeVd3zqnNbK9ev8jiKcATHUAEXLqAON9AADwhweIZXeLMerRfr3fqYtxasfOYQ/sD6/AFAA47K</latexit>

(Q1, Q2, Q3)
<latexit sha1_base64="fITyxZyxnjD5nRh7uLgr8IVomt0=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFfRY9OKxBfsBbQib7aZdutnE3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz485U9q2v63cxubW9k5+t7C3f3B4VDw+aasokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH9/P/c6ESsUi8ainMXVDPBQsYARrI7nlpudcNb2qqdqlVyzZFXsBtE6cjJQgQ8MrfvUHEUlCKjThWKmeY8faTbHUjHA6K/QTRWNMxnhIe4YKHFLlpoujZ+jCKAMURNKU0Gih/p5IcajUNPRNZ4j1SK16c/E/r5fo4NZNmYgTTQVZLgoSjnSE5gmgAZOUaD41BBPJzK2IjLDERJucCiYEZ/XlddKuVpxaxW5el+p3WRx5OINzKIMDN1CHB2hACwg8wTO8wps1sV6sd+tj2ZqzsplT+APr8wcEhZBN</latexit>

N = 4 SYM
<latexit sha1_base64="ESWNX8kI+lDiS4qW0wg8zLwMiIs=">AAACBXicbVDLSgNBEJz1GeMr6lEPg0HwFHY1oCBC0IsXJaJ5SHYJs5PZZMjs7DLTK4YlFy/+ihcPinj1H7z5N04eB00saCiquunu8mPBNdj2tzUzOze/sJhZyi6vrK6t5zY2qzpKFGUVGolI1X2imeCSVYCDYPVYMRL6gtX87vnAr90zpXkkb6EXMy8kbckDTgkYqZnbcUMCHUpEetU/LWL3BGMX2AOkN3eX/WYubxfsIfA0ccYkj8YoN3NfbiuiScgkUEG0bjh2DF5KFHAqWD/rJprFhHZJmzUMlSRk2kuHX/TxnlFaOIiUKQl4qP6eSEmodS/0TefgZj3pDcT/vEYCwbGXchknwCQdLQoSgSHCg0hwiytGQfQMIVRxcyumHaIIBRNc1oTgTL48TaoHBeewYF8X86WzcRwZtI120T5y0BEqoQtURhVE0SN6Rq/ozXqyXqx362PUOmONZ7bQH1ifPzKkl7s=</latexit>

(J1, J2)
<latexit sha1_base64="4vtrkUm7+Lt+8u+IKRPT2U1Uea0=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLJbBT0WvUhPFeyHtMuSTbNtaJJdkqxQSn+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyacaeO6387K6tr6xmZuK7+9s7u3Xzg4bOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVDm+nfuuJKs1i+WBGCfUF7ksWMYKNlR5LtcA7rwWVs6BQdMvuDGiZeBkpQoZ6UPjq9mKSCioN4Vjrjucmxh9jZRjhdJLvppommAxxn3YslVhQ7Y9nB0/QqVV6KIqVLWnQTP09McZC65EIbafAZqAXvan4n9dJTXTtj5lMUkMlmS+KUo5MjKbfox5TlBg+sgQTxeytiAywwsTYjPI2BG/x5WXSrJS9i7J7f1ms3mRx5OAYTqAEHlxBFe6gDg0gIOAZXuHNUc6L8+58zFtXnGzmCP7A+fwBtVKPCA==</latexit>

SO(4)
<latexit sha1_base64="1k7elyP2xEsxvQCYXv7LVbHSmPI=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSLUS9nVgh6LXrxZ0W0L7VKyabYNzSZLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmhQln2rjut7Oyura+sVnYKm7v7O7tlw4Om1qmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upn6rSeqNJPi0YwTGsR4IFjECDZW8h/uKrWzXqnsVt0Z0DLxclKGHI1e6avblySNqTCEY607npuYIMPKMMLppNhNNU0wGeEB7VgqcEx1kM2OnaBTq/RRJJUtYdBM/T2R4VjrcRzazhiboV70puJ/Xic10VWQMZGkhgoyXxSlHBmJpp+jPlOUGD62BBPF7K2IDLHCxNh8ijYEb/HlZdI8r3oXVfe+Vq5f53EU4BhOoAIeXEIdbqEBPhBg8Ayv8OYI58V5dz7mrStOPnMEf+B8/gCGlo3V</latexit>

Q
<latexit sha1_base64="SnyS1RJushenj8bo0uqHpcCXECM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDq8eM1w==</latexit>

U(1)R
<latexit sha1_base64="6zwjxeJCrAYYwVRmkB/01jVl1Cs=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KrJnokevGIxgUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91hNVmknxYMYJDWI8ECxiBBsrNf2qd9q775Urbs2dAS0TLycVyNHolb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10FGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXibNs5p3XnPvLir16zyOIhzBMVTBg0uowy00wAcCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AP2WOQA==</latexit>

+ Flavors Fa

<latexit sha1_base64="7lr/AwGIbKLd1pioAao5J1kTG28=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FQTxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw22P9soVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6tX9eaV2ncdRhCM4hlPw4AJqcAd1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx8MJI2q</latexit>

N = 1 SCFT
<latexit sha1_base64="lhA0+j7PwCl5hz84y9wfEZ4fNj8=">AAACBXicbVDLSgNBEJz1GeNr1aMeBoPgKeyqoCBCMCCeJGJekF3C7GSSDJl9MNMrhmUvXvwVLx4U8eo/ePNvnE1y0MSChqKqm+4uLxJcgWV9G3PzC4tLy7mV/Ora+samubVdV2EsKavRUISy6RHFBA9YDTgI1owkI74nWMMblDO/cc+k4mFQhWHEXJ/0At7llICW2uae4xPoUyKSm/TCxs45doA9QHJXvqqmbbNgFa0R8CyxJ6SAJqi0zS+nE9LYZwFQQZRq2VYEbkIkcCpYmndixSJCB6THWpoGxGfKTUZfpPhAKx3cDaWuAPBI/T2REF+poe/pzuxmNe1l4n9eK4bumZvwIIqBBXS8qBsLDCHOIsEdLhkFMdSEUMn1rZj2iSQUdHB5HYI9/fIsqR8V7eOidXtSKF1O4sihXbSPDpGNTlEJXaMKqiGKHtEzekVvxpPxYrwbH+PWOWMys4P+wPj8AVMgl88=</latexit>

S3
<latexit sha1_base64="JYucFBwXwrvTyfXxWHoNvZViqlQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbFRI9ELx4xyCOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFK9fpjpVcsuWV3DrJKvIyUIEOtV/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzU6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbz2J0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmU7AheMsvr5LmRdmrlN37y1L1JosjDydwCufgwRVU4Q5q0AAGA3iGV3hzpPPivDsfi9ack80cwx84nz/VcI1+</latexit>

on

Simplest   -BPS index    (2J = J1 + J2)

<latexit sha1_base64="ImxWx55OOp+6VTq5i4CMvNMKbHU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahIpSkFNSDUPQiPVWwH9DGsNlu26WbTdjdKCX0f3jxoIhX/4s3/43bNgdtfTDweG+GmXl+xJnStv1tZVZW19Y3spu5re2d3b38/kFThbEktEFCHsq2jxXlTNCGZprTdiQpDnxOW/7oZuq3HqlULBT3ehxRN8ADwfqMYG2kh2K5hq5QzXPOal751MsX7JI9A1omTkoKkKLu5b+6vZDEARWacKxUx7Ej7SZYakY4neS6saIRJiM8oB1DBQ6ocpPZ1RN0YpQe6ofSlNBopv6eSHCg1DjwTWeA9VAtelPxP68T6/6FmzARxZoKMl/UjznSIZpGgHpMUqL52BBMJDO3IjLEEhNtgsqZEJzFl5dJs1xyKqXLu0qhep3GkYUjOIYiOHAOVbiFOjSAgIRneIU368l6sd6tj3lrxkpnDuEPrM8f9A2QPA==</latexit>

1

4

<latexit sha1_base64="U2OgLv8AIawC7oDGEIv/yEuUjvg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokU1FvRi8cK9gPaUDbbTbt0swm7E6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmdzO/88S1EbF6xGnC/YiOlAgFo2ilXj/UlGVentXzQaXq1tw5yCrxClKFAs1B5as/jFkacYVMUmN6npugn1GNgkmel/up4QllEzriPUsVjbjxs/nJOTm3ypCEsbalkMzV3xMZjYyZRoHtjCiOzbI3E//zeimG134mVJIiV2yxKEwlwZjM/idDoTlDObWEMi3srYSNqU0BbUplG4K3/PIqaV/WvHrt5qFebdwWcZTgFM7gAjy4ggbcQxNawCCGZ3iFNwedF+fd+Vi0rjnFzAn8gfP5A0AqkUE=</latexit>

IN (⌧) = Tr (�1)F e2⇡i⌧(2J+Q)

<latexit sha1_base64="vhvEjJUgKuO5hXrPY56K9RA80YY="></latexit>

Index counts BPS states labelled by  
(R-charge + spin) 

Any statement about d_n can 
be translated to I_N(t) and vice 
versa.




SBH(N, j) = N2 s(j)

<latexit sha1_base64="ogqBHiKsNxbxBvaZsVXBvp5iTH8=">AAACDXicbVDLSgMxFM34rPVVdekmWIUKUmZKQUWEUjddiaKtQmccMmmqaTOZIbkjlqE/4MZfceNCEbfu3fk3po+FrwP3cjjnXpJ7glhwDbb9aU1MTk3PzGbmsvMLi0vLuZXVho4SRVmdRiJSlwHRTHDJ6sBBsMtYMRIGgl0E3aOBf3HLlOaRPIdezLyQXEve5pSAkfzc5pnvAruDtFrrF453OtvuAT7Eph1flbC7g3Whs531c3m7aA+B/xJnTPJojBM/9+G2IpqETAIVROumY8fgpUQBp4L1s26iWUxol1yzpqGShEx76fCaPt4ySgu3I2VKAh6q3zdSEmrdCwMzGRK40b+9gfif10ygveelXMYJMElHD7UTgSHCg2hwiytGQfQMIVRx81dMb4giFEyAgxCc3yf/JY1S0SkX90/L+Up1HEcGraMNVEAO2kUVVEMnqI4oukeP6Bm9WA/Wk/VqvY1GJ6zxzhr6Aev9C/55mFI=</latexit>

IIB on AdS5 ⇥ S5
<latexit sha1_base64="8+B6OnWD+5/1EfHo1WGCqyyAikk=">AAACEHicbVC7TgJBFJ3FF+ILtbSZSIxWZFclmtggNtJhkEcCSGaHASbMzm5m7hrJZj/Bxl+xsdAYW0s7/8bhUSh4kknOPefe3LnHDQTXYNvfVmJhcWl5JbmaWlvf2NxKb+9UtR8qyirUF76qu0QzwSWrAAfB6oFixHMFq7mDq5Ffu2dKc1/ewjBgLY/0JO9ySsBI7fRhE9gDRMViAfsybl7gSX3ZKcftnCm4xzQu3+Xa6YydtcfA88SZkgyaotROfzU7Pg09JoEKonXDsQNoRUQBp4LFqWaoWUDogPRYw1BJzKJWND4oxgdG6eCur8yTgMfq74mIeFoPPdd0egT6etYbif95jRC6562IyyAEJulkUTcUGHw8Sgd3uGIUxNAQQhU3f8W0TxShYDJMmRCc2ZPnSfU465xk7ZvTTL4wjSOJ9tA+OkIOOkN5dI1KqIIoekTP6BW9WU/Wi/VufUxaE9Z0Zhf9gfX5A1N7nB0=</latexit>

(      sugra in 10d)          IIB

<latexit sha1_base64="CrkSwshFreKmoo/n6MJDrdbjwwo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG+lXuytgv3ANpTNdtMu3WzC7kQsof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zM82PBNTrOt5VbW9/Y3MpvF3Z29/YPiodHLR0lirImjUSkOj7RTHDJmshRsE6sGAl9wdr++Gbmtx+Z0jyS9ziJmReSoeQBpwSN9NBD9oRpvV6b9oslp+zMYa8SNyMlyNDoF796g4gmIZNIBdG66zoxeilRyKlg00Iv0SwmdEyGrGuoJCHTXjq/eGqfGWVgB5EyJdGeq78nUhJqPQl90xkSHOllbyb+53UTDK68lMs4QSbpYlGQCBsje/a+PeCKURQTQwhV3Nxq0xFRhKIJqWBCcJdfXiWti7JbKV/fVUrVWhZHHk7gFM7BhUuowi00oAkUJDzDK7xZ2nqx3q2PRWvOymaO4Q+szx+GcJDX</latexit>

AdS5 ⇥M5
<latexit sha1_base64="E6sBYngopeqMk+DskeY5/7kXyes=">AAACAHicbVC7TsNAEDzzDOFloKCgOREhUUU2EEEZoKFBCoI8pNhY58slOeX80N0aEVlu+BUaChCi5TPo+BsuiQtIGGml0cyudnf8WHAFlvVtzM0vLC4tF1aKq2vrG5vm1nZDRYmkrE4jEcmWTxQTPGR14CBYK5aMBL5gTX9wOfKbD0wqHoV3MIyZG5BeyLucEtCSZ+46wB4hPe/cZl4FO8ADpvD1fcUzS1bZGgPPEjsnJZSj5plfTieiScBCoIIo1batGNyUSOBUsKzoJIrFhA5Ij7U1DYle5KbjBzJ8oJUO7kZSVwh4rP6eSEmg1DDwdWdAoK+mvZH4n9dOoHvmpjyME2AhnSzqJgJDhEdp4A6XjIIYakKo5PpWTPtEEgo6s6IOwZ5+eZY0jsr2cdm6OSlVL/I4CmgP7aNDZKNTVEVXqIbqiKIMPaNX9GY8GS/Gu/ExaZ0z8pkd9AfG5w++TZXW</latexit>

IIB on
<latexit sha1_base64="WR3gXIXmr4HFpUZOKHdd8563wTI=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqeyqoMdSL/ZWwX5Au5Rsmm1Ds8mazBbL0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBbHgBlz328mtrW9sbuW3Czu7e/sHxcOjplGJpqxBlVC6HRDDBJesARwEa8eakSgQrBWMbmd+a8y04Uo+wCRmfkQGkoecErCS3wX2BGmtVsVKTnvFklt258CrxMtICWWo94pf3b6iScQkUEGM6XhuDH5KNHAq2LTQTQyLCR2RAetYKknEjJ/Oj57iM6v0cai0LQl4rv6eSElkzCQKbGdEYGiWvZn4n9dJILzxUy7jBJiki0VhIjAoPEsA97lmFMTEEkI1t7diOiSaULA5FWwI3vLLq6R5UfYuy+79ValSzeLIoxN0is6Rh65RBd2hOmogih7RM3pFb87YeXHenY9Fa87JZo7RHzifP32wkeg=</latexit>

Minimal          AdS5
<latexit sha1_base64="XWeTSqaL2Pjd2ciUiKH6hb3hO6k=">AAAB83icbVDJSgNBEO2JW4xb1KOXxiB4CjMu6DHqxWNEs0BmCD09laRJz0J3jRiG/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVhaXlldK66XNja3tnfKu3tNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8oc3E7/1CEqLOHrAUQJeyPqR6AnO0Eiui/CE2VVwP+6ed8sVu2pPQReJk5MKyVHvlr/cIOZpCBFyybTuOHaCXsYUCi5hXHJTDQnjQ9aHjqERC0F72fTmMT0ySkB7sTIVIZ2qvycyFmo9Cn3TGTIc6HlvIv7ndVLsXXqZiJIUIeKzRb1UUozpJAAaCAUc5cgQxpUwt1I+YIpxNDGVTAjO/MuLpHlSdU6r9t1ZpXadx1EkB+SQHBOHXJAauSV10iCcJOSZvJI3K7VerHfrY9ZasPKZffIH1ucP7MeRmQ==</latexit>

sugra
GN = 1/N2

<latexit sha1_base64="kfECWyBDDvxtMfOUDFOT6tT3e2I=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU01KQT0IRQ96KhXsB6SxbLabdukmG3Y3Qgn9GV48KOLVX+PNf+O2zUFbHww83pthZp4fc6a0bX9buZXVtfWN/GZha3tnd6+4f9BSIpGENongQnZ8rChnEW1qpjntxJLi0Oe07Y9upn77iUrFRPSgxzH1QjyIWMAI1kZyb3t1dIWcs/pjpVcs2WV7BrRMnIyUIEOjV/zq9gVJQhppwrFSrmPH2kux1IxwOil0E0VjTEZ4QF1DIxxS5aWzkyfoxCh9FAhpKtJopv6eSHGo1Dj0TWeI9VAtelPxP89NdHDhpSyKE00jMl8UJBxpgab/oz6TlGg+NgQTycytiAyxxESblAomBGfx5WXSqpSdavnyvlqqXWdx5OEIjuEUHDiHGtxBA5pAQMAzvMKbpa0X6936mLfmrGzmEP7A+vwBxMiPow==</latexit>

gµ⌫ , Aµ

<latexit sha1_base64="y/weW1K6pVRvd1juU/mYsWVxtYU=">AAAB+nicbZDLSgMxFIYz9VbrbapLN8EiuJAyIwV1V3XjsoK9QGcYMmnahiaZIReljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+eOUUaU979sprKyurW8UN0tb2zu7e255v6USIzFp4oQlshMjRRgVpKmpZqSTSoJ4zEg7Ht1M6+0HIhVNxL0epyTkaCBon2KkrRW55UGUBdwEwkxO4VVkMXIrXtWbCS6Dn0MF5GpE7lfQS7DhRGjMkFJd30t1mCGpKWZkUgqMIinCIzQgXYsCcaLCbHb6BB5bpwf7ibRPaDhzf09kiCs15rHt5EgP1WJtav5X6xrdvwgzKlKjicDzRX3DoE7gNAfYo5JgzcYWEJbU3grxEEmEtU2rZEPwF7+8DK2zql+rXt7VKvXrPI4iOARH4AT44BzUwS1ogCbA4BE8g1fw5jw5L8678zFvLTj5zAH4I+fzB+Ilk8Y=</latexit>
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2 = 2q3(1 +O(1/

p
q))

<latexit sha1_base64="eI2PzkeqV1ihfdZL3KOxl2RoM3M=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQItSZWlAXQtGNOyvYB7TTkknTNjaTmSYZoQxdufFX3LhQxK3f4M6/MW1noa0HLhzOuZd773EDRqWyrG8jsbC4tLySXE2trW9sbpnbOxXphwKTMvaZL2oukoRRTsqKKkZqgSDIcxmpuv2rsV99IEJSn9+pYUAcD3U57VCMlJZa5v59Mw8vYH7QPMnY8AjeZOzjhhwIFQ1G2WzLTFs5awI4T+yYpEGMUsv8arR9HHqEK8yQlHXbCpQTIaEoZmSUaoSSBAj3UZfUNeXII9KJJm+M4KFW2rDjC11cwYn6eyJCnpRDz9WdHlI9OeuNxf+8eqg6Z05EeRAqwvF0USdkUPlwnAlsU0GwYkNNEBZU3wpxDwmElU4upUOwZ1+eJ5V8zi7kzm8L6eJlHEcS7IEDkAE2OAVFcA1KoAwweATP4BW8GU/Gi/FufExbE0Y8swv+wPj8AX4GlgA=</latexit>

obeying

Susy BH has          semiclassical entropyO(N2)

<latexit sha1_base64="Y+yOiv/Zv3Tp4ygX2MRbO/l+JOg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuKai3ohdPWsF+QLuWbJq2sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDiTBvX/XYyK6tr6xvZzdzW9s7uXn7/oKFlrAitE8mlagVYU84ErRtmOG1FiuIw4LQZjK6mfvOJKs2kuDfjiPohHgjWZwQbKzVuizcP5dNuvuCW3BnQMvFSUoAUtW7+q9OTJA6pMIRjrdueGxk/wcowwukk14k1jTAZ4QFtWypwSLWfzK6doBOr9FBfKlvCoJn6eyLBodbjMLCdITZDvehNxf+8dmz6537CRBQbKsh8UT/myEg0fR31mKLE8LElmChmb0VkiBUmxgaUsyF4iy8vk0a55FVKF3eVQvUyjSMLR3AMRfDgDKpwDTWoA4FHeIZXeHOk8+K8Ox/z1oyTzhzCHzifPzPpjkA=</latexit>

(J1, J2, Q) = N2(j1, j2, q)

<latexit sha1_base64="JadfJFE+ZV66GauZSN8hN1WV6Lg=">AAACBXicbVDLSgMxFM34rPU16lIXwSK0UMpMKagLoehGupAW7APaccikmTZt5mGSEcrQjRt/xY0LRdz6D+78G9N2Ftp64MLJOfeSe48TMiqkYXxrS8srq2vrqY305tb2zq6+t98QQcQxqeOABbzlIEEY9UldUslIK+QEeQ4jTWd4NfGbD4QLGvi3chQSy0M9n7oUI6kkWz/KVmwzDyt2MQ9ruYubu2J2oISBet/nbD1jFIwp4CIxE5IBCaq2/tXpBjjyiC8xQ0K0TSOUVoy4pJiRcboTCRIiPEQ90lbURx4RVjy9YgxPlNKFbsBV+RJO1d8TMfKEGHmO6vSQ7It5byL+57Uj6Z5ZMfXDSBIfzz5yIwZlACeRwC7lBEs2UgRhTtWuEPcRR1iq4NIqBHP+5EXSKBbMUuG8VsqUL5M4UuAQHIMsMMEpKINrUAV1gMEjeAav4E170l60d+1j1rqkJTMH4A+0zx+yqpTo</latexit>

Simplest: j1 = j2 = j 6= 0

<latexit sha1_base64="vvcHfILqVgI5ikiF80AfTCLknOs=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lKQT0Uil48VrAf0Iaw2W7bbTebuLsplNB/4sWDIl79J978N27bHLT1wcDjvRlm5gUxZ0o7zreV29jc2t7J7xb29g8Oj+zjk6aKEklog0Q8ku0AK8qZoA3NNKftWFIcBpy2gvHd3G9NqFQsEo96GlMvxAPB+oxgbSTftke+Wx355eoIdQV9Qo5vF52SswBaJ25GipCh7ttf3V5EkpAKTThWquM6sfZSLDUjnM4K3UTRGJMxHtCOoQKHVHnp4vIZujBKD/UjaUpotFB/T6Q4VGoaBqYzxHqoVr25+J/XSXT/2kuZiBNNBVku6icc6QjNY0A9JinRfGoIJpKZWxEZYomJNmEVTAju6svrpFkuuZXSzUOlWLvN4sjDGZzDJbhwBTW4hzo0gMAEnuEV3qzUerHerY9la87KZk7hD6zPH23/kkA=</latexit>

-BPS BH charges 1

4

<latexit sha1_base64="U2OgLv8AIawC7oDGEIv/yEuUjvg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokU1FvRi8cK9gPaUDbbTbt0swm7E6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmdzO/88S1EbF6xGnC/YiOlAgFo2ilXj/UlGVentXzQaXq1tw5yCrxClKFAs1B5as/jFkacYVMUmN6npugn1GNgkmel/up4QllEzriPUsVjbjxs/nJOTm3ypCEsbalkMzV3xMZjYyZRoHtjCiOzbI3E//zeimG134mVJIiV2yxKEwlwZjM/idDoTlDObWEMi3srYSNqU0BbUplG4K3/PIqaV/WvHrt5qFebdwWcZTgFM7gAjy4ggbcQxNawCCGZ3iFNwedF+fd+Vi0rjnFzAn8gfP5A0AqkUE=</latexit>

cf dN (n)

<latexit sha1_base64="hnadXXV9arZje/ZUhawPe15oK0U=">AAACAHicbVDLSsNAFJ3UV62vqgsXbgaLUDclkYK6K7pxJRXsA5pQJpNJO3QyiTM3Ygnd+CtuXCji1s9w5984fSy09cCFwzn3cu89fiK4Btv+tnJLyyura/n1wsbm1vZOcXevqeNUUdagsYhV2yeaCS5ZAzgI1k4UI5EvWMsfXI391gNTmsfyDoYJ8yLSkzzklICRusUDF9gjZDQcYfc+JQEOujdleYK7xZJdsSfAi8SZkRKaod4tfrlBTNOISaCCaN1x7AS8jCjgVLBRwU01SwgdkB7rGCpJxLSXTR4Y4WOjBDiMlSkJeKL+nshIpPUw8k1nRKCv572x+J/XSSE89zIukxSYpNNFYSowxHicBg64YhTE0BBCFTe3YtonilAwmRVMCM78y4ukeVpxqpWL22qpdjmLI48O0REqIwedoRq6RnXUQBSN0DN6RW/Wk/VivVsf09acNZvZR39gff4AhFmVtg==</latexit>



What is the meaning of BH/exponential 
growth of states in the index?

graviton gas
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s(j) = ⇡
p

3q2 � 4j

<latexit sha1_base64="/vnIE/vX+8jEqMaLwr7gVz+bEb0=">AAACDHicbVDNSgMxGMz6W+tf1aOXYBHqwbJbCyoiFL14rGB/oLuWbJq2abPZbZIVyrIP4MVX8eJBEa8+gDffxmy7B20dSBhm5iP5xg0Ylco0v42FxaXlldXMWnZ9Y3NrO7ezW5d+KDCpYZ/5oukiSRjlpKaoYqQZCII8l5GGO7xO/MYDEZL6/E6NA+J4qMdpl2KktNTO5WVhcGRfwEuoLzug0JYjoaLoJIaj+xI8Lg/irE6ZRXMCOE+slORBimo792V3fBx6hCvMkJQtywyUEyGhKGYkztqhJAHCQ9QjLU058oh0oskyMTzUSgd2faEPV3Ci/p6IkCfl2HN10kOqL2e9RPzPa4Wqe+ZElAehIhxPH+qGDCofJs3ADhUEKzbWBGFB9V8h7iOBsNL9JSVYsyvPk3qpaJWL57flfOUqrSMD9sEBKAALnIIKuAFVUAMYPIJn8ArejCfjxXg3PqbRBSOd2QN/YHz+AHvLmMI=</latexit>

�!
p
3⇡

⇣j2

2

⌘1/3

<latexit sha1_base64="vrFV6HBi06cYnusbpsWS8ZvNCMk="></latexit>

j ! 1

<latexit sha1_base64="C91p1LflV6yX1dc5FD+r2uDwI+g=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhLLZbtq1m03YnQil9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc3c789hPXRiTqAccpD2I6UCISjKKV/EfiY0J8oSIc98oVt+rOQVaJl5MK5Gj0yl9+P2FZzBUySY3pem6KwYRqFEzyacnPDE8pG9EB71qqaMxNMJnfPCVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vG6G0VUwESrNkCu2WBRlktg/ZwGQvtCcoRxbQpkW9lbChlRThjamkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWCQwjO8wpuTOS/Ou/OxaC04+cwx/IHz+QOZlJFt</latexit>

BH entropy

log dN (n)
?�! N2 s(n/N2)

<latexit sha1_base64="uYWhojmjGV3TRHirnpKLUcXDKu4="></latexit>

Large-N 
limit n,N ! 1

<latexit sha1_base64="4X2qXIlhOZxTQaqHldxY95lxgCQ=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MWTVLAf0ISy2W7apZtN2N0UQug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84KEM6Ud59sqra1vbG6Vtys7u3v7B/bhUVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhu5ncmVCoWiyedJdSP8FCwkBGsjdS3bXGBHpCnY+QxEeoM9e2qU3PmQKvELUgVCjT79pc3iEkaUaEJx0r1XCfRfo6lZoTTacVLFU0wGeMh7RkqcESVn88vn6IzowxQGEtTQqO5+nsix5FSWRSYzgjrkVr2ZuJ/Xi/V4bWfM5GkmgqyWBSmHJlHZzGgAZOUaJ4Zgolk5lZERlhiok1YFROCu/zyKmlf1tx67eaxXm3cFnGU4QRO4RxcuIIG3EMTWkBgAs/wCm9Wbr1Y79bHorVkFTPH8AfW5w/TC5KE</latexit>

fixed

<latexit sha1_base64="b2qeB7wnLZLmwpTYGIebxX67IE4=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CXjxGMA9IljA725sMmX040xsSlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXl0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6jhVHBo8lrFqe0yDFBE0UKCEdqKAhZ6Elje8m/mtESgt4ugRJwm4IetHIhCcoZHcLsIYs0CMwZ/SXrliV+056CpxclIhOeq98lfXj3kaQoRcMq07jp2gmzGFgkuYlrqphoTxIetDx9CIhaDdbH70lJ4ZxadBrExFSOfq74mMhVpPQs90hgwHetmbif95nRSDazcTUZIiRHyxKEglxZjOEqC+UMBRTgxhXAlzK+UDphhHk1PJhOAsv7xKmhdV57J683BZqd3mcRTJCTkl58QhV6RG7kmdNAgnT+SZvJI3a2S9WO/Wx6K1YOUzx+QPrM8fE9+SUQ==</latexit>

j = n/N2

<latexit sha1_base64="3zIGFJIoWurhoYrvpa7ADe+LUVg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKe6GgHoQgl48SQTzkGQNs5PZZMzM7DIzK4QlX+HFgyJe/Rxv/o2Tx0ETCxqKqm66u4KYM21c99vJLC2vrK5l13Mbm1vbO/ndvbqOEkVojUQ8Us0Aa8qZpDXDDKfNWFEsAk4bweBq7DeeqNIskndmGFNf4J5kISPYWOn+8QLJk5uHEurkC27RnQAtEm9GCjBDtZP/ancjkggqDeFY65bnxsZPsTKMcDrKtRNNY0wGuEdblkosqPbTycEjdGSVLgojZUsaNFF/T6RYaD0Uge0U2PT1vDcW//NaiQnP/JTJODFUkumiMOHIRGj8PeoyRYnhQ0swUczeikgfK0yMzShnQ/DmX14k9VLRKxfPb8uFyuUsjiwcwCEcgwenUIFrqEINCAh4hld4c5Tz4rw7H9PWjDOb2Yc/cD5/AALZj0I=</latexit>

Cardy-
like limit fixed

<latexit sha1_base64="b2qeB7wnLZLmwpTYGIebxX67IE4=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CXjxGMA9IljA725sMmX040xsSlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXl0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6jhVHBo8lrFqe0yDFBE0UKCEdqKAhZ6Elje8m/mtESgt4ugRJwm4IetHIhCcoZHcLsIYs0CMwZ/SXrliV+056CpxclIhOeq98lfXj3kaQoRcMq07jp2gmzGFgkuYlrqphoTxIetDx9CIhaDdbH70lJ4ZxadBrExFSOfq74mMhVpPQs90hgwHetmbif95nRSDazcTUZIiRHyxKEglxZjOEqC+UMBRTgxhXAlzK+UDphhHk1PJhOAsv7xKmhdV57J683BZqd3mcRTJCTkl58QhV6RG7kmdNAgnT+SZvJI3a2S9WO/Wx6K1YOUzx+QPrM8fE9+SUQ==</latexit>

N

<latexit sha1_base64="TuI4H4uSJQt41qP5CqwsvE8ICww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiSBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUr+uVUvUmiyMPJ3AK5+DBJVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6pxjN4=</latexit>

n/N2 ! 1

<latexit sha1_base64="HvqQiidvXl8K40zZFkjIAIiM4ZQ=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU01KQb0VvXiSCvYDmlg22027dLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpBwprTjfFuFtfWNza3idmlnd2//wD48aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GN3O/PaYSsVi8agnCfUjPBAsZARrI/VsW1zcP1WRp2PkMRHqSc8uOxVnDrRK3JyUIUejZ395/ZikERWacKxU13US7WdYakY4nZa8VNEEkxEe0K6hAkdU+dn88ik6M0ofhbE0JTSaq78nMhwpNYkC0xlhPVTL3kz8z+umOrzyMyaSVFNBFovClCPz5ywG1GeSEs0nhmAimbkVkSGWmGgTVsmE4C6/vEpa1Ypbq1w/1Mr1mzyOIpzAKZyDC5dQhztoQBMIjOEZXuHNyqwX6936WLQWrHzmGP7A+vwBUkeS1w==</latexit>



The N=4 superconformal index is an integral 
over unitary matrices [Romelsberger ’05; 

Kinney, Maldacena, Minwalla, Raju ’05]

• Purely double trace, i.e. purely two-particle interaction 
among eigenvalues.

“Single-letter 
index”

is(x) =
3 x2 � 3 x4 � 2 x3 + 2x6

(1� x3)2

<latexit sha1_base64="HmOgLbye+D/0FqKk/2jh68hg/eg="></latexit>

IN (⌧) =

Z
[DU ] exp

✓ 1X

n=1

1

n
is(e

2⇡in⌧ ) trUn tr (U †)n
◆

<latexit sha1_base64="6MbJYiMujOziNseA7TY69ccEcVY="></latexit>

matrixU(N)

<latexit sha1_base64="bo6FQihFm5Mzt0d0rgsZY3/tIm0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YsnqeC2hXYp2TTbhibZJckKpfQvePGgiFf/kDf/jdl2D9r6YODx3gwz88KEM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOU0WoT2Ieq06INeVMUt8ww2knURSLkNN2OL7N/PYTVZrF8tFMEhoIPJQsYgSbTPKr9+f9csWtuXOgVeLlpAI5mv3yV28Qk1RQaQjHWnc9NzHBFCvDCKezUi/VNMFkjIe0a6nEgupgOr91hs6sMkBRrGxJg+bq74kpFlpPRGg7BTYjvexl4n9eNzXRVTBlMkkNlWSxKEo5MjHKHkcDpigxfGIJJorZWxEZYYWJsfGUbAje8surpHVR8+q164d6pXGTx1GEEziFKnhwCQ24gyb4QGAEz/AKb45wXpx352PRWnDymWP4A+fzBxZ2jaI=</latexit>



Recent progress has established BH 
growth of states in SYM index

[Cabo-Bizet, Cassani, Martelli, S.M. 1810]
•Gravitational thermodynamic analysis

[Benini, Milan 1811, 1812]

•Bethe-ansatz-type approach at large N. 
(Different contour integral representation of    )I

<latexit sha1_base64="EPcFRcJSUTw4sKwMD2x46em/9iQ=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkVdFl0o7sK9gHtUDJp2oZmMmNyp1CGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt5nfHHNtRKQecRJzP6QDJfqCUbSS3wkpDhmV6f2UkG6p7FbcGcgy8XJShhy1bumr04tYEnKFTFJj2p4bo59SjYJJPi12EsNjykZ0wNuWKhpy46ez0FNyapUe6UfaPoVkpv7eSGlozCQM7GQW0ix6mfif106wf+2nQsUJcsXmh/qJJBiRrAHSE5ozlBNLKNPCZiVsSDVlaHsq2hK8xS8vk8Z5xbuouA+X5epNXkcBjuEEzsCDK6jCHdSgDgye4Ble4c0ZOy/Ou/MxH11x8p0j+APn8wcxL5G1</latexit>

Cabo-Bizet, Cassani, Martelli, S.M. 1904]

•Cardy-like limit = infinite charge limit of matrix model 
(BHs much larger than AdS scale) [Choi, Kim, Kim 1810; 

Kim, Kim, Song 1904; 

Cabo-Bizet, Cassani, Martelli, S.M. 2005.]
•Direct large-N analysis of matrix model. [Cabo-Bizet, S.M. 1909;  

(= CCMM) 
[S.M. 2005.]•Numerical results
[Agarwal, Choi, Kim, Kim, Nahmgoong 2005.]
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Questions addressed in today's talk

What about lore: “gauge-invariant 
operators in N=4 SYM 
correspond to gravitons”?

(How) do susy BHs 
contribute to (gravitational) 
path integral for index?

Regularized saddles, 
subtle BPS-limit

[CCMM. 1810.]

(How) can BHs be realized as 
large-N saddle-points of matrix 
integral? Other phases?

Help from number 
theory: Bloch-Wigner 
elliptic dilogarithm

[Cabo-Bizet, S.M. 1909.]  

Representation 
theory of U(N), 
random partitions

[S.M. 2005.]



•Potential holes in argument:
❖Presupposes Hilbert space of quantum gravity.
❖Total number of states not preserved in moduli space.

dN (n)

<latexit sha1_base64="2xIZaKWImakvVDXUQoB4Zn/oDmE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YsnqWA/oF1KNpttY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B60+GHi8N8PMvCDhTBvX/XIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6gZYU84EbRlmOO0miuI44LQTjK9nfueRKs2kuDeThPoxHgoWMYKNldrh4LYqTgfliltz50B/iZeTCuRoDsqf/VCSNKbCEI617nluYvwMK8MIp9NSP9U0wWSMh7RnqcAx1X42v3aKTqwSokgqW8KgufpzIsOx1pM4sJ0xNiO97M3E/7xeaqILP2MiSQ0VZLEoSjkyEs1eRyFTlBg+sQQTxeytiIywwsTYgEo2BG/55b+kfVbz6rXLu3qlcZXHUYQjOIYqeHAODbiBJrSAwAM8wQu8OtJ5dt6c90VrwclnDuEXnI9vsUaOkg==</latexit>

n

<latexit sha1_base64="EwlY8lBbFjnTUZZCPzKnslbsyV4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmrJfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1arXzVqlfpPHUYQTOIVz8OAS6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f2vGM/g==</latexit>

❖  Index           is only a lower bound on the total    
 number of states with charge     .

Is                     a consequence of AdS/CFT?SBH = log dN

<latexit sha1_base64="Q0FVq1+z/cQ47BMq1oyo5sKIzOU=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NB8BR2JaAehBAvOUlE84BsWGYnk2TI7Owy0yuGNQd/xYsHRbz6G978GyePgyYWNBRV3XR3BbHgGhzn28osLa+srmXXcxubW9s79u5eXUeJoqxGIxGpZkA0E1yyGnAQrBkrRsJAsEYwuBr7jXumNI/kHQxj1g5JT/IupwSM5NsHt74H7AHScmWEL7Enoh7u+Ne+nXcKzgR4kbgzkkczVH37y+tENAmZBCqI1i3XiaGdEgWcCjbKeYlmMaED0mMtQyUJmW6nk/tH+NgoHdyNlCkJeKL+nkhJqPUwDExnSKCv572x+J/XSqB73k65jBNgkk4XdROBIcLjMHCHK0ZBDA0hVHFzK6Z9oggFE1nOhODOv7xI6qcFt1i4uCnmS+VZHFl0iI7QCXLRGSqhCqqiGqLoET2jV/RmPVkv1rv1MW3NWLOZffQH1ucPmc6VNA==</latexit>

Boltzmann relation          large degeneracy of states.
•BH has thermodynamic entropy. 

Should be reflected in dual SYM.



Euclidean functional integral viewpoint 

• Start with microscopic SYM index.  
        = functional integral on             .S3 ⇥ S1

<latexit sha1_base64="DFVpp/okDdjhCeICaMVKo6JVz20=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHaVRL0RvXjEII8EFjI7zMKE2UdmejVkw3948aAxXv0Xb/6NA+xB0Uo6qVR1p7vLi6XQaNtfVm5ldW19I79Z2Nre2d0r7h80dZQoxhsskpFqe1RzKULeQIGSt2PFaeBJ3vLGNzO/9cCVFlF4j5OYuwEdhsIXjKKRevXeOemiCLgm9Z7TL5bssj0H+UucjJQgQ61f/OwOIpYEPEQmqdYdx47RTalCwSSfFrqJ5jFlYzrkHUNDaha56fzqKTkxyoD4kTIVIpmrPydSGmg9CTzTGVAc6WVvJv7ndRL0L91UhHGCPGSLRX4iCUZkFgEZCMUZyokhlClhbiVsRBVlaIIqmBCc5Zf/kuZZ2amUr+4qpep1FkcejuAYTsGBC6jCLdSgAQwUPMELvFqP1rP1Zr0vWnNWNnMIv2B9fAMKgpGW</latexit>

I(⌧)

<latexit sha1_base64="ll5FbtOrCjQ1/b3qAWLs1tEsqaI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiRSUHdFN7qrYB/QlHIznbRDJ5MwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vm+DFnSjvOt7Wyura+sVnYKm7v7O7t26WDlooSSWiTRDySHR8U5UzQpmaa004sKYQ+p21/fJ357QcqFYvEvZ7EtBfCULCAEdBG6tslLwQ9IsDT22nF05Cc9u2yU3VmwMvEzUkZ5Wj07S9vEJEkpEITDkp1XSfWvRSkZoTTadFLFI2BjGFIu4YKCKnqpbPoU3xilAEOImme0Him/t5IIVRqEvpmMguqFr1M/M/rJjq46KVMxImmgswPBQnHOsJZD3jAJCWaTwwBIpnJiskIJBBt2iqaEtzFLy+T1lnVrVUv72rl+lVeRwEdoWNUQS46R3V0gxqoiQh6RM/oFb1ZT9aL9W59zEdXrHznEP2B9fkD8GSTzw==</latexit>

[up to Casimir energy terms, cf CCMM 1810.]

•Question: does susy BH contribute to the gravitational 
functional integral with susy boundary conditions?

Subtle: needs regularization of infinite throat.

= functional integral in AdS gravity.I(⌧)

<latexit sha1_base64="ll5FbtOrCjQ1/b3qAWLs1tEsqaI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiRSUHdFN7qrYB/QlHIznbRDJ5MwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vm+DFnSjvOt7Wyura+sVnYKm7v7O7t26WDlooSSWiTRDySHR8U5UzQpmaa004sKYQ+p21/fJ357QcqFYvEvZ7EtBfCULCAEdBG6tslLwQ9IsDT22nF05Cc9u2yU3VmwMvEzUkZ5Wj07S9vEJEkpEITDkp1XSfWvRSkZoTTadFLFI2BjGFIu4YKCKnqpbPoU3xilAEOImme0Him/t5IIVRqEvpmMguqFr1M/M/rJjq46KVMxImmgswPBQnHOsJZD3jAJCWaTwwBIpnJiskIJBBt2iqaEtzFLy+T1lnVrVUv72rl+lVeRwEdoWNUQS46R3V0gxqoiQh6RM/oFb1ZT9aL9W59zEdXrHznEP2B9fkD8GSTzw==</latexit>

• Index protected. [Not dimension of    -BPS operators cf Beisert ’03] 1

16

<latexit sha1_base64="9rwBrMi2XZHb4I8asXAizpxZZAA=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUlEfOyKblxWsA9oSplMJ+3QySTMTIQSsnDjr7hxoYhbP8Kdf+M0zUJbD1w4nHPv3LnHjzlT2nG+rdLK6tr6RnmzsrW9s7tn7x+0VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbmZ+54FKxSJxr6cx7Yd4JFjACNZGGtjV1MsfSX2e0Ax5gcQkdbPUPc+ygV1z6k4OtEzcgtSgQHNgf3nDiCQhFZpwrFTPdWLdT7HUjHCaVbxE0RiTCR7RnqECh1T103x/ho6NMkRBJE0JjXL190SKQ6WmoW86Q6zHatGbif95vUQHl/2UiTjRVJD5oiDhSEdolggaMkmJ5lNDMJHM/BWRMTY5aJNbxYTgLp68TNqndfesfnV3VmtcF3GUoQpHcAIuXEADbqEJLSDwCM/wCm/Wk/VivVsf89aSVcwcwh9Ynz82hph4</latexit>



The entropy of these BHs can be recast as 
an extremization problem [Hosseini, Hristov, Zaffaroni 1705.]

SBH(J1, J2, Q) = �ext',!i

�
I(!1,!2,')� !1J1 � !2J2 � 'Q

�
<latexit sha1_base64="CJg3fdRkj7XWlzJ2p4dmj6v593c="></latexit>

under the constraint 

with I(!1,!2,') =
4N2

27

'3

!1!2

<latexit sha1_base64="fSuX5maMOwLj6MATlnFOJNiC73s="></latexit>

!1 + !2 � 2' = �2⇡i

<latexit sha1_base64="XrNx7cV4m/28IsVQFP5NoSZjttM=">AAACInicbVDLSgMxFM3UV62vqks3F4sgSMtMKWgRoejGZQX7gE4pmTRtQ5OZIckUytBvceOvuHGhqCvBjzHTVtDWAwkn59zLzT1eyJnStv1ppVZW19Y30puZre2d3b3s/kFdBZEktEYCHsimhxXlzKc1zTSnzVBSLDxOG97wJvEbIyoVC/x7PQ5pW+C+z3qMYG2kTrYMbiBoH3ccOPuhRcgXwR1hGQ4YgHsJV8mVh6IbmnfsSgFskulkc3bBngKWiTMnOTRHtZN9d7sBiQT1NeFYqZZjh7odY6kZ4XSScSNFQ0yGuE9bhvpYUNWOpytO4MQoXegF0hxfw1T93RFjodRYeKZSYD1Qi14i/ue1It27aMfMDyNNfTIb1Is46ACSvKDLJCWajw3BRDLzVyADLDHRJtUkBGdx5WVSLxacUqF8V8pVrudxpNEROkanyEHnqIJuURXVEEEP6Am9oFfr0Xq23qyPWWnKmvccoj+wvr4BFHefsQ==</latexit>

Note similarity to “Quantum statistical relation”  
I

<latexit sha1_base64="7F46uwi0EqZJNjuNhI817ucf6U4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvegtAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCK3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irl63qlVL3J4sjDCZzCOXhwCVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6LdjNk=</latexit>

[Gibbons, Hawking ’77]

   is like the on-shell action of the AdS5 BH (canonical ensemble).



• Wrong relation! ⌦⇤
1 + ⌦⇤

2 � 2�⇤ = �1

<latexit sha1_base64="2MVvmCra3WqRA2IR0Q2cfOujH3k=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WQSmtSCioiFN24s4J9QJOGyXTaDp1JwsxEKKGf4cZfceNCEbfd+TcmbRBtPTDDmXPu5c49bsCoVIbxpWWWlldW17LruY3Nre0dfXevIf1QYFLHPvNFy0WSMOqRuqKKkVYgCOIuI013eJP4zUciJPW9BzUKiM1R36M9ipGKJUc/te446aNOwTHhCfx5lGGxDK3agHYKEFqX8Cq5YNHMOXreKBlTwEVipiQPUtQcfWJ1fRxy4inMkJRt0wiUHSGhKGZknLNCSQKEh6hP2jH1ECfSjqaLjeFRrHRhzxfx8RScqr87IsSlHHE3ruRIDeS8l4j/ee1Q9c7tiHpBqIiHZ4N6IYPKh0lKsEsFwYqNYoKwoPFfIR4ggbCKs0xCMOdXXiSNcsmslC7uK/nqdRpHFhyAQ3AMTHAGquAW1EAdYPAEXsAbeNeetVftQ/uclWa0tGcf/IE2+QZVH5rq</latexit>

Does extremization principle follow from 
semiclassical BH thermodynamics in AdS5?

⌦1,2
<latexit sha1_base64="GIYSn29LvF8jfISzxMfSgCI+Nw0=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8SNiNgh6DXrwZwTwgWcPspJMMmdldZmaVsOQ/vHhQxKv/4s2/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFDzEmuFGYDNWSGUgsBEMryd+4xGV5lF4b0Yx+pL2Q97jjBorPZD2rcQ+7aTeaXlMOoWiW3KnIIvEy0gRMlQ7ha92N2KJxNAwQbVueW5s/JQqw5nAcb6daIwpG9I+tiwNqUTtp9Orx+TYKl3Si5St0JCp+nsipVLrkQxsp6RmoOe9ifif10pM79JPeRgnBkM2W9RLBDERmURAulwhM2JkCWWK21sJG1BFmbFB5W0I3vzLi6ReLnlnJffuvFi5yuLIwSEcwQl4cAEVuIEq1ICBgmd4hTfnyXlx3p2PWeuSk80cwB84nz/hpJFz</latexit>

�
<latexit sha1_base64="TpKeaG0OJqUYQLDStGvEDMT02h4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cI9gPaUDbbTbN0dxN2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemHKmjet+O5W19Y3Nrep2bWd3b/+gfnjU0UmmCG2ThCeqF2JNOZO0bZjhtJcqikXIaTec3BV+94kqzRL5aKYpDQQeSxYxgk0hDfyYDesNt+nOgVaJV5IGlPCH9a/BKCGZoNIQjrXue25qghwrwwins9og0zTFZILHtG+pxILqIJ/fOkNnVhmhKFG2pEFz9fdEjoXWUxHaToFNrJe9QvzP62cmuglyJtPMUEkWi6KMI5Og4nE0YooSw6eWYKKYvRWRGCtMjI2nZkPwll9eJZ2LpnfZdB+uGq3bMo4qnMApnIMH19CCe/ChDQRieIZXeHOE8+K8Ox+L1opTzhzDHzifP+NjjiE=</latexit>

�
<latexit sha1_base64="BBfzuZvADJhtWX1acdxW27K9aiI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vRAN7Vdrbt2dg6wSryA1KNDsV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM+PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5mopsg5zLNDEq2WBRlgpiEzD4nA66QGTGxhDLF7a2EjaiizNh8KjYEb/nlVdK6qHuXdffhqta4LeIowwmcwjl4cA0NuIcm+MCAwzO8wpsjnRfn3flYtJacYuYY/sD5/AHEgI6m</latexit>

Temperature       

Chemical potential  
for angular momentum       =   angular velocity 

  =   surface gravity

Chemical potential  
for electric charge      

=   gauge field value 

BH thermodynamics

⌦⇤
1,2 = 1

<latexit sha1_base64="hii53OTWTzSD8x8M4NV+SAOXKMQ=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEESkzVVAoQtGNOyvYB3TGIZOmbWiSGZKMUIaCv+LGhSJu/Q53/o1pOwttPXDhcM693HtPGDOqtON8W7mFxaXllfxqYW19Y3PL3t5pqCiRmNRxxCLZCpEijApS11Qz0oolQTxkpBkOrsd+85FIRSNxr4cx8TnqCdqlGGkjBfaed8tJDz0cB6l7Uh55FXjpVdzALjolZwI4T9yMFEGGWmB/eZ0IJ5wIjRlSqu06sfZTJDXFjIwKXqJIjPAA9UjbUIE4UX46OX8ED43Sgd1ImhIaTtTfEyniSg15aDo50n01643F/7x2orsXfkpFnGgi8HRRN2FQR3CcBexQSbBmQ0MQltTcCnEfSYS1SaxgQnBnX54njXLJPS05d2fF6lUWRx7sgwNwBFxwDqrgBtRAHWCQgmfwCt6sJ+vFerc+pq05K5vZBX9gff4AlDWT7g==</latexit>

�⇤ =
3

2
<latexit sha1_base64="SsFHScHGyut66dwVjxeW3v3rAis=">AAAB/XicbVDLSsNAFL3xWesrPnZuBosgLkrSCgoiFN24rGAf0MQymU7aoZNJmJkINRR/xY0LRdz6H+78G6ePhbYeuHA4517uvSdIOFPacb6thcWl5ZXV3Fp+fWNza9ve2a2rOJWE1kjMY9kMsKKcCVrTTHPaTCTFUcBpI+hfj/zGA5WKxeJODxLqR7grWMgI1kZq2/tetcfuT7wLdGnKCyUm5VLbLjhFZww0T9wpKcAU1bb95XVikkZUaMKxUi3XSbSfYakZ4XSY91JFE0z6uEtbhgocUeVn4+uH6MgoHRTG0pTQaKz+nshwpNQgCkxnhHVPzXoj8T+vlerw3M+YSFJNBZksClOOdIxGUaAOk5RoPjAEE8nMrYj0sElAm8DyJgR39uV5Ui8V3XLRuT0tVK6mceTgAA7hGFw4gwrcQBVqQOARnuEV3qwn68V6tz4mrQvWdGYP/sD6/AHO55OC</latexit>

� ! 1
<latexit sha1_base64="QXqoJHQ08AZ90YoHlsL6we4iZ84=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lU0GPRi8cK9gOaUjbbSbt0swm7k0IJ/SdePCji1X/izX/jts1Bqw8GHu/NMDMvTKUw6HlfTmltfWNzq7xd2dnd2z9wD49aJsk0hyZPZKI7ITMghYImCpTQSTWwOJTQDsd3c789AW1Eoh5xmkIvZkMlIsEZWqnvukEIyGiACQ2EinDad6tezVuA/iV+QaqkQKPvfgaDhGcxKOSSGdP1vRR7OdMouIRZJcgMpIyP2RC6lioWg+nli8tn9MwqAxol2pZCulB/TuQsNmYah7YzZjgyq95c/M/rZhjd9HKh0gxB8eWiKJPU/jmPgQ6EBo5yagnjWthbKR8xzTjasCo2BH/15b+kdVHzL2vew1W1flvEUSYn5JScE59ckzq5Jw3SJJxMyBN5Ia9O7jw7b877srXkFDPH5Becj28SiJNK</latexit>

Susy BH values: , ,

• Frozen: nothing left to vary!



!1,2 := �(⌦1,2 � ⌦⇤
1,2)

<latexit sha1_base64="lp5bcwN4fBONxLDRJL4ZQelgDio=">AAACInicbVDLSgMxFM3UV62vqks3wSJU0TJTClpFKLpxZwX7gE4tmfROG5p5kGSEMvRb3Pgrblwo6krwY0wfi9p6IOHcc+4luccJOZPKNL+NxMLi0vJKcjW1tr6xuZXe3qnKIBIUKjTggag7RAJnPlQUUxzqoQDiORxqTu966NceQUgW+PeqH0LTIx2fuYwSpaVWumgHHnRIK7aO8wNsX+Dzy+FtO6BI1r6d8k7G1cPRuD5spTNmzhwBzxNrQjJognIr/Wm3Axp54CvKiZQNywxVMyZCMcphkLIjCSGhPdKBhqY+8UA249GKA3yglTZ2A6GPr/BInZ6IiSdl33N0p0dUV856Q/E/rxEp96wZMz+MFPh0/JAbcawCPMwLt5kAqnhfE0IF03/FtEsEoUqnmtIhWLMrz5NqPmcVcsW7QqZ0NYkjifbQPsoiC52iErpBZVRBFD2hF/SG3o1n49X4ML7GrQljMrOL/sD4+QXppqDV</latexit>

' := �(�� �⇤)

<latexit sha1_base64="fZv4mOUQ9cW+zlutBlsu5BKw7p4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WogiWRgi+EohuXFewDmlgm00k7dDIJM5NCCf0BN/6KGxeKuHXvzr9x0mah1gNzOZxzL3fu8SJGpbKsLyM3N7+wuJRfLqysrq1vmJtbDRnGApM6DlkoWh6ShFFO6ooqRlqRICjwGGl6g+vUbw6JkDTkd2oUETdAPU59ipHSUsfcc4ZIRH0KnQt4fplWxyMKlZya1o7Sen940DGLVtmaAM4SOyNFkKHWMT+dbojjgHCFGZKybVuRchMkFMWMjAtOLEmE8AD1SFtTjgIi3WRyzRjua6UL/VDoxxWcqD8nEhRIOQo83Rkg1Zd/vVT8z2vHyj91E8qjWBGOp4v8mEEVwjQa2KWCYMVGmiAsqP4rxH0kEFY6wIIOwf578ixpHJftSvnstlKsXmVx5MEO2AUlYIMTUAU3oAbqAIMH8ARewKvxaDwbb8b7tDVnZDPb4BeMj29qfJlC</latexit>

[Idea first presented in Silva ’06.  
General formalism in CCMM 1810.]

Extremal non-susy analysis in Larsen, Nian, 
Zeng 1907., David Nian, Pando-Zayas 2005.]

(a, b,m, q)
<latexit sha1_base64="so3pFNrVZKkm/4/IVrc5o0NRWIA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahQim7Kuix6MVjBfsh7VKyabYNTbJrkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Ubz1RpVkk7804pr7AA8lCRrCx0kMZV4KKqDye9oolt+rOgJaJl5ESZKj3il/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjo7eIJOrNJHYaRsSYNm6u+JFAutxyKwnQKboV70puJ/Xicx4ZWfMhknhkoyXxQmHJkITb9HfaYoMXxsCSaK2VsRGWKFibEZFWwI3uLLy6R5VvXOq+7dRal2ncWRhyM4hjJ4cAk1uIU6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QMdF49M</latexit>

• Four-parameter family of BH solutions:

L = (R+ 12g2) ⇤1� 2
3F ^ ⇤F + 8

27F ^ F ^A
<latexit sha1_base64="/rhBl2XM0n7WNourrxuUVAGS5Y4="></latexit>

• Minimal 5d sugra

[Chong, Cvetic, Lu, Pope, ’05;  Kunduri, Lucietti, Reall, ’06][Gutowski, Reall, ’04]

Treat supersymmetric solutions as a limit  
of non-susy BHs [CCMM 1810.]

Extremal

r⇤  � r+

<latexit sha1_base64="LfphHU2dNjDTYR7tMMmSYaPVMLQ=">AAAB/3icbVBNSwMxEM3Wr1q/qoIXL8EiiELZlYJ6K3rxWMF+QFuWbJptQ7PJkswqZe3Bv+LFgyJe/Rve/Dem7R60+mDg8d4MM/OCWHADrvvl5BYWl5ZX8quFtfWNza3i9k7DqERTVqdKKN0KiGGCS1YHDoK1Ys1IFAjWDIZXE795x7ThSt7CKGbdiPQlDzklYCW/uKf9Y9wRSvYFC4Fore6x9k/8Ysktu1Pgv8TLSAllqPnFz05P0SRiEqggxrQ9N4ZuSjRwKti40EkMiwkdkj5rWypJxEw3nd4/xodW6eFQaVsS8FT9OZGSyJhRFNjOiMDAzHsT8T+vnUB43k25jBNgks4WhYnAoPAkDNzjmlEQI0sI1dzeiumAaELBRlawIXjzL/8ljdOyVylf3FRK1cssjjzaRwfoCHnoDFXRNaqhOqLoAT2hF/TqPDrPzpvzPmvNOdnMLvoF5+MbUKaVrA==</latexit>

1 � �

<latexit sha1_base64="nQWuIoNzOQ7p6NzDENEwpjjcmG8=">AAACBXicbVA9SwNBEN3zM8avqKUWi0GwCncSUDvRxjKC+YBcCHububi4t3vszinhsLHxr9hYKGLrf7Dz37hJrvDrwcDjvRlm5kWpFBZ9/9ObmZ2bX1gsLZWXV1bX1isbmy2rM8OhybXUphMxC1IoaKJACZ3UAEsiCe3o+mzst2/AWKHVJY5S6CVsqEQsOEMn9Ss7oVAxjigNpVZDCTEyY/QtDSNA1q9U/Zo/Af1LgoJUSYFGv/IRDjTPElDIJbO2G/gp9nJmUHAJd+Uws5Ayfs2G0HVUsQRsL598cUf3nDKgsTauFNKJ+n0iZ4m1oyRynQnDK/vbG4v/ed0M46NeLlSaISg+XRRnkqKm40joQBjgKEeOMG6Eu5XyK2YYRxdc2YUQ/H75L2kd1IJ67fiiXj05LeIokW2yS/ZJQA7JCTknDdIknNyTR/JMXrwH78l79d6mrTNeMbNFfsB7/wJwSJiP</latexit>

�⇤  � �

<latexit sha1_base64="6ykAnwmAuCvJWBX/kJNutJxwna4=">AAACA3icbVA9SwNBEN3zM8avUzttFoMgFuFOAmoXtLGMYD4gOcPeZi5Zsrd77O4pIQRs/Cs2ForY+ifs/DfuJSk08cHA470ZZuaFCWfaeN63s7C4tLyymlvLr29sbm27O7s1LVNFoUoll6oREg2cCagaZjg0EgUkDjnUw/5V5tfvQWkmxa0ZJBDEpCtYxCgxVmq7+61Kj92d4BaXosshMkQp+YAzte0WvKI3Bp4n/pQU0BSVtvvV6kiaxiAM5UTrpu8lJhgSZRjlMMq3Ug0JoX3ShaalgsSgg+H4hxE+skoHR1LZEgaP1d8TQxJrPYhD2xkT09OzXib+5zVTE50HQyaS1ICgk0VRyrGROAsEd5gCavjAEkIVs7di2iOKUGNjy9sQ/NmX50nttOiXihc3pUL5chpHDh2gQ3SMfHSGyugaVVAVUfSIntErenOenBfn3fmYtC4405k99AfO5w9dLpdf</latexit>

⌦⇤
1,2  � ⌦1,2

<latexit sha1_base64="63eSMEwk9ZmIs7xW1AZo9kUp5I0=">AAACFHicbVBNS8NAEN3U7/oV9ehlsQiiUhIR1JvoxZsVbBWaWDbbSV262Q27G6WE/ggv/hUvHhTx6sGb/8Ztm4NaHww83pthZl6UcqaN5305pYnJqemZ2bny/MLi0rK7strQMlMU6lRyqa4jooEzAXXDDIfrVAFJIg5XUfd04F/dgdJMikvTSyFMSEewmFFirNRyd4LzBDrkZruV+7t7fRxwKTocYkOUkvd45BZey614VW8IPE78glRQgVrL/QzakmYJCEM50brpe6kJc6IMoxz65SDTkBLaJR1oWipIAjrMh0/18aZV2jiWypYweKj+nMhJonUviWxnQsyt/usNxP+8ZmbiwzBnIs0MCDpaFGccG4kHCeE2U0AN71lCqGL2VkxviSLU2BzLNgT/78vjpLFX9ferRxf7leOTIo5ZtI420Bby0QE6RmeohuqIogf0hF7Qq/PoPDtvzvuoteQUM2voF5yPb/MknYU=</latexit>

Susy q =
m

1 + a+ b

<latexit sha1_base64="+L4sjnTyGZbFnfHa+HpWKNPWq0Q=">AAACAnicbVDLSgMxFM34rPU16krcBIsgVMqMFNSFUHTjsoJ9QGcomTTThiaZMckIZRjc+CtuXCji1q9w59+YabvQ1gP3cjjnXpJ7gphRpR3n21pYXFpeWS2sFdc3Nre27Z3dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8Dr3Ww9EKhqJOz2Kic9RX9CQYqSN1LX376F3Ai/z5oUS4ZRnqVtG5SDr2iWn4owB54k7JSUwRb1rf3m9CCecCI0ZUqrjOrH2UyQ1xYxkRS9RJEZ4iPqkY6hAnCg/HZ+QwSOj9GAYSVNCw7H6eyNFXKkRD8wkR3qgZr1c/M/rJDo891Mq4kQTgScPhQmDOoJ5HrBHJcGajQxBWFLzV4gHyCShTWpFE4I7e/I8aZ5W3Grl4rZaql1N4yiAA3AIjoELzkAN3IA6aAAMHsEzeAVv1pP1Yr1bH5PRBWu6swf+wPr8AWaqlY4=</latexit>



[CCMM 1810.]

Extremization principle follows from 
regularized Euclidean AdS5 path integral 

• On-shell action I =
4N2

27

'3

!1!2

<latexit sha1_base64="i5ti5RGGgcIuHASHmICz3OxdzwY="></latexit>

• Susy solutions

•  
Wilson line  
R-symmetry 
backgnd

!1 + !2 � 2' = �2⇡i

<latexit sha1_base64="XrNx7cV4m/28IsVQFP5NoSZjttM=">AAACInicbVDLSgMxFM3UV62vqks3F4sgSMtMKWgRoejGZQX7gE4pmTRtQ5OZIckUytBvceOvuHGhqCvBjzHTVtDWAwkn59zLzT1eyJnStv1ppVZW19Y30puZre2d3b3s/kFdBZEktEYCHsimhxXlzKc1zTSnzVBSLDxOG97wJvEbIyoVC/x7PQ5pW+C+z3qMYG2kTrYMbiBoH3ccOPuhRcgXwR1hGQ4YgHsJV8mVh6IbmnfsSgFskulkc3bBngKWiTMnOTRHtZN9d7sBiQT1NeFYqZZjh7odY6kZ4XSScSNFQ0yGuE9bhvpYUNWOpytO4MQoXegF0hxfw1T93RFjodRYeKZSYD1Qi14i/ue1It27aMfMDyNNfTIb1Is46ACSvKDLJCWajw3BRDLzVyADLDHRJtUkBGdx5WVSLxacUqF8V8pVrudxpNEROkanyEHnqIJuURXVEEEP6Am9oFfr0Xq23qyPWWnKmvccoj+wvr4BFHefsQ==</latexit>

Global regularity 
of Killing spinor 

'

<latexit sha1_base64="WZa/pvBCif+hgIfkB05+Llfh4/Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3SzSbuTgql9E948aCIV/+ON/+NmzYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3WV+a8y1EbF6xEnC/YgOlAgFo2ildndMdTIUpV654lbdOcgq8XJSgRz1Xvmr249ZGnGFTFJjOp6boD+lGgWTfFbqpoYnlI3ogHcsVTTixp/O752RM6v0SRhrWwrJXP09MaWRMZMosJ0RxaFZ9jLxP6+TYnjtT4VKUuSKLRaFqSQYk+x50heaM5QTSyjTwt5K2JBqytBGlIXgLb+8SpoXVe+yevNwWand5nEU4QRO4Rw8uIIa3EMdGsBAwjO8wpvz5Lw4787HorXg5DPH8AfO5w+2KI/G</latexit>

I =
⇡iN2

27

(2⌧ + 1)3

⌧2

<latexit sha1_base64="/xH2IrgDszT8ycDC1KIu4MwB0bM="></latexit>

Identified with the parameter of the CFT background 

!1 = !2 = 2⇡i⌧

<latexit sha1_base64="KF2tPC1l7e5FNvC78+uXJsvWr0k=">AAACEXicbZC7SgNBFIZn4y3G26qlzWAQUoXdEFALIWhjGcFcILsss5NJMmQuy8ysEJa8go2vYmOhiK2dnW/jJNlCE38Y+PjPOZw5f5wwqo3nfTuFtfWNza3idmlnd2//wD08amuZKkxaWDKpujHShFFBWoYaRrqJIojHjHTi8c2s3nkgSlMp7s0kISFHQ0EHFCNjrcitBJKTIYp8eAVzrFmswSChMAsUh3QKA4PSyC17VW8uuAp+DmWQqxm5X0Ff4pQTYTBDWvd8LzFhhpShmJFpKUg1SRAeoyHpWRSIEx1m84um8Mw6fTiQyj5h4Nz9PZEhrvWEx7aTIzPSy7WZ+V+tl5rBRZhRkaSGCLxYNEgZNBLO4oF9qgg2bGIBYUXtXyEeIYWwsSGWbAj+8smr0K5V/Xr18q5eblzncRTBCTgFFeCDc9AAt6AJWgCDR/AMXsGb8+S8OO/Ox6K14OQzx+CPnM8fGe+bVQ==</latexit>

•  Solve for



AdS/CFT prediction for matrix model: 
large-N free energy = on-shell action of BH

log dN (n)
?�! N2 s(n/N2)

<latexit sha1_base64="uYWhojmjGV3TRHirnpKLUcXDKu4="></latexit>

IN (⌧) =
X

n�0

dN (n) e2⇡i ⌧ n/3

<latexit sha1_base64="tQDsyFOap3nG3ZgVUlRyeurIYO0="></latexit>

IN (⌧)

<latexit sha1_base64="0nw0vB9nSGrjlbFTd8VxSSJr7ik=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAh1UxIpqLuiG91IBfuAJoTJdNIOnUzCzI0QQv0VNy4UceuHuPNvnLZZaOuBgcM593LPnCDhTIFtfxsrq2vrG5ulrfL2zu7evnlw2FFxKgltk5jHshdgRTkTtA0MOO0lkuIo4LQbjK+nfveRSsVi8QBZQr0IDwULGcGgJd+suBGGEcE8v534dzUXcHrqm1W7bs9gLROnIFVUoOWbX+4gJmlEBRCOleo7dgJejiUwwumk7KaKJpiM8ZD2NRU4osrLZ+En1olWBlYYS/0EWDP190aOI6WyKNCT06hq0ZuK/3n9FMILL2ciSYEKMj8UptyC2Jo2YQ2YpAR4pgkmkumsFhlhiQnovsq6BGfxy8ukc1Z3GvXL+0a1eVXUUUJH6BjVkIPOURPdoBZqI4Iy9Ixe0ZvxZLwY78bHfHTFKHYq6A+Mzx9OWZSQ</latexit>

dN (n)

<latexit sha1_base64="2xIZaKWImakvVDXUQoB4Zn/oDmE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YsnqWA/oF1KNpttY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B60+GHi8N8PMvCDhTBvX/XIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6gZYU84EbRlmOO0miuI44LQTjK9nfueRKs2kuDeThPoxHgoWMYKNldrh4LYqTgfliltz50B/iZeTCuRoDsqf/VCSNKbCEI617nluYvwMK8MIp9NSP9U0wWSMh7RnqcAx1X42v3aKTqwSokgqW8KgufpzIsOx1pM4sJ0xNiO97M3E/7xeaqILP2MiSQ0VZLEoSjkyEs1eRyFTlBg+sQQTxeytiIywwsTYgEo2BG/55b+kfVbz6rXLu3qlcZXHUYQjOIYqeHAODbiBJrSAwAM8wQu8OtJ5dt6c90VrwclnDuEXnI9vsUaOkg==</latexit>

Change of ensemble

Cardy-
like limit

n ! 1

<latexit sha1_base64="pZ2Tp7U8bBjZDfYxpoR4T0MWkJA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQtlsN+3SzSbsToRQ+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNkmmGW+xRCa6G1LDpVC8hQIl76aa0ziUvBOO72Z+54lrIxL1iHnKg5gOlYgEo2glXxEfE+ILFWHer9bcujsHWSVeQWpQoNmvfvmDhGUxV8gkNabnuSkGE6pRMMmnFT8zPKVsTIe8Z6miMTfBZH7zlJxZZUCiRNtSSObq74kJjY3J49B2xhRHZtmbif95vQyj62AiVJohV2yxKMoksX/OAiADoTlDmVtCmRb2VsJGVFOGNqaKDcFbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gEEKz/AKb07mvDjvzseiteQUM8fwB87nD5/QkXE=</latexit>

fixed

<latexit sha1_base64="b2qeB7wnLZLmwpTYGIebxX67IE4=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CXjxGMA9IljA725sMmX040xsSlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXl0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6jhVHBo8lrFqe0yDFBE0UKCEdqKAhZ6Elje8m/mtESgt4ugRJwm4IetHIhCcoZHcLsIYs0CMwZ/SXrliV+056CpxclIhOeq98lfXj3kaQoRcMq07jp2gmzGFgkuYlrqphoTxIetDx9CIhaDdbH70lJ4ZxadBrExFSOfq74mMhVpPQs90hgwHetmbif95nRSDazcTUZIiRHyxKEglxZjOEqC+UMBRTgxhXAlzK+UDphhHk1PJhOAsv7xKmhdV57J683BZqd3mcRTJCTkl58QhV6RG7kmdNAgnT+SZvJI3a2S9WO/Wx6K1YOUzx+QPrM8fE9+SUQ==</latexit>

N

<latexit sha1_base64="TuI4H4uSJQt41qP5CqwsvE8ICww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiSBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUr+uVUvUmiyMPJ3AK5+DBJVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6pxjN4=</latexit>

fixed

<latexit sha1_base64="b2qeB7wnLZLmwpTYGIebxX67IE4=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CXjxGMA9IljA725sMmX040xsSlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXl0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6jhVHBo8lrFqe0yDFBE0UKCEdqKAhZ6Elje8m/mtESgt4ugRJwm4IetHIhCcoZHcLsIYs0CMwZ/SXrliV+056CpxclIhOeq98lfXj3kaQoRcMq07jp2gmzGFgkuYlrqphoTxIetDx9CIhaDdbH70lJ4ZxadBrExFSOfq74mMhVpPQs90hgwHetmbif95nRSDazcTUZIiRHyxKEglxZjOEqC+UMBRTgxhXAlzK+UDphhHk1PJhOAsv7xKmhdV57J683BZqd3mcRTJCTkl58QhV6RG7kmdNAgnT+SZvJI3a2S9WO/Wx6K1YOUzx+QPrM8fE9+SUQ==</latexit>

N

<latexit sha1_base64="TuI4H4uSJQt41qP5CqwsvE8ICww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiSBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUr+uVUvUmiyMPJ3AK5+DBJVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6pxjN4=</latexit>

⌧ ! 0

<latexit sha1_base64="yJHsDMBgw8g5LYNGOGBysHn4w4w=">AAAB+3icbVBNSwMxEM3Wr1q/1nr0EiyCp7IrBfVW9OKxgv2A7lKyabYNzSZLMquW0r/ixYMiXv0j3vw3pu0etPXBwOO9GWbmRangBjzv2ymsrW9sbhW3Szu7e/sH7mG5ZVSmKWtSJZTuRMQwwSVrAgfBOqlmJIkEa0ejm5nffmDacCXvYZyyMCEDyWNOCVip55YDIBkONB8MgWitHrHXcyte1ZsDrxI/JxWUo9Fzv4K+olnCJFBBjOn6XgrhhGjgVLBpKcgMSwkdkQHrWipJwkw4md8+xadW6eNYaVsS8Fz9PTEhiTHjJLKdCYGhWfZm4n9eN4P4MpxwmWbAJF0sijOBQeFZELjPNaMgxpYQqrm9FdMh0YSCjatkQ/CXX14lrfOqX6te3dUq9es8jiI6RifoDPnoAtXRLWqgJqLoCT2jV/TmTJ0X5935WLQWnHzmCP2B8/kDj72UJg==</latexit>

Large-N 
limit

n,N ! 1

<latexit sha1_base64="4X2qXIlhOZxTQaqHldxY95lxgCQ=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MWTVLAf0ISy2W7apZtN2N0UQug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84KEM6Ud59sqra1vbG6Vtys7u3v7B/bhUVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhu5ncmVCoWiyedJdSP8FCwkBGsjdS3bXGBHpCnY+QxEeoM9e2qU3PmQKvELUgVCjT79pc3iEkaUaEJx0r1XCfRfo6lZoTTacVLFU0wGeMh7RkqcESVn88vn6IzowxQGEtTQqO5+nsix5FSWRSYzgjrkVr2ZuJ/Xi/V4bWfM5GkmgqyWBSmHJlHZzGgAZOUaJ4Zgolk5lZERlhiok1YFROCu/zyKmlf1tx67eaxXm3cFnGU4QRO4RxcuIIG3EMTWkBgAs/wCm9Wbr1Y79bHorVkFTPH8AfW5w/TC5KE</latexit>

fixed

<latexit sha1_base64="b2qeB7wnLZLmwpTYGIebxX67IE4=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CXjxGMA9IljA725sMmX040xsSlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXl0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6jhVHBo8lrFqe0yDFBE0UKCEdqKAhZ6Elje8m/mtESgt4ugRJwm4IetHIhCcoZHcLsIYs0CMwZ/SXrliV+056CpxclIhOeq98lfXj3kaQoRcMq07jp2gmzGFgkuYlrqphoTxIetDx9CIhaDdbH70lJ4ZxadBrExFSOfq74mMhVpPQs90hgwHetmbif95nRSDazcTUZIiRHyxKEglxZjOEqC+UMBRTgxhXAlzK+UDphhHk1PJhOAsv7xKmhdV57J683BZqd3mcRTJCTkl58QhV6RG7kmdNAgnT+SZvJI3a2S9WO/Wx6K1YOUzx+QPrM8fE9+SUQ==</latexit>

j =
n

N2

<latexit sha1_base64="YTzbWHx3/CToFgMhvYpqAmoZ1hg=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVJJSUA9C0YsnqWA/oK1ls920azebsLtRSsxP8eJBEa/+Em/+G7dtDtr6YODx3gwz87yIM6Ud59taWl5ZXVvPbeQ3t7Z3du3CXkOFsSS0TkIeypaHFeVM0LpmmtNWJCkOPE6b3uhy4jcfqFQsFLd6HNFugAeC+YxgbaSeXbg/Rx1fYpKINLm+K6eoZxedkjMFWiRuRoqQodazvzr9kMQBFZpwrFTbdSLdTbDUjHCa5juxohEmIzygbUMFDqjqJtPTU3RklD7yQ2lKaDRVf08kOFBqHHimM8B6qOa9ifif1461f9pNmIhiTQWZLfJjjnSIJjmgPpOUaD42BBPJzK2IDLEJQpu08iYEd/7lRdIol9xK6eymUqxeZHHk4AAO4RhcOIEqXEEN6kDgEZ7hFd6sJ+vFerc+Zq1LVjazD39gff4AbfCTfA==</latexit>

N ! 1

<latexit sha1_base64="zBRck14xCUDWt8U6CUbTWfMYU7A=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIQd0V3biSCvYBTSmT6aQdOpmEmRslhuKvuHGhiFv/w51/47TNQlsPXDiccy/33uPHgmtwnG+rsLS8srpWXC9tbG5t79i7e00dJYqyBo1EpNo+0UxwyRrAQbB2rBgJfcFa/uhq4rfumdI8kneQxqwbkoHkAacEjNSzD26wp/hgCESp6AF7XAaQ9uyyU3GmwIvEzUkZ5aj37C+vH9EkZBKoIFp3XCeGbkYUcCrYuOQlmsWEjsiAdQyVJGS6m02vH+Njo/RxEClTEvBU/T2RkVDrNPRNZ0hgqOe9ifif10kgOO9mXMYJMElni4JEYIjwJArc54pREKkhhCpubsV0SBShYAIrmRDc+ZcXSfO04lYrF7fVcu0yj6OIDtEROkEuOkM1dI3qqIEoekTP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8AWXrlTg=</latexit>

fixed

<latexit sha1_base64="b2qeB7wnLZLmwpTYGIebxX67IE4=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN6CXjxGMA9IljA725sMmX040xsSlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXl0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6jhVHBo8lrFqe0yDFBE0UKCEdqKAhZ6Elje8m/mtESgt4ugRJwm4IetHIhCcoZHcLsIYs0CMwZ/SXrliV+056CpxclIhOeq98lfXj3kaQoRcMq07jp2gmzGFgkuYlrqphoTxIetDx9CIhaDdbH70lJ4ZxadBrExFSOfq74mMhVpPQs90hgwHetmbif95nRSDazcTUZIiRHyxKEglxZjOEqC+UMBRTgxhXAlzK+UDphhHk1PJhOAsv7xKmhdV57J683BZqd3mcRTJCTkl58QhV6RG7kmdNAgnT+SZvJI3a2S9WO/Wx6K1YOUzx+QPrM8fE9+SUQ==</latexit>

⌧

<latexit sha1_base64="L1LFkIhsJRvXmI/S12SRanhRmCk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSH2kyqNbcujsHWSVeQWpQoDmofvWHEUsU18gktbbnuTH6KTUomOSzSj+xPKZsQke8l1FNFbd+Or91Rs4yZUjCyGSlkczV3xMpVdZOVZB1Kopju+zl4n9eL8Hw2k+FjhPkmi0WhYkkGJH8cTIUhjOU04xQZkR2K2FjaijDLJ5KFoK3/PIqaV/Uvcv6zcNlrXFbxFGGEziFc/DgChpwD01oAYMxPMMrvDnKeXHenY9Fa8kpZo7hD5zPHyUNjlQ=</latexit>

Not              modular form!SL2(Z)

<latexit sha1_base64="lwuC+CFbTu2YC8QMXvIbu74h3ls=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkWom5KUgrorunHhoqJ9YBvCZDpph04mYWZSKKF/4saFIm79E3f+jZM2C209MHA4517umePHjEpl299GYW19Y3OruF3a2d3bPzAPj9oySgQmLRyxSHR9JAmjnLQUVYx0Y0FQ6DPS8cc3md+ZECFpxB/VNCZuiIacBhQjpSXPNB/uvFqlHyI18v30aXbumWW7as9hrRInJ2XI0fTMr/4gwklIuMIMSdlz7Fi5KRKKYkZmpX4iSYzwGA1JT1OOQiLddJ58Zp1pZWAFkdCPK2uu/t5IUSjlNPT1ZBZRLnuZ+J/XS1Rw6aaUx4kiHC8OBQmzVGRlNVgDKghWbKoJwoLqrBYeIYGw0mWVdAnO8pdXSbtWderVq/t6uXGd11GEEziFCjhwAQ24hSa0AMMEnuEV3ozUeDHejY/FaMHId47hD4zPH4DhkvQ=</latexit>

log IN (⌧)
?�! ⇡iN2

27

(2⌧ + 1)3

⌧2

<latexit sha1_base64="P7bRsyCRJZp5tshX85St0SxFI9U="></latexit>



Comparison for fixed N (Cardy-like limit)
� log|d2(n)| SBH(2,n)
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How to analyze matrix model large-N limit?

u ⌘ {ui}i=1,...,N
<latexit sha1_base64="tB73iraBqovGVwqlqm6k2PCc8kE=">AAACFHicbVC7SgNBFJ31bXytWtoMBkEwhF0VtBGCNlaiYEwgG5bZyU0yZHZ2nUcgLPsRNv6KjYUithZ2/o2TmEITDwwczrmHO/dEKWdKe96XMzM7N7+wuLRcWFldW99wN7fuVGIkhSpNeCLrEVHAmYCqZppDPZVA4ohDLepdDP1aH6RiibjVgxSaMekI1maUaCuF7kFgRAvkMJ6ZHAdwb1gfB5kJWZCHGTvzS0Er0aqEr/LQLXplbwQ8TfwxKaIxrkP302apiUFoyolSDd9LdTMjUjPKIS8ERkFKaI90oGGpIDGoZjY6Ksd7VmnhdiLtExqP1N+JjMRKDeLITsZEd9WkNxT/8xpGt0+bGROp0SDoz6K24VgneNgQbjEJVPOBJYRKZv+KaZdIQrXtsWBL8CdPniZ3h2X/qOzdHBcr5+M6ltAO2kX7yEcnqIIu0TWqIooe0BN6Qa/Oo/PsvDnvP6Mzzjizjf7A+fgG2y+epw==</latexit>

[Du] =
1

N !

NY

i=1

dui

<latexit sha1_base64="eYddOuSNkXCA6Szo7y9tyheKPm8="></latexit>

Eigenvalues of {e2⇡iui}i=1,...,N
<latexit sha1_base64="pVT82P9iacCk2cSW1maf6RBdhkA=">AAACF3icbVBLSwMxGMzWV62vVY9egkXwUJbdKuhFKHrxJBXsA7rrkk2zbWj2QZIVSth/4cW/4sWDIl715r8xbfegrQOBycw3JN8EKaNC2va3UVpaXlldK69XNja3tnfM3b22SDKOSQsnLOHdAAnCaExakkpGuiknKAoY6QSjq4nfeSBc0CS+k+OUeBEaxDSkGEkt+ablKqhcHkGS36s6dFM6u9IcZj7N3dxX9MKpuf1EitpN7ptV27KngIvEKUgVFGj65peO4iwiscQMCdFz7FR6CnFJMSN5xc0ESREeoQHpaRqjiAhPTffK4ZFW+jBMuD6xhFP1d0KhSIhxFOjJCMmhmPcm4n9eL5PhuadonGaSxHj2UJgxKBM4KQn2KSdYsrEmCHOq/wrxEHGEpa6yoktw5ldeJO265ZxY9u1ptXFZ1FEGB+AQHAMHnIEGuAZN0AIYPIJn8ArejCfjxXg3PmajJaPI7IM/MD5/ALKynwE=</latexit>

U

<latexit sha1_base64="lJXwDve68zovzE68jg+4D79kKnk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGqhDWWznbRrN5uwuxFK6S/w4kERr/4kb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxdBniUhUO6QaBZfoG24EtlOFNA4FPoSj25n/8IRK80Tem3GKQUwHkkecUWOlpt8rV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyWupnGlLIRHWDHUklj1MFkfuiUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6CiZcpplByRaLokwQk5DZ16TPFTIjxpZQpri9lbAhVZQZm03JhuAtv7xKWhdVr1a9btYq9Zs8jiKcwCmcgweXUIc7aIAPDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALUNjOU=</latexit>

IN (⌧) =

Z
[DU ] exp

✓ 1X

n=1

1

n
is(e

2⇡in⌧ ) trUn tr (U †)n
◆

<latexit sha1_base64="6MbJYiMujOziNseA7TY69ccEcVY="></latexit>

S(u) =
NX

i,j=1

V (uij)

<latexit sha1_base64="XeaP2SKtYg30m/FN0HI+KPFzTiI="></latexit>

IN (⌧) =

Z
[Du] exp

�
�S(u)

�

<latexit sha1_base64="4/7PLZF04M9Fuc//ZmiFJRZeWEM="></latexit>

Pure two-particle interaction



Matrix integral has complex saddles

(1, 1)

(1, 0)

(0, 1)

0.2 0.4 0.6 0.8 1.0 1.2 1.4
Re u

0.1

0.2

0.3

0.4

0.5
Im u

(1,0)

(0,1)

u

u 7! e2⇡iu
<latexit sha1_base64="F1bq/Cv52gl5t7ayYt+HwjXuHvw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclZkq6LLoxmUF+4DOWDJppg1NMiHJCGWYlRt/xY0LRdz6De78G9N2Ftp6IHA4515uzokko9p43reztLyyurZe2ihvbm3v7Lp7+y2dpAqTJk5YojoR0oRRQZqGGkY6UhHEI0ba0eh64rcfiNI0EXdmLEnI0UDQmGJkrNRzj1IYcCS1SSC5z2owkBRmgeKQ5jDNe27Fq3pTwEXiF6QCCjR67lfQT3DKiTCYIa27vidNmCFlKGYkLwepJhLhERqQrqUCcaLDbBojhydW6cM4UfYJA6fq740Mca3HPLKTHJmhnvcm4n9eNzXxZZhRIVNDBJ4dilMGbehJJ7BPFcGGjS1BWFH7V4iHSCFsbHNlW4I/H3mRtGpV/6zq3Z5X6ldFHSVwCI7BKfDBBaiDG9AATYDBI3gGr+DNeXJenHfnYza65BQ7B+APnM8f9VGYJw==</latexit>

m⌧ + n 2 Z⌧ + Z
<latexit sha1_base64="TaiHAAjxyh7LmySHC2oRbf2oeqM=">AAACF3icbVDLSgMxFM34rPU16tJNsAhCpcyooMuiG5cV7AM7Q8mkmTY0yQxJRihD/8KNv+LGhSJudeffmJkOqK0HQg7n3Mu99wQxo0o7zpe1sLi0vLJaWiuvb2xubds7uy0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9FV5rfviVQ0Erd6HBOfo4GgIcVIG6ln1zj0NEqqAnrH0KPTjyM9DIL0bpJ7sPoj9OyKU3NywHniFqQCCjR69qfXj3DCidCYIaW6rhNrP0VSU8zIpOwlisQIj9CAdA0ViBPlp/ldE3holD4MI2me0DBXf3ekiCs15oGpzDZUs14m/ud1Ex1e+CkVcaKJwNNBYcKgjmAWEuxTSbBmY0MQltTsCvEQSYS1ibJsQnBnT54nrZOae1pzbs4q9csijhLYBwfgCLjgHNTBNWiAJsDgATyBF/BqPVrP1pv1Pi1dsIqePfAH1sc3hv+eUQ==</latexit>

gcd(m,n) = 1
<latexit sha1_base64="aS4sLBQBiK37mK8t5wc327ROv7k=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhiECCHsqqAXIejFYwTzgGQJs7OTZMjM7DLTK4YlXvwVLx4U8epfePNvnDwOmljQUFR1090VxIIbcN1vZ2FxaXllNbOWXd/Y3NrO7ezWTJRoyqo0EpFuBMQwwRWrAgfBGrFmRAaC1YP+9civ3zNteKTuYBAzX5Ku4h1OCVipndtvAXuAtEvDYUEW1TFuFfGlLa+dy7sldww8T7wpyaMpKu3cVyuMaCKZAiqIMU3PjcFPiQZOBRtmW4lhMaF90mVNSxWRzPjp+IMhPrJKiDuRtqUAj9XfEymRxgxkYDslgZ6Z9Ubif14zgc6Fn3IVJ8AUnSzqJAJDhEdx4JBrRkEMLCFUc3srpj2iCQUbWtaG4M2+PE9qJyXvtOTenuXLV9M4MugAHaIC8tA5KqMbVEFVRNEjekav6M15cl6cd+dj0rrgTGf20B84nz+765Ua</latexit>

(m,n)
<latexit sha1_base64="OZ1d0u3G+YiM9OUC0lpjktClIeg=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjBbcttEvJptk2NMkuSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etXScKkJ9EvNYdUKsKWeS+oYZTjuJoliEnLbD8d3Mbz9RpVksH80koYHAQ8kiRrCxkl8VF/K8X664NXcOtEq8nFQgR7Nf/uoNYpIKKg3hWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5ZKLKgOsvmxU3RmlQGKYmVLGjRXf09kWGg9EaHtFNiM9LI3E//zuqmJboKMySQ1VJLFoijlyMRo9jkaMEWJ4RNLMFHM3orICCtMjM2nZEPwll9eJa16zbusuQ9XlcZtHkcRTuAUquDBNTTgHprgAwEGz/AKb450Xpx352PRWnDymWP4A+fzB9DKjgY=</latexit>

Family of saddles labelled by lattice points

[Cabo-Bizet, S.M. 1909.]

⌧

<latexit sha1_base64="L1LFkIhsJRvXmI/S12SRanhRmCk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSH2kyqNbcujsHWSVeQWpQoDmofvWHEUsU18gktbbnuTH6KTUomOSzSj+xPKZsQke8l1FNFbd+Or91Rs4yZUjCyGSlkczV3xMpVdZOVZB1Kopju+zl4n9eL8Hw2k+FjhPkmi0WhYkkGJH8cTIUhjOU04xQZkR2K2FjaijDLJ5KFoK3/PIqaV/Uvcv6zcNlrXFbxFGGEziFc/DgChpwD01oAYMxPMMrvDnKeXHenY9Fa8kpZo7hD5zPHyUNjlQ=</latexit>



Matrix integral has complex saddles  
with macroscopic entropy
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(0,1)

u

u 7! e2⇡iu
<latexit sha1_base64="F1bq/Cv52gl5t7ayYt+HwjXuHvw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclZkq6LLoxmUF+4DOWDJppg1NMiHJCGWYlRt/xY0LRdz6De78G9N2Ftp6IHA4515uzokko9p43reztLyyurZe2ihvbm3v7Lp7+y2dpAqTJk5YojoR0oRRQZqGGkY6UhHEI0ba0eh64rcfiNI0EXdmLEnI0UDQmGJkrNRzj1IYcCS1SSC5z2owkBRmgeKQ5jDNe27Fq3pTwEXiF6QCCjR67lfQT3DKiTCYIa27vidNmCFlKGYkLwepJhLhERqQrqUCcaLDbBojhydW6cM4UfYJA6fq740Mca3HPLKTHJmhnvcm4n9eNzXxZZhRIVNDBJ4dilMGbehJJ7BPFcGGjS1BWFH7V4iHSCFsbHNlW4I/H3mRtGpV/6zq3Z5X6ldFHSVwCI7BKfDBBaiDG9AATYDBI3gGr+DNeXJenHfnYza65BQ7B+APnM8f9VGYJw==</latexit>

S(0,1) = entropy of pure AdS5 = O(1)
<latexit sha1_base64="M+6X/pqrVBEDlznjIbhmQfUEVOA="></latexit>

S(1,0) = entropy of AdS5 BH = O(N
2
)

<latexit sha1_base64="TW1H8xYbLxg3bpjSjbmi7/ErJo8="></latexit>

m⌧ + n 2 Z⌧ + Z
<latexit sha1_base64="TaiHAAjxyh7LmySHC2oRbf2oeqM=">AAACF3icbVDLSgMxFM34rPU16tJNsAhCpcyooMuiG5cV7AM7Q8mkmTY0yQxJRihD/8KNv+LGhSJudeffmJkOqK0HQg7n3Mu99wQxo0o7zpe1sLi0vLJaWiuvb2xubds7uy0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9FV5rfviVQ0Erd6HBOfo4GgIcVIG6ln1zj0NEqqAnrH0KPTjyM9DIL0bpJ7sPoj9OyKU3NywHniFqQCCjR69qfXj3DCidCYIaW6rhNrP0VSU8zIpOwlisQIj9CAdA0ViBPlp/ldE3holD4MI2me0DBXf3ekiCs15oGpzDZUs14m/ud1Ex1e+CkVcaKJwNNBYcKgjmAWEuxTSbBmY0MQltTsCvEQSYS1ibJsQnBnT54nrZOae1pzbs4q9csijhLYBwfgCLjgHNTBNWiAJsDgATyBF/BqPVrP1pv1Pi1dsIqePfAH1sc3hv+eUQ==</latexit>

gcd(m,n) = 1
<latexit sha1_base64="aS4sLBQBiK37mK8t5wc327ROv7k=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhiECCHsqqAXIejFYwTzgGQJs7OTZMjM7DLTK4YlXvwVLx4U8epfePNvnDwOmljQUFR1090VxIIbcN1vZ2FxaXllNbOWXd/Y3NrO7ezWTJRoyqo0EpFuBMQwwRWrAgfBGrFmRAaC1YP+9civ3zNteKTuYBAzX5Ku4h1OCVipndtvAXuAtEvDYUEW1TFuFfGlLa+dy7sldww8T7wpyaMpKu3cVyuMaCKZAiqIMU3PjcFPiQZOBRtmW4lhMaF90mVNSxWRzPjp+IMhPrJKiDuRtqUAj9XfEymRxgxkYDslgZ6Z9Ubif14zgc6Fn3IVJ8AUnSzqJAJDhEdx4JBrRkEMLCFUc3srpj2iCQUbWtaG4M2+PE9qJyXvtOTenuXLV9M4MugAHaIC8tA5KqMbVEFVRNEjekav6M15cl6cd+dj0rrgTGf20B84nz+765Ua</latexit>

(m,n)
<latexit sha1_base64="OZ1d0u3G+YiM9OUC0lpjktClIeg=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjBbcttEvJptk2NMkuSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etXScKkJ9EvNYdUKsKWeS+oYZTjuJoliEnLbD8d3Mbz9RpVksH80koYHAQ8kiRrCxkl8VF/K8X664NXcOtEq8nFQgR7Nf/uoNYpIKKg3hWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5ZKLKgOsvmxU3RmlQGKYmVLGjRXf09kWGg9EaHtFNiM9LI3E//zuqmJboKMySQ1VJLFoijlyMRo9jkaMEWJ4RNLMFHM3orICCtMjM2nZEPwll9eJa16zbusuQ9XlcZtHkcRTuAUquDBNTTgHprgAwEGz/AKb450Xpx352PRWnDymWP4A+fzB9DKjgY=</latexit>

Family of saddles labelled by lattice points

[Cabo-Bizet, S.M. 1909.]

⌧

<latexit sha1_base64="L1LFkIhsJRvXmI/S12SRanhRmCk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSH2kyqNbcujsHWSVeQWpQoDmofvWHEUsU18gktbbnuTH6KTUomOSzSj+xPKZsQke8l1FNFbd+Or91Rs4yZUjCyGSlkczV3xMpVdZOVZB1Kopju+zl4n9eL8Hw2k+FjhPkmi0WhYkkGJH8cTIUhjOU04xQZkR2K2FjaijDLJ5KFoK3/PIqaV/Uvcv6zcNlrXFbxFGGEziFc/DgChpwD01oAYMxPMMrvDnKeXHenY9Fa8kpZo7hD5zPHyUNjlQ=</latexit>



Lemma: Periodic eigenvalue distributions 
are saddle points of periodic potentials

1. Uniform distribution along [0,T]  
is a solution of the variational equations.

ui =
i

N
T + u0

<latexit sha1_base64="sSbUn4ajlQbcTuMp7/Qtt1z5ESA=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4sgKCVRQTdC0Y0rqdAXNCFMppN26OTBPIQSsnfjr7hxoYhbf8Cdf+OkzUJbD8xw5px7uXOPnzAqpGV9G6Wl5ZXVtfJ6ZWNza3vH3N3riFhxTNo4ZjHv+UgQRiPSllQy0ks4QaHPSNcf3+R+94FwQeOoJScJcUM0jGhAMZJa8syq8ih0TuBVfjkBRzilWXqX5c8WPIbKszyzZtWtKeAisQtSAwWanvnlDGKsQhJJzJAQfdtKpJsiLilmJKs4SpAE4TEakr6mEQqJcNPpLhk81MoABjHXJ5Jwqv7uSFEoxCT0dWWI5EjMe7n4n9dXMrh0UxolSpIIzwYFikEZwzwYOKCcYMkmmiDMqf4rxCOkA5E6vooOwZ5feZF0Tuv2Wd26P681ros4yuAAVMERsMEFaIBb0ARtgMEjeAav4M14Ml6Md+NjVloyip598AfG5w+UPZg1</latexit>

0
<latexit sha1_base64="nQTvAfBPPlG13f5B94ywZANgoPg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cq1hbaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSW2DDcCO4lCGgUC28H4JvfbT6g0j+WDmSToR3QoecgZNVa6dyv9as2tuzOQZeIVpAYFmv3qV28QszRCaZigWnc9NzF+RpXhTOC00ks1JpSN6RC7lkoaofaz2aVTcmKVAQljZUsaMlN/T2Q00noSBbYzomakF71c/M/rpia88jMuk9SgZPNFYSqIiUn+NhlwhcyIiSWUKW5vJWxEFWXGhpOH4C2+vEwez+reed29u6g1ros4ynAEx3AKHlxCA26hCS1gEMIzvMKbM3ZenHfnY95acoqZQ/gD5/MHrf+Myg==</latexit>

T
<latexit sha1_base64="ivtZ/SWWmDp+IaHldVvzVMqYHrU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68dhCv6ANZbOdtGs3m7C7EUroL/DiQRGv/iRv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsWyYSYJ+RIeSh5xRY6V6o18quxV3DrJKvJyUIUetX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dErOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/9jMskNSjZYlGYCmJiMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdoQvOWXV0nrsuJdVdz6dbl6l8dRgFM4gwvw4Aaq8AA1aAIDhGd4hTfn0Xlx3p2PReuak8+cwB84nz+wU4za</latexit>

S(u) =
NX

i,j=1

V (uij)

<latexit sha1_base64="XeaP2SKtYg30m/FN0HI+KPFzTiI="></latexit>

,@uiS(u) = @uiS(u) = 0
<latexit sha1_base64="TpByhpcaPnwOplAPjxyL6mWgb7M="></latexit>

V (z + T ) = V (z)
<latexit sha1_base64="eA8HmuzutuRY3A9bBKT99IL8cSI=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm8EitFhKooJuhKIblxV6gyaUyXTSDp1cmJkIbeiTuHGhiFsfxZ1v47TNQlt/GPj4zzmcM78XcyaVZX0ba+sbm1vbuZ387t7+QcE8PGrJKBGENknEI9HxsKSchbSpmOK0EwuKA4/Ttje6n9XbT1RIFoUNNY6pG+BByHxGsNJWzyy0SpPzRtmp3DoVjeWeWbSq1lxoFewMipCp3jO/nH5EkoCGinAsZde2YuWmWChGOJ3mnUTSGJMRHtCuxhAHVLrp/PApOtNOH/mR0C9UaO7+nkhxIOU48HRngNVQLtdm5n+1bqL8GzdlYZwoGpLFIj/hSEVolgLqM0GJ4mMNmAimb0VkiAUmSmeV1yHYy19ehdZF1b6sWo9XxdpdFkcOTuAUSmDDNdTgAerQBAIJPMMrvBkT48V4Nz4WrWtGNnMMf2R8/gDwZpFR</latexit>

V (�z) = V (z)
<latexit sha1_base64="nXw/IjmkGpLsAbeE+JvF5BYr3M8=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSK0UEuigl6EohePFWxaaGLZbDft0s0HuxulDf0fXjwo4tX/4s1/47bNQVsfDDzem2FmnhdzJpVpfhtLyyura+u5jfzm1vbObmFv35ZRIghtkIhHouVhSTkLaUMxxWkrFhQHHqdNb3Az8ZuPVEgWhfdqGFM3wL2Q+YxgpaUHu3QyKjuVK6dil0blTqFoVs0p0CKxMlKEDPVO4cvpRiQJaKgIx1K2LTNWboqFYoTTcd5JJI0xGeAebWsa4oBKN51ePUbHWukiPxK6QoWm6u+JFAdSDgNPdwZY9eW8NxH/89qJ8i/dlIVxomhIZov8hCMVoUkEqMsEJYoPNcFEMH0rIn0sMFE6qLwOwZp/eZHYp1XrrGrenRdr11kcOTiEIyiBBRdQg1uoQwMICHiGV3gznowX4934mLUuGdnMAfyB8fkD0riQxA==</latexit>

2. Action of this distribution = average value of V

Se↵(T ) =
NX

i,j=1

V
⇣ i

N
T
⌘

= N2

Z 1

0
dxV (xT )

<latexit sha1_base64="fnJhsX3uJdOKN7tBoW9j5tdiCKs="></latexit>

3. Need separate argument for contour deformation.



The potential of our index is quasi-periodic 
under lattice translations

�e(z;�, ⌧) =
1Y

j,k=0

1� e�2⇡iz e2⇡i�(j+1) e2⇡i⌧(k+1)

1� e2⇡iz e2⇡i�j e2⇡i⌧k
<latexit sha1_base64="qLF154Bp/2IBStvZzispygJy7y4="></latexit>

[Felder-Varchenko ’99; Spiridonov ’10; Spiridonov-Vartanov ’12 ]

I(⌧) = ⌘(⌧)2N
Z

[Du]
NY

i 6=j=1

�e(uij + 2⌧ ; ⌧, ⌧)⇥
<latexit sha1_base64="CLI5zmSQdTQUn97jjf520Trq6PY="></latexit>

⇥
NY

i,j=1

�e

�
uij +

1

3
(2⌧ + 1); ⌧, ⌧

�3

<latexit sha1_base64="vYj0414vbYdPCm8Bo3yzw6x8ptA="></latexit>

�e(z; ⌧, ⌧) = �e(z + 1; ⌧, ⌧) = ✓0(z; ⌧)
�1 �e(z + ⌧ ; ⌧, ⌧)

<latexit sha1_base64="B+0BbidkNXL9eUhiytHCG4AkaMc="></latexit>

[Dolan-Osborn ’08 ]



From quasi-elliptic to elliptic functions
✓0(z; ⌧) = (1� ⇣)

1Y

n=1

(1� qn⇣) (1� qn⇣�1)
<latexit sha1_base64="mfh7wRjOHHnL2h+Ra/XiSEpZHv4="></latexit>

✓0(z) = ✓0(z + 1) = �e2⇡iz ✓0(z + ⌧)
<latexit sha1_base64="6Ezz9MXKZ4kiygp1AKN/Hc7ORAA="></latexit>

z = z1 + ⌧z2
<latexit sha1_base64="RTr3whTMj/bryKCnl3z0Cy7uUMM=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYBEEpM1XQjVB047KCvUBnGDJppg3NXEjOCG2pG1/FjQtF3PoW7nwbM+0stHog4eP/zyE5v58IrsCyvozCwuLS8kpxtbS2vrG5ZW7vNFWcSsoaNBaxbPtEMcEj1gAOgrUTyUjoC9byB9eZ37pnUvE4uoNhwtyQ9CIecEpAS565N8LOCb7MrpFn42PsAEk1Vj2zbFWsaeG/YOdQRnnVPfPT6cY0DVkEVBClOraVgDsmEjgVbFJyUsUSQgekxzoaIxIy5Y6nG0zwoVa6OIilPhHgqfpzYkxCpYahrztDAn0172Xif14nheDCHfMoSYFFdPZQkAoMMc7iwF0uGQUx1ECo5PqvmPaJJBR0aCUdgj2/8l9oViv2acW6PSvXrvI4imgfHaAjZKNzVEM3qI4aiKIH9IRe0KvxaDwbb8b7rLVg5DO76FcZH98xh5Qq</latexit>

1
<latexit sha1_base64="8jLNIv/S8WBvHtfFxahEaJPNMnU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreZdVtXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBe0eMtw==</latexit>

⌧
<latexit sha1_base64="fffg8e8OYOMHRiQO497PnyhhGs8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0swm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKOZSH2k6qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bH7rjJxZZUjCWNtSSObq74mMRsZMo8B2RhTHZtnLxf+8XorhjZ8JlaTIFVssClNJMCb542QoNGcop5ZQpoW9lbAx1ZShjadiQ/CWX14l7Yu6d1l3H65qjdsijjKcwCmcgwfX0IB7aEILGIzhGV7hzYmcF+fd+Vi0lpxi5hj+wPn8ASHXjko=</latexit>

Lattice Z⌧ + Z
<latexit sha1_base64="VMNq3HIYsJO81B+XPNKI96zC/lE=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCIJREBT0WvXisYD+wKWWz3bRLN5uwOxFK6MGLf8WLB0W8+iO8+W/ctAG19cHA470ZZub5seAaHOfLKiwtr6yuFddLG5tb2zv27l5TR4mirEEjEam2TzQTXLIGcBCsHStGQl+wlj+6yvzWPVOaR/IWxjHrhmQgecApASP17LIXEhj6fno38YAk+Bj/CD274lSdKfAicXNSQTnqPfvT60c0CZkEKojWHdeJoZsSBZwKNil5iWYxoSMyYB1DJQmZ7qbTJyb40Ch9HETKlAQ8VX9PpCTUehz6pjO7UM97mfif10kguOimXMYJMElni4JEYIhwlgjuc8UoiLEhhCpubsV0SBShYHIrmRDc+ZcXSfOk6p5WnZuzSu0yj6OIyugAHSEXnaMaukZ11EAUPaAn9IJerUfr2Xqz3metBSuf2Ud/YH18A4oAmAQ=</latexit>

[Jacobi]

� log |P (z; ⌧)| = lim
s!1

⌧ s2
2⇡

X

m,n2Z
(m,n) 6=(0,0)

e2⇡i(nz2�mz1)

|m⌧ + n|2s
<latexit sha1_base64="RinI0imzss+nT6uiP/ghMte6FFE="></latexit>

[Kronecker’s second limit formula]

P (z; ⌧) := q
1
2B2(z2) ✓0(z; ⌧)

<latexit sha1_base64="JYhvZeNpZuQWzswvtKafIJpQ0EM="></latexit>

B2(x) = x2 � x+
1

6
<latexit sha1_base64="SWYCjn804obfYB3vl5EBgKqO2b0=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahIpakiroRSt24rGAf0MYwmU7aoZNJmJlISyi48VfcuFDErT/hzr9x2mahrQcuHM65l3vv8SJGpbKsbyOzsLi0vJJdza2tb2xumds7dRnGApMaDlkomh6ShFFOaooqRpqRICjwGGl4/eux33ggQtKQ36lhRJwAdTn1KUZKS665V3FLhcERvIKD+xI8gQN4DNu+QNg+d828VbQmgPPETkkepKi65le7E+I4IFxhhqRs2VaknAQJRTEjo1w7liRCuI+6pKUpRwGRTjL5YQQPtdKBfih0cQUn6u+JBAVSDgNPdwZI9eSsNxb/81qx8i+dhPIoVoTj6SI/ZlCFcBwI7FBBsGJDTRAWVN8KcQ/pBJSOLadDsGdfnif1UtE+LVq3Z/lyJY0jC/bBASgAG1yAMrgBVVADGDyCZ/AK3own48V4Nz6mrRkjndkFf2B8/gDsw5SB</latexit>

Construct
q = e2⇡i⌧

<latexit sha1_base64="swhAlkXCEcP6x1LVlRMWTVQNd2M=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVJIq6EUoevFYwX5AE8tmu2mXbjZxdyKU0IMX/4oXD4p49Ud489+4bXPQ1gcDj/dmmJkXJIJrcJxva2l5ZXVtvbBR3Nza3tm19/abOk4VZQ0ai1i1A6KZ4JI1gINg7UQxEgWCtYLh1cRvPTCleSxvYZQwPyJ9yUNOCRipa5fu8QVmd1kVewnHmacizMfYA5KOcdcuOxVnCrxI3JyUUY561/7yejFNIyaBCqJ1x3US8DOigFPBxkUv1SwhdEj6rGOoJBHTfjZ9YoyPjNLDYaxMScBT9fdERiKtR1FgOiMCAz3vTcT/vE4K4bmfcZmkwCSdLQpTgSHGk0RwjytGQYwMIVRxcyumA6IIBZNb0YTgzr+8SJrVintScW5Oy7XLPI4CKqFDdIxcdIZq6BrVUQNR9Iie0St6s56sF+vd+pi1Lln5zAH6A+vzB2pPlq0=</latexit>

⇣ = e2⇡iz
<latexit sha1_base64="o8BZjII0SbP4CPTxyynRQUFFHkU=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRV0I1QdOOygn1AE8tketMOnTyYmQhtyMKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HuPF3MmlWV9G4WV1bX1jeJmaWt7Z3fP3D9oySgRFJo04pHoeEQCZyE0FVMcOrEAEngc2t7oeuq3H0BIFoV3ahyDG5BByHxGidJSzyw7E1AEX2K4T2vYiRlOHRFgluFJ1jMrVtWaAS8TOycVlKPRM7+cfkSTAEJFOZGya1uxclMiFKMcspKTSIgJHZEBdDUNSQDSTWdPZPhYK33sR0JXqPBM/T2RkkDKceDpzoCooVz0puJ/XjdR/oWbsjBOFIR0vshPOFYRniaC+0wAVXysCaGC6VsxHRJBqNK5lXQI9uLLy6RVq9qnVev2rFK/yuMoojI6QifIRueojm5QAzURRY/oGb2iN+PJeDHejY95a8HIZw7RHxifP+95lwA=</latexit>

q�
1
12P (z; ⌧) = ✓0(z; ⌧) when z2 = 0

<latexit sha1_base64="GhbH68x7A7NICAziB+CHLqzr9TQ="></latexit>

1.

is elliptic |P (z)|
<latexit sha1_base64="iPeRA7xWguVdAN/La7yeoiRzXh8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCnosevFYwX5Au5Rsmm1js8mSZIW67X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvJn6zUeqNJPi3oxi6ke4L1jICDZWaoxr5afTcbdYcivuDGiZeBkpQYZat/jV6UmSRFQYwrHWbc+NjZ9iZRjhdFLoJJrGmAxxn7YtFTii2k9n107QiVV6KJTKljBopv6eSHGk9SgKbGeEzUAvelPxP6+dmPDKT5mIE0MFmS8KE46MRNPXUY8pSgwfWYKJYvZWRAZYYWJsQAUbgrf48jJpnFW884p7d1GqXmdx5OEIjqEMHlxCFW6hBnUg8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHE9SOyw==</latexit>

2. is modular! |P (z)|
<latexit sha1_base64="iPeRA7xWguVdAN/La7yeoiRzXh8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCnosevFYwX5Au5Rsmm1js8mSZIW67X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvJn6zUeqNJPi3oxi6ke4L1jICDZWaoxr5afTcbdYcivuDGiZeBkpQYZat/jV6UmSRFQYwrHWbc+NjZ9iZRjhdFLoJJrGmAxxn7YtFTii2k9n107QiVV6KJTKljBopv6eSHGk9SgKbGeEzUAvelPxP6+dmPDKT5mIE0MFmS8KE46MRNPXUY8pSgwfWYKJYvZWRAZYYWJsQAUbgrf48jJpnFW884p7d1GqXmdx5OEIjqEMHlxCFW6hBnUg8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MHE9SOyw==</latexit>

3.



3. log
���Q

⇣ z
⌧
;�1

⌧

⌘���� ⌧ log |Q(z; ⌧)| = F (z; ⌧)
<latexit sha1_base64="K6vapiqx9semjgY8YALXb4QmVVY="></latexit>

F (z; ⌧) =
⌧22
2⇡2

X

m,n2Z
(m,n) 6=(0,0)

e2⇡i(nz2�mz1)

(m⌧ + n)(m⌧ + n)2

<latexit sha1_base64="e3JkFICXHRS3ARC5GEjzYvUXgn8="></latexit>

[Duke-Imamoglu ’07][Zagier ’90] [Pasol-Zudilin ’18][Ramakrishnan ’86]

Bloch 
formula

Q(z; ⌧) = q
1
3B3(z2)� 1

2 z2B2(z2) P (z; ⌧)z2

�e(z + ⌧ ; ⌧, ⌧)
<latexit sha1_base64="FXJOV5y4sa3rQzt7frRF/KNlAZ0="></latexit>

Q(z; ⌧) = �e(z + ⌧ ; ⌧, ⌧)�1 when z2 = 0
<latexit sha1_base64="xUPBsFYLFK4oqa7AM48uEKJPSb8="></latexit>

1.

The elliptic gamma function can be 
deformed to an elliptic function

is elliptic |Q(z)|
<latexit sha1_base64="yrzz4RlX+zxkEkWotRNydTAiZDA=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9lVQY9FLx5bsB/QLiWbZtvQbLImWaFu+ye8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTMY3k795iNVmklxb0Yx9SPcFyxkBBsrtcaoVno6Q+NuoeiW3RnQMvEyUoQM1W7hq9OTJImoMIRjrdueGxs/xcowwukk30k0jTEZ4j5tWypwRLWfzu6doFOr9FAolS1h0Ez9PZHiSOtRFNjOCJuBXvSm4n9eOzHhtZ8yESeGCjJfFCYcGYmmz6MeU5QYPrIEE8XsrYgMsMLE2IjyNgRv8eVl0jgvexdlt3ZZrNxkceTgGE6gBB5cQQXuoAp1IMDhGV7hzXlwXpx352PeuuJkM0fwB87nD8MujyA=</latexit>

2. [S.Bloch- D.Wigner ’78]Elliptic dilogarithm

Construct

Kronecker-Eisenstein series


Period functions



We can thus extend the SYM action to an  
elliptic function (the elliptic SYM action)

S(u) = �2N log
�
q�1/24 ⌘(⌧)

�
� 1

6
N⇡i⌧ +

8

27
⇡i⌧N2

<latexit sha1_base64="Ao+I0yU2huvJF5Ht/pEm+oZJ0IY="></latexit>

+
X

i 6=j

logQ
�
uij + ⌧

�
+ 3

X

i,j

logQ
�
uij � 1

3⌧ + 1
3

�

<latexit sha1_base64="gKi+pUNimVlNMfVMR5aTQdkDPe4="></latexit>

�
X

i 6=j

logP
�
uij + ⌧

�
+
X

i,j

logP
�
uij � 1

3⌧ + 1
3

�

<latexit sha1_base64="I+2NK6OlwWYmj2bDZCNtaXRp5es="></latexit>

• Action calculated as the integral along a given 
direction — use double Fourier expansion!

• Well-defined on the torus           saddles labelled by
m⌧ + n 2 Z⌧ + Z

<latexit sha1_base64="TaiHAAjxyh7LmySHC2oRbf2oeqM=">AAACF3icbVDLSgMxFM34rPU16tJNsAhCpcyooMuiG5cV7AM7Q8mkmTY0yQxJRihD/8KNv+LGhSJudeffmJkOqK0HQg7n3Mu99wQxo0o7zpe1sLi0vLJaWiuvb2xubds7uy0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9FV5rfviVQ0Erd6HBOfo4GgIcVIG6ln1zj0NEqqAnrH0KPTjyM9DIL0bpJ7sPoj9OyKU3NywHniFqQCCjR69qfXj3DCidCYIaW6rhNrP0VSU8zIpOwlisQIj9CAdA0ViBPlp/ldE3holD4MI2me0DBXf3ekiCs15oGpzDZUs14m/ud1Ex1e+CkVcaKJwNNBYcKgjmAWEuxTSbBmY0MQltTsCvEQSYS1ibJsQnBnT54nrZOae1pzbs4q9csijhLYBwfgCLjgHNTBNWiAJsDgATyBF/BqPVrP1pv1Pi1dsIqePfAH1sc3hv+eUQ==</latexit>

(m,n)
<latexit sha1_base64="OZ1d0u3G+YiM9OUC0lpjktClIeg=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjBbcttEvJptk2NMkuSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etXScKkJ9EvNYdUKsKWeS+oYZTjuJoliEnLbD8d3Mbz9RpVksH80koYHAQ8kiRrCxkl8VF/K8X664NXcOtEq8nFQgR7Nf/uoNYpIKKg3hWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5ZKLKgOsvmxU3RmlQGKYmVLGjRXf09kWGg9EaHtFNiM9LI3E//zuqmJboKMySQ1VJLFoijlyMRo9jkaMEWJ4RNLMFHM3orICCtMjM2nZEPwll9eJa16zbusuQ9XlcZtHkcRTuAUquDBNTTgHprgAwEGz/AKb450Xpx352PRWnDymWP4A+fzB9DKjgY=</latexit>

gcd(m,n) = 1
<latexit sha1_base64="aS4sLBQBiK37mK8t5wc327ROv7k=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhiECCHsqqAXIejFYwTzgGQJs7OTZMjM7DLTK4YlXvwVLx4U8epfePNvnDwOmljQUFR1090VxIIbcN1vZ2FxaXllNbOWXd/Y3NrO7ezWTJRoyqo0EpFuBMQwwRWrAgfBGrFmRAaC1YP+9civ3zNteKTuYBAzX5Ku4h1OCVipndtvAXuAtEvDYUEW1TFuFfGlLa+dy7sldww8T7wpyaMpKu3cVyuMaCKZAiqIMU3PjcFPiQZOBRtmW4lhMaF90mVNSxWRzPjp+IMhPrJKiDuRtqUAj9XfEymRxgxkYDslgZ6Z9Ubif14zgc6Fn3IVJ8AUnSzqJAJDhEdx4JBrRkEMLCFUc3srpj2iCQUbWtaG4M2+PE9qJyXvtOTenuXLV9M4MugAHaIC8tA5KqMbVEFVRNEjekav6M15cl6cd+dj0rrgTGf20B84nz+765Ua</latexit>



The action of the (m,n) saddle is a simple 
rational function of ⌧<latexit sha1_base64="YB3MtwlnJl8DLV4jLtlvepXwoHU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cKthabUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKj7kfRsRHmk161Zpbd2cgy8QrSA0KNHvVL7+fsCzmCpmkxnQ9N8UgpxoFk3xS8TPDU8pGdMC7lioacxPks4sn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZhhdBblQaYZcsfmiKJMEEzJ9n/SF5gzl2BLKtLC3EjakmjK0IVVsCN7iy8ukfVb3zuvu3UWtcV3EUYYjOIZT8OASGnALTWgBAwXP8ApvjnFenHfnY95acoqZQ/gD5/MHcSiQwg==</latexit>

= the on-shell sugra action of AdS5 BH 

Se↵(1, 0; ⌧) =
N2⇡i

27

�
2⌧ + 1

�3

⌧2
<latexit sha1_base64="UPNeQ4ziGLb9TiIwUypTpcPD3R4="></latexit>

In particular,

Dirichlet character  
mod 3.

� ` 0 1 2

�0 0 1 1

�1 0 1 �1

Table 2: The two Dirichlet characters modulo 3.

` 0 1 2

�1 0 1 �1

Table 3: The two Dirichlet characters modulo 3.

where the ⌧ -independent real phase ' is

'(m,n) = eK(m,n)�
1

27

⇣
8
n

m
+

12

m
�1(m+ n)

⌘
, (4.14)

where in terms of the function K in (3.20), we have

eK(m,n) =
X

p2Z

K(pm, pn) . (4.15)

It is interesting to ask what is the action of a given saddle-point configuration if

we use the analytic continuation of the elliptic gamma function instead of the elliptic

continuation presented here. We address this question in Appendix E and find that the

results coincide, up to a ⌧ -independent imaginary constant. The phenomenon that the

action of a given saddle essentially does not change if we use the analytic continuation

of the elliptic gamma function instead of the elliptic continuation is interesting. At the

practical level, the meromorphic analysis of Appendix E, can be used to extend the current

results of the Bethe ansatz approach of [7, 8] and, to relate those with the results of the

elliptic approach introduced here.

4.2 Entropy of supersymmetric AdS5 black holes

A particularly interesting saddle-point is the black-hole (m,n) = (1, 0), whose action is

Se↵(1, 0; ⌧) =
⇡iN2 (2⌧ + 1)3

27 ⌧2
+ ⇡iN2

'(1, 0) . (4.16)

Up to a ⌧ -independent additive constant that we discuss below, this action is equal to

the action of the supersymmetric AdS5 black hole, calculated in [4] from supergravity after

explicitly solving the constraint (1.2) for ' and subsequently setting ⌧ = �. In [4] the black

hole entropy was derived by performing a Legendre transform which includes a Lagrange

multiplier that enforces the constraint. Here we verify that one can equivalently obtain the

result for the black hole entropy by explicitly solving the constraint. As we see below the

Legendre transform of the action (4.16) combined with a set of reality conditions on the

expectation values of charges and the entropy leads to the Bekenstein-Hawking entropy of

the BPS black hole [3, 4].

– 21 –

Se↵(m,n; ⌧) =
N2⇡i

27m

�
2(m⌧ + n) + �1(m+ n)

�3

(m⌧ + n)2
<latexit sha1_base64="D3tGMJZGFsOgI6qccLr8PQcePE0="></latexit>

m 6= 0

<latexit sha1_base64="b/YH210jOPNGc/AGFirm25qnf9Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsJ+3SzSbd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzSRBP6IDyUPOqLFSOyJdiWPi9soVt+rOQVaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOB01I31ZhQNqID7FgqaYTaz+b3TsmZVfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14bWfcZmkBiVbLApTQUxMZs+TPlfIjJhYQpni9lbChlRRZmxEJRuCt/zyKmleVL3L6s3DZaV2m8dRhBM4hXPw4ApqcA91aAADAc/wCm/O2Hlx3p2PRWvByWeO4Q+czx8Fzo9T</latexit>

Se↵(0, 1; ⌧) = 0

<latexit sha1_base64="Vl+DM0IXNRXpG3LYbcyObx8gmto=">AAACCHicbVDLSgNBEJyN7/ha9ejBwSAohLArgooIQS8eIxoTyC5hdtJrhsw+mOkVw5KjF3/FiwdFvPoJ3vwbJzEHXwUNRVU33V1BKoVGx/mwChOTU9Mzs3PF+YXFpWV7ZfVKJ5niUOeJTFQzYBqkiKGOAiU0UwUsCiQ0gt7p0G/cgNIiiS+xn4IfsetYhIIzNFLb3rhoewi3mEMYDradsntEPWTZDvXKx16ZOm275FScEehf4o5JiYxRa9vvXifhWQQxcsm0brlOin7OFAouYVD0Mg0p4z12DS1DYxaB9vPRIwO6ZZQODRNlKkY6Ur9P5CzSuh8FpjNi2NW/vaH4n9fKMDzwcxGnGULMvxaFmaSY0GEqtCMUcJR9QxhXwtxKeZcpxtFkVzQhuL9f/kuudivuXuXwfK9UPRnHMUvWySbZJi7ZJ1VyRmqkTji5Iw/kiTxb99aj9WK9frUWrPHMGvkB6+0TMduXhQ==</latexit>



Phase structure: black hole dominates in a 
region surrounding  

(1,0)(1,1)
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⌧ = 0
<latexit sha1_base64="F8QeYcrJ2EIPTD8O67ngjVnCjMI=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokKehGKXjxWsB/Q1LLZbtqlm03YnSgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn4zUeujYjVPY4S3oloX4lQMIpWesj8ICQ+0pRcEXfcLZXdijsFWSReTsqQo9Ytffm9mKURV8gkNabtuQl2MqpRMMnHRT81PKFsSPu8bamiETedbHr1mBxbpUfCWNtSSKbq74mMRsaMosB2RhQHZt6biP957RTDy04mVJIiV2y2KEwlwZhMIiA9oTlDObKEMi3srYQNqKYMbVBFG4I3//IiaZxWvLOKe3derl7ncRTgEI7gBDy4gCrcQg3qwEDDM7zCm/PkvDjvzsesdcnJZw7gD5zPHxqZkZc=</latexit> [Cabo-Bizet, S.M. 1909.]



Phase structure: new phases appear near 
rational points

τ
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[Cabo-Bizet, S.M. 1909.]



Method of elliptic extension is very general

Generic N=1 SCFTs, including flavor chemical potentials

❖Universal family of saddles with large entropy. Should 
have gravitational duals.

❖Large family of saddles, classified by finite 
Abelian groups of order N.

[Cabo-Bizet, Cassani, Martelli, S.M. 2005]

Se↵(m,n) =
⇡i

3mT 2
CIJK [�I ]mT [�J ]mT [�K ]mT

<latexit sha1_base64="SSbwiljThqwZ7sSjrL+6iiZ2f2k="></latexit>

❖Action controlled by anomalies
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<latexit sha1_base64="Oxhm+zA2TX0s2nNwmdRFxSpMZr0="></latexit>

graviton gas

N=2
N=3
N=4

N=10

20000 40000 60000 80000 100000
n

2000

4000

6000

8000

10000

12000

N2s(n/N^2)

log dN (n)
n!1�!

p
3⇡

21/3
N2/3 n2/3

<latexit sha1_base64="ml03HIjnwZeUGkEdf/VUrzUulqw="></latexit>

• On the other hand, we clearly see much larger growth of 
SYM operators controlled by      , as consistent with BH.N2

<latexit sha1_base64="f1ZZWd+8Yu1PX6fDcjwP7bnbHFc=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0QUG9BL54konlAsobZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMYXk/95hMqzWP5YEYJ+hHtSx5yRo2V7m8fy91C0S25M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9np07IqVV6JIyVLWnITP09MaaR1qMosJ0RNQO96E3F/7x2asILf8xlkhqUbL4oTAUxMZn+TXpcITNiZAllittbCRtQRZmx6eRtCN7iy8ukUS55ldLlXaVYvcriyMExnMAZeHAOVbiBGtSBQR+e4RXeHOG8OO/Ox7x1xclmjuAPnM8fz4SNgg==</latexit>

At   multi-trace BPS operators = multi-gravitons.  
Sharpened and checked to first few orders in 

N = 1

<latexit sha1_base64="diSDrbkGg5lajUTWRZCArf7avpo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS+eJIJ5YLKE2clsMmR2dpnpFZaQv/DiQRGv/o03/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGN5M/OYT10bE6gGzhPsR7SsRCkbRSo935Ip0hAox6xZLbtmdgiwTb05KMEetW/zq9GKWRlwhk9SYtucm6I+oRsEkHxc6qeEJZUPa521LFY248UfTi8fkxCo9EsbalkIyVX9PjGhkTBYFtjOiODCL3kT8z2unGF74I6GSFLlis0VhKgnGZPI+6QnNGcrMEsq0sLcSNqCaMrQhFWwI3uLLy6RxVvYq5cv7Sql6PY8jD0dwDKfgwTlU4RZqUAcGCp7hFd4c47w4787HrDXnzGcO4Q+czx+TxpA7</latexit>

• At               single-trace operators = single gravitons.N = 1

<latexit sha1_base64="diSDrbkGg5lajUTWRZCArf7avpo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS+eJIJ5YLKE2clsMmR2dpnpFZaQv/DiQRGv/o03/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGN5M/OYT10bE6gGzhPsR7SsRCkbRSo935Ip0hAox6xZLbtmdgiwTb05KMEetW/zq9GKWRlwhk9SYtucm6I+oRsEkHxc6qeEJZUPa521LFY248UfTi8fkxCo9EsbalkIyVX9PjGhkTBYFtjOiODCL3kT8z2unGF74I6GSFLlis0VhKgnGZPI+6QnNGcrMEsq0sLcSNqCaMrQhFWwI3uLLy6RxVvYq5cv7Sql6PY8jD0dwDKfgwTlU4RZqUAcGCp7hFd4c47w4787HrDXnzGcO4Q+czx+TxpA7</latexit>

[cf Janik, Trzetrzelewski, ’07; Grant, Grassi, Kim, Minwalla ’08]

[Chang, Yin ’13]

Are SYM operators BHs or gravitons?



Both! The index interpolates between 
multi-gravitons and BHs

Our goal now is to prove that dN (n) agrees with dgrav(n) when n  2N + 1. Expanding

both the expressions (4.3), (4.4) in terms of products of is(xk) over di↵erent k, and recalling

from (2.2) that the index is(x) starts with the power x2 we see that this agreement is

equivalent to the following assertion,

Z
DU

mY

j=1

1

kj ! jkj
�
TrU j TrU †j

�kj = 1 ,
mX

j=1

j kj  N , (4.5)

which we now prove using some basic concepts from representation theory of U(N). The

ideas below have appeared in closely related contexts in [44, 45].

n 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

d2 3 -2 9 -6 11 -6 9 14 -21 36 -17 -18 114 -194 258 -168

d3 3 -2 9 -6 21 -18 33 -22 36 6 -19 90 -99 138 -9 -210

d4 3 -2 9 -6 21 -18 48 -42 78 -66 107 -36 30 114 -165 390

d5 3 -2 9 -6 21 -18 48 -42 99 -96 172 -156 252 -160 195 48

d6 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 345 -340 540 -426

dgrav 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 381 -396 711 -750

Table 1: The U(N) SYM index dN (n) equals dgrav(n) for
1

2
n < N + 1, and then starts to di↵er.

More data is shown in Table 2.

The basic idea is to expand the traces of powers of the gauge field in terms of the U(N)

group characters, which is precisely the content of the Frobenius character formula [46, 47].

Recall that the representations of U(n) and those of the symmetric group Sn are both

labelled by partitions ��� of n. We denote the corresponding characters as e���� and �
���,

respectively. Now note that the gauge theory operator in (4.5) is uniquely associated with

a cycle shape P through the following bijection,

P ⌘

mY

j=1

(j)kj  !
mY

j=1

�
TrU j

�kj
⌘ OP . (4.6)

We can think of P as a partition, with length `(P ) =
Pm

j=1
jkj , that labels a conjugacy

class in S`(P ). The Frobenius formula for U(N) states that

OP =
X

��� ` `(P )
`(���)N

e����(U)����(P ) , (4.7)

the notation ��� ` d denoting partitions ��� of d, and `(���) denoting the length or the number

of parts of ��� as above, so that the sum runs over all partitions of d with at most N parts.

Using the formula (4.7) for OP and using the first orthogonality relation of the group

characters of U(N), i.e., Z
DU e����(U) e����0(U †) = �������0 , (4.8)

– 11 –

� log|d2(n)| � log|d3(n)| � log|d4(n)| � log|dgrav(n)|
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[S.M. 2005]



This can be proved using ideas from 
representation theory
• Expand exponential in terms of U(N) characters.

• At  , we sum over all partitions, andN = 1

<latexit sha1_base64="diSDrbkGg5lajUTWRZCArf7avpo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS+eJIJ5YLKE2clsMmR2dpnpFZaQv/DiQRGv/o03/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGN5M/OYT10bE6gGzhPsR7SsRCkbRSo935Ip0hAox6xZLbtmdgiwTb05KMEetW/zq9GKWRlwhk9SYtucm6I+oRsEkHxc6qeEJZUPa521LFY248UfTi8fkxCo9EsbalkIyVX9PjGhkTBYFtjOiODCL3kT8z2unGF74I6GSFLlis0VhKgnGZPI+6QnNGcrMEsq0sLcSNqCaMrQhFWwI3uLLy6RxVvYq5cv7Sql6PY8jD0dwDKfgwTlU4RZqUAcGCp7hFd4c47w4787HrDXnzGcO4Q+czx+TxpA7</latexit>

=
1Y

n=1

(1� x3n)2

(1� x2n)3

<latexit sha1_base64="HF2D2myuDqn+Rg+trLphyUDIMMk="></latexit>

=
X

n

dgrav(n) x
n

<latexit sha1_base64="yNcVxNZo33eWu2OemS0Q4IrMN/k=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAIFUqZkYK6EIpuXFawF+jUIZOmbWgmMyRnSsvQl3Djq7hxoYhbwZ1vY3pZaOuBwMf/n8PJ+f1IcA22/W2lVlbX1jfSm5mt7Z3dvez+QU2HsaKsSkMRqoZPNBNcsipwEKwRKUYCX7C637+Z+PUBU5qH8h5GEWsFpCt5h1MCRvKyhSu3gF0dB57EhtqeC2wISVeRwTgvTyfmVBiOHyT2sjm7aE8LL4MzhxyaV8XLfrntkMYBk0AF0brp2BG0EqKAU8HGGTfWLCK0T7qsaVCSgOlWMr1qjE+M0sadUJknAU/V3xMJCbQeBb7pDAj09KI3Ef/zmjF0LloJl1EMTNLZok4sMIR4EhFuc8UoiJEBQhU3f8W0RxShYILMmBCcxZOXoXZWdErFy7tSrnw9jyONjtAxyiMHnaMyukUVVEUUPaJn9IrerCfrxXq3PmatKWs+c4j+lPX5A9QJngo=</latexit>

IN=1(x) =
1Y

k=1

1

1� is(xk)

<latexit sha1_base64="K6EZwE9bSdvOMsMB/qr7uFz/K/c="></latexit>

[S.M. 2005] [cf Dolan ’07;  
Dutta, Gopakumar ’07]

zP =
mY

j=1

kj ! j
kj

<latexit sha1_base64="SHuYkpXg/ERhQ9hvvJ+vSs66Cqw=">AAACE3icbZDLSsNAFIYn9VbrLerSzWgRREpJpKAuCkU3LivYCzRpmEym7bSTCzMToYa8gxtfxY0LRdy6cefbOG2z0NYDAx//fw5nzu9GjAppGN9abml5ZXUtv17Y2Nza3tF395oijDkmDRyykLddJAijAWlIKhlpR5wg32Wk5Y6uJ37rnnBBw+BOjiNi+6gf0B7FSCrJ0U8fnDq0SlWrBK2Ih56TDKtm2vXhyBnCQ+XAYTdRnELo6EWjbEwLLoKZQRFkVXf0L8sLceyTQGKGhOiYRiTtBHFJMSNpwYoFiRAeoT7pKAyQT4SdTG9K4bFSPNgLuXqBhFP190SCfCHGvqs6fSQHYt6biP95nVj2LuyEBlEsSYBni3oxgzKEk4CgRznBko0VIMyp+ivEA8QRlirGggrBnD95EZpnZbNSvrytFGtXWRx5cACOwAkwwTmogRtQBw2AwSN4Bq/gTXvSXrR37WPWmtOymX3wp7TPH+PGm60=</latexit>

f(x)P :=
mY

j=1

f(xj)kj

<latexit sha1_base64="9JGJXCAYFEJIq7gn7Vg2KAWUjPA=">AAACG3icbVDJSgNBEO1xjXEb9eilMQjxEmZCwAUCQS8eI5hEyDL0dHpMJz0L3TWSMMx/ePFXvHhQxJPgwb+xs4BLfFDweK+KqnpuJLgCy/o0FhaXlldWM2vZ9Y3NrW1zZ7euwlhSVqOhCOWNSxQTPGA14CDYTSQZ8V3BGu7gYuw37phUPAyuYRSxtk9uA+5xSkBLjln08i1gQ0iG6ZFTxWdl3Ipk2HWSftlOOz7+tjv9o04ycPqpY+asgjUBnif2jOTQDFXHfG91Qxr7LAAqiFJN24qgnRAJnAqWZluxYhGhA3LLmpoGxGeqnUx+S/GhVrrYC6WuAPBE/TmREF+pke/qTp9AT/31xuJ/XjMG76Sd8CCKgQV0usiLBYYQj4PCXS4ZBTHShFDJ9a2Y9ogkFHScWR2C/ffleVIvFuxS4fSqlKucz+LIoH10gPLIRseogi5RFdUQRffoET2jF+PBeDJejbdp64Ixm9lDv2B8fAF4mqEe</latexit>

IN (x) =
X

P

is(x)P
1

zP

X

`(�)N

��(P )2

<latexit sha1_base64="lI6IqKFCV9MBSjFEit4CqJlTakI="></latexit>

=1

• Frobenius: 
mY

j=1

�
TrU j

�kj =
X

`(�)N

e��(U)��(P )

<latexit sha1_base64="UvtCsZteLMKlR0uTJtK7657AXwo="></latexit>

⇣
P ⌘

mY

j=1

(j)kj

⌘

<latexit sha1_base64="Mo0ssuW7ti+67iKlZ10I9SIBc5Q="></latexit>



• Deeper role of number theory? Relation to L-functions/ 
Mahler measure/ Algebraic K-theory.

Outlook and Questions

• Complex saddles of matrix model important.  
BHs, many other phases (what are they in gravity?) 

⇤⌧ = Z⌧ + Z
<latexit sha1_base64="0qyl3DtrcCDubbVZ00rHPoLWhVQ=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQhZKooBuh6MaFiwr2gU0Ik8mkHTqZhJmJUEL/wY2/4saFIm7duPNvnKQFtfXAwOGcc5l7j58wKpVlfRmlufmFxaXycmVldW19w9zcask4FZg0ccxi0fGRJIxy0lRUMdJJBEGRz0jbH1zmfvueCEljfquGCXEj1OM0pBgpLXnmgXOtwwHyHIVSeA6dCKm+72d3I1gohz+CZ1atmlUAzhJ7QqpggoZnfjpBjNOIcIUZkrJrW4lyMyQUxYyMKk4qSYLwAPVIV1OOIiLdrLhpBPe0EsAwFvpxBQv190SGIimHka+T+YZy2svF/7xuqsIzN6M8SRXhePxRmDKoYpgXBAMqCFZsqAnCgupdIe4jgbDSNVZ0Cfb0ybOkdVSzj2vWzUm1fjGpowx2wC7YBzY4BXVwBRqgCTB4AE/gBbwaj8az8Wa8j6MlYzKzDf7A+PgGLKSduQ==</latexit>

C/⇤⌧
<latexit sha1_base64="QpI7B+wubd/ZkDXD1nw36KOo7hE=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXNVEBV0Wu3HhooJ9QBPCzWTaDp08mJkIJdSNv+LGhSJu/Qt3/o2TNgttPTBwOOce5t7jJ5xJZVnfRmlpeWV1rbxe2djc2t4xd/faMk4FoS0S81h0fZCUs4i2FFOcdhNBIfQ57fijRu53HqiQLI7u1TihbgiDiPUZAaUlzzxwQlBD388ak1PnVucC8BwFKfbMqlWzpsCLxC5IFRVoeuaXE8QkDWmkCAcpe7aVKDcDoRjhdFJxUkkTICMY0J6mEYRUutn0ggk+1kqA+7HQL1J4qv5OZBBKOQ59PZnvK+e9XPzP66Wqf+VmLEpSRSMy+6ifcqxinNeBAyYoUXysCRDB9K6YDEEAUbq0ii7Bnj95kbTPavZ5zbq7qNavizrK6BAdoRNko0tURzeoiVqIoEf0jF7Rm/FkvBjvxsdstGQUmX30B8bnD/valpM=</latexit>

• Importance of lattice                       and torus

Role of modular symmetry:        vs        period functions⌧�1
<latexit sha1_base64="WxKZ6EmxKDvQC0a5c3/lxfHutKM=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WBIV9Fj04rGC/ZA2ls120y7d3YTdiVBCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ2l5ZXVtvbBR3Nza3tkt7e03TJxqyuo0FrFuhcQwwRWrI0fBWolmRIaCNcPhzcRvPjFteKzucZSwQJK+4hGnBK300EGSPman/rhbKnsVbwp3kfg5KUOOWrf01enFNJVMIRXEmLbvJRhkRCOngo2LndSwhNAh6bO2pYpIZoJsevDYPbZKz41ibUuhO1V/T2REGjOSoe2UBAdm3puI/3ntFKOrIOMqSZEpOlsUpcLF2J187/a4ZhTFyBJCNbe3unRANKFoMyraEPz5lxdJ46zin1e8u4ty9TqPowCHcAQn4MMlVOEWalAHChKe4RXeHO28OO/Ox6x1yclnDuAPnM8feyyQMA==</latexit> ⌧�2

<latexit sha1_base64="C1ur/Ib/LLc/lcoULc3tVPXbvto=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxbAbBT0GvXiMYB6SrGF2MkmGzMwuM71CWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dYSy4Qc/7dnIrq2vrG/nNwtb2zu5ecf+gYaJEU1ankYh0KySGCa5YHTkK1oo1IzIUrBmObqZ+84lpwyN1j+OYBZIMFO9zStBKDx0kyWN6Vpl0iyWv7M3gLhM/IyXIUOsWvzq9iCaSKaSCGNP2vRiDlGjkVLBJoZMYFhM6IgPWtlQRyUyQzg6euCdW6bn9SNtS6M7U3xMpkcaMZWg7JcGhWfSm4n9eO8H+VZByFSfIFJ0v6ifCxcidfu/2uGYUxdgSQjW3t7p0SDShaDMq2BD8xZeXSaNS9s/L3t1FqXqdxZGHIziGU/DhEqpwCzWoAwUJz/AKb452Xpx352PemnOymUP4A+fzB3yxkDE=</latexit>

• Elliptic deformation of SYM action — Q-exact term?

Faith in AdS/CFT reconfirmed (in its 
simplest form)

Thank you very much!

• Sum over random partitions (cf 2d gauge theory).


