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Never underestimate the joy that people derive

from hearing something they already know.
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Idea of talk

String compactification: Type Il on K3 x T? = Het on T°

Dyonic BH solutions:

Area: Zero area Large BH
1 1
. : n(r)24 D1o(7,0,2
Partition function: /() ( )
[Dabholkar, Harvey] [Dijkgraaf, Verlinde, Verlinde]

Remove Wall Crossing effects

counts all 1—BPS states Mock modular Jacobi forms that
< count single center states

(Dl[)(Ta g, Z)

[Dabholkar, Murthy, Zagier]



Idea of talk

String compactification: Type Il on K3 x T2 = Het on T°

Dyonic BH solutions:

Area: Zero area Large BH
1 1
. : n(7)2%4 Dio(7,0,2
Partition function: /(7) (7,0,2)
[Dabholkar, Harvey] [Dijkgraaf, Verlinde, Verlinde]
Fourier expansml)n coefficients of Exact formula + fecnhiques” Mock modular Jacobi forms that
n(r)2 count single center states
[CMKRW]

sk = Black hole metamorphosis, Rademacher expansion for MJF’s

[Sen; Sen et.al; , Denef, [Murthy, Bringmann; Reys, Ferrari]
Moore, Andriyash, Jafferis]



Automorphic forms and BH’s

Key Mantra 1: BPS black hole “partition functions” are automorphic forms
that can be computed from the SCFT.

1 1 —1 1 2T
Ex: ——BPS states =q 571 § = €
2 ;r’(,?-) 24 H (1 - q.7))24

Key Mantra 2: Black hole degeneracies are extracted charge wise from
the Fourier expansion coefficients of the automorphic forms.




Automorphic forms and BH’s

Key Mantra 1: BPS black hole “partition functions” are automorphic forms
that can be computed from the SCFT.

1 1 —1 1 2T
Ex: ——BPS states T =q 571 § = €
2 ;r’(,?-) 24 H (1 - q.7))24

Key Mantra 2: Black hole degeneracies are extracted charge wise from
the Fourier expansion coefficients of the automorphic forms.

1 T
G 2. clnja

n=>—1

1
Degeneracy of 3—BPS BH’s with electric or magnetic T-dual invariant »

Key Mantra 3: Need only know the degeneracies of “polar terms” to
compute all BPS degeneracies (Rademacher expansion)




Mock modular dyonic BH entropy

Dyonic black holes with electric charge () and magnetic charge P.

1

P1o(7,0,2)

1
Z_BPS states counted by inverse of Igusa cusp form

A = 4dmn — (2 = P2Q? — (P - Q)*

1 7

— (qup)—l H (1 qnpm,yf) 2C k3 (X)

élfl(qim/(fz:?rl.£')>0 V(] = e“™ , Yy =e , P =€ .

{f eZ_, fm=n=20

(n,m, ) >0 = :
teZ, ifm>0,n>0

'y )_.2 Fourier Exp.
EGx3(7,2) = 2¢0,1(7T Z ( ) | > EG;(r. z) = Z (n,0) q"y", c(n,l) = Cgs(A)

[DVV]

Remark: Discrimininat A = 4mn — ¢? is U-duality invariant quantity built out of T-dual invariants.




Mock modular dyonic BH entropy

1 .

) n_m_ £
Fourier expansion: — E C(nam.«f) qpy
P (1)10(7': % Z) n,m., £

! - —im(Tn+20z+0om)
D f ——BPS stat e~imlrnt
SJeneracy o1 4 S d(n,m,0) = (—=1)""t | dr dz do
(Q%*/2,P%,P-Q) = (n.m.f) D14 (7,0,2)

1
D1o(7,0,2)

Double pole at = = 0 on Siegel UHP and Sp(2,7Z) images

Integral picks up residue at pole if C encompasses it  [Cheng, Verlinde]

3~ BPS (Magnetic)

>~ BPS (Electric)

7~ BPS Dyonic

1
Discontinuous jump in the index of E—BPS states

I1Wa| III




Mock modular dyonic BH entropy

Fourier—Jacobi expansion: (I)m (r,0,2) E - Um(T, 2)

Meromorphic! < v, (7, 2) is a JF of weight —10 and index m

Remove the residue contribution to the integral :> Single center %—BPS degeneracies
[Dabholkar, Murthy, Zagier]

Averaaqing function: Ar m) mi? Zm)\ y
o ' [r/—1)2] Zq (y—1)2

s> +s,,2ms+1

Appell-Lerch sum: Ay ,,(1,2) = Y q LA [DMZ]
= (1=q¢y)y
P, pog(m + 1 .
Polar p|ece (7 m,(T ") ”(—)‘2/ AZ,-m(T: Aa) Coeff of ¢" in Fourier exp of ”(,})24

1 . P
Single center Z_BPS PF: F (7,2) = (T, 2) — YL (7, 2)

.




Mock modular dyonic BH entropy

W (1, 2) is a holomorphic, mock—-modular Jacobi form.

Fourier Expansion: ) (7,2) = Y c}(n.0) ¢"y'
n,f




Mock modular dyonic BH entropy

W (1, 2) is a holomorphic, mock—-modular Jacobi form.

. 1
Fourier Expansion: ¢/ (7,2) = Znyg Deg. of single center - -BPS BH

n.,f




Mock modular dyonic BH entropy

I (7, 2) is a holomorphic, mock—modular Jacobi form.

T

. 1
Fourier Expansion: ¢/ (7,2) = Z ny L Deg. of single center - —BPS BH
n.,f

MMJF’s are weakly holomorphic: Finite number of terms with A = 4mn —/¢2? < 0

(Polar terms or negative discriminant states)

Hardy—Ramanujan growth of FEC’s

/ (Cardy formula)
\

Polar coefficients are required input for
Hardy—Ramanujan—Rademacher circle method

A < ( states “seed" large black hole entropy




Hardy-Ramananujan-Rademacher circle method

Polar coefficients ¢

= (n, 0) .
A =t 2 20 =) ( HRR Circle
method

Coefficients cZ (n, ¢)
:> A =4mn —0*>0

[Dijkgraaf, Maldacena, Moore, Verlinde;
Moore, Manschot; Murthy, Bringmann;
Ferrari, Reys]

Modularity and polar coefficients are enough to fully determine all FEC’s

Mock—modularity



Hardy-Ramananujan-Rademacher circle method

Soo =y Y amnMmiskda BV, (xR

k=1 fez/2mZ

Amn— E2<0
O KU(A,-1;k,9), [4m\°® 27
V2 et bl ——alA
! mz 7 (A) 12(k\/m )

2
1 Kl —1— L5k, ),. [4m\ 2/
OIS = (K) X

k=1 jEZ/2mZ

gEL/2mkZ
g=j(mod 2m)
+1//m . o
* fr.gm(w) Ios 2 A1 —mu2) | (1 — mu?)?/* du
/1/@ & 2\ kyvm

[Murthy, Bringmann; Ferrari, Reys]



Hardy-Ramananujan-Rademacher circle method

00 A 23/4
Emo=my T & G‘*mm 2™ b (2 /1818)

k=1 fez/2mZ

Ama—2 <0
RIS ) (59

SIS

k=1 jEZ/2mZ

gEL/2mkZ
g=j(mod 2m)
+1//m . o
* fr.gm(w) Ios 2 A1 —mu2) | (1 — mu?)?/* du
jruvﬁl & 2\ kyvm

Kloosterman sum

;"

(_h h_
Kipvikw)g = Y &m0 gy,
0<h<k
(B k)=1

Y is an appropriate multiplier system

k —h

h __hh'+1
v = k € SL(2,Z) and hh' = —1 (mod k)




Hardy-Ramananujan-Rademacher circle method

& (n,0) = 2n Z Z

k=1 fez/2mZ
Amn—£2<0

(‘

ﬂ

A

E

A
Tw ‘Al 23/

—1;k,%),,

+\/%Z

y. 2

k=1 jEZ/2mZ
gEL/2mkZ
g=j(mod 2m)

+1/vm
Ji
~1/vm

W A

27

T

)

fk-g.m(“

)

)

1

()

[—Bessel function

25/4
b

2
T r~
t=P—lettay dt

)p /£+ioo
e—ioo

Kloosterman sum

hh'41
k

—h

B —
"}(:
k

Kl(,u, v, k:w)gﬁ' -

Y is an appropriate multiplier system

Z 6271'1( k'LH' )w(,y)w

0<h<k
(h,k)=1

1 (mod k)

) € SL(2,Z) and hh'




Hardy-Ramananujan-Rademacher circle method

& (n,0) = 2n Z Z o

(i %W A|)25/

(n, E
k=1 fez/2mZ
Amn—02 <0
,—1;k, 4 2
+vam 3= (B o ) 1 (22 va)

4m

—SED3

k=1 jeZ/2mZ
gEL/2mkZ
g=j(mod 2m)

+1/v/m
S i)
~1/y/m

—1— f—m;k,i/f) . (@)25/‘1)(

k# A

(“ kfjﬁ

s

Al — muQ)) (1-— muQ)%/4 du

[—Bessel function

1 p petioo a?
I(z) = — (E) / Pt gt
291 N2 e

—10C

Kloosterman sum

2

T
sinh2(T¢ — T

i = |
T k

sinhQ(%) u?

if g Z 0 (mod 2mk) ,

if g = 0 (mod 2mk) .

r'}(

Kl(,u, v, k:w)gﬁ' -

.

Z 6271'1( .k‘“+ )w(,y)w

0<h<k
(h,k)=1

Y is an appropriate multiplier system

hf _hh’+l
k € SL(2,Z) and hh' = —1 (mod k)

k —h




Hardy-Ramananujan-Rademacher circle method

. , > NKEAA;;{,@ _ /1A 23/4 =
ca(n,ff) = 2 Z Z B (’n F) (4 4;; )M (|A) 123/2( M)

k=1 Yez/2mZ

Ami—02<0
= KI lk‘@[)) A\ © 9o
2 4m i T i I A
R e () ho( = vE)
2 <
ES S Ky, 1= 5k ¥)y; (4m) ™/
27 L2 A

k=1 jEZ/2mZ
gEZL/2mkZ
g=j(mod 2m)

+1//m 2 —
5 P sanlit) ta 1—mu?) | (1 — mu?)®/*du
[\ St W(kf A >)( )

Polar coefficients & (n, ¢) :> HRR Circle
A =4mn —0? <0
method

Coefficients ¢! (n, ¢)
:> A=d4dmn—£?>0



Issue from holography

AdS/CFT
Localization of i—BPS states in A" = 4 SUGRA ﬁ Microscopic degeneracies

Does not match for a certain A < 0 states

[Murthy, Reys]

BUT

Hardy—Ramanujan growth of FEC’s

/ (Cardy formula)
\

Polar coefficients are required input for
Hardy—Ramanujan—Rademacher circle method

A < ( states “seed" large black hole entropy



Attractors and walls

1
Degeneracy of Z_BPS states is contour dependent

Choose contour on SUHP that corresponds to choosing attractor values

[Ferrara, Kallosh, Strominger;
Cheng-Verlinde; Sen;, CMKRW]

Fourier—Jacobi expansion: SUHP reduces to UHP

m,sg—i—s 2ms—+1
1
Appell-Lerch sum: As ,,,(7,2) = Z q ,_/g :
' SGZ’ (1 T Q‘ y)

AL sum has different Fourier expansions in different strips of the UHP

Chamber in “axion—dilaton" moduli space corresponding to attractor contour
[Sen; CMKRW]




Attractors and walls

[Sen; CMKRW]

1
Chamber R: All A > 0 states are single center Z_BPS states

Subtraction of 1/ (7, z) removes bound states from vertical ‘T-walls’

T

Negative discriminant ‘bound states’ contribute from semicircular ‘S-walls’

! 1
A < Ostatesin ! (7, 2) are residual bound states of §—BPS "monopoles/instantons”




Attractors and walls

. : 1 :
Problem of obtaining correct single center Z—BPS degeneracies

4

Problem of counting precisely all A < 0 statesin R




Counting A < (0 bound states: Walls

T-walls start from an integer and go to icc

Re(t)
-<€ >
R
S-walls are semicircles that start and end on rationals. [p q] ¢ PSLL(2)
r s
R
> 5
—00 E [o5]



Counting A < (0 bound states: Walls

ico A ioo A R A A Each wall has an associated SL(2,7Z) matrix, ~.

........ Set of all walls in UHP:

[
It = {*y— _?[)q € PSL(2,Z) | r>0,s>0,,
\"" 8
(
R - Dq
< e(;)_ s = {7_\?“5 € PSL(2,Z) | r>0,s<0, ,
/P(I
I'r =3v=|(" "] €PSL(2,Z) |rs=0, .
\"

p/r >q/s, ifyeTE

p/r<q/s, ityely

T UTL Ul = PSL(2,7)



Counting A < (0 bound states: Walls

ico A ioo A R A A Each wall has an associated SL(2,7Z) matrix, ~.

........ Set of all walls in UHP:

[
It = {*y— _?[)q € PSL(2,Z) | r>0,s>0,,
\"" 8
(
R - Dq
< e(;)_ s = {7_\?“5 € PSL(2,Z) | r>0,s<0, ,
/P(I
I'r =3v=|(" "] €PSL(2,Z) |rs=0, .
\"

p/r >q/s, ifyeTE

p/r<q/s, ityely

T UTL Ul = PSL(2,7)



Counting A < (0 bound states

| 2
Wl

Y

(7, z) removes contribution from T-walls. A < 0 bound states can only come from S-walls.

Consider A < 0 state (n,m, () = (Q*/2,P?/2,P- Q)

Atawall v = (? ?) |:> (Q) . (TJ(SQ — qP)) g (q(—er + pP))

P r(sQ — qP) s(—rQ + pP)

Electric center Magnetic center

ny = s°n+ q¢*m — sqf,
(ny, by, my) = (Q3/2, Qy - Py, P}/2). |:> b, = —2srn — 2pgm + €(ps + qr),

. — p2e Lo ,
My = r'n+pm—prl.



Counting A < (0 bound states

Orientation of the wall v: ¢/s — p/r

R ty >0
(F: g] € PSLy(Z)
- ey
—00 ﬁ p 00
s




Counting A < (0 bound states

O, R) + sgn(¢y)

Define: o6(v,R) = 5

B U T % > (=D)T0(y, R) [¢,] d(m,) d(n,)

7€l's

IS a sum over an infinite set

Try to constrain it




Case 1: A <0,(ny >0,m, > 0)

Ty = s*n+ ¢*m — sql ,
ly = —2srn—2pgm + £(ps + qr),
My = r2n + p*m — pre.

Solve for bounds on ~

v [CMKRW]

Contribution from only v € I's such that

P q
v = ,—m < p,q,r,$ < Mm
/ (r ,r,), D, q,T,



Bound state metamorphosis

Subtlety in case n. and/or m, = —1

Consider: n., or m, = —1 (electric or magnetic BSM)

For a wall v with ny = =1, my > 0, we define its metamorphic dual as
. 10 ~
¥ -

—il 1 Given (n,m, (), v and 4 have the same contribution

/ to polar coefficients ¢,,,(n, ()

For a wall v with my = —1,ny > 0, we define its metamorphic dual as
m 5. 1 =k, '
f 0 1

A wall ~ at which BSM occurs contributes to the degeneracy of A < 0 states in
R iff 4 also contributes. Both their contributions are identified and counted
only once.




Case 2: A <0, (n,

b4 R vt
==+ Metamorphic wall
Qriginal wall
"- -y —
R
L4
£, HJK\; )
! \
- i !
w3 p Pl tq e
r —tf,+ 8

> 0,m, =

> 0)

[CMKRW]

Only contributing case

------- Metamorphic wall "};

Original wall
0 S, R
P »
y “
Y4 ‘

4 ¥ v

(] £, < 0
-« - & 2 >

—00 -p F.‘-' +q q P oo
-ré, + s r

Iz R

Metamorphic wall 7

Criginal wall

.

++ Metamorphic wall 7

Original wall
Y
£ < 0 ‘ﬁ-)ﬁ.‘
’ S
’ % I Y
I \)
¥ & >0
- -
_ea -p, +q q p o0
~rl, + s 5 r

Non-contributing

---------- Metamorphic wall :;

Original wall

’ 7
t, <0 . l N
’ A
’ f'ij >0 [
Y ‘} !
—00 4 P -p, + q’_m
s r —tl,+ s

=+« Metamorphic wall 'f

Original wall ¥




Case2: A <0,(ny >0,my=—-10rn, =—1,m, >0)

My = s*n+ ¢*m — sql ,
by = —2srn — 2pgm + £(ps + qr) ,
My = r’n + p?m — pre.

Solve for bounds on ~

\%

Contribution from only v € I's such that

v = (}; ?({) ,—(m+1) <p,qgr,s<m-+1

[CMKRW]



Case 3: A <0, (ny =my = —1)
Dyonic metamorphosis

Let v be a wall at which m = n, = —1. The metamorphic duals are
Vi = Yi-1* M(imod2) for i>0, and =1,
Fp _ 1~k | 10
where My, My are defined as M; = , My = .

0 1

Given (n,m, /), v, all 4; have the same contribution
to polar coefficients ¢,,(n, )

A wall v at which dyonic BSM occurs contributes to the degeneracy of A < 0
states in R iff all 7; also contribute. All their contributions are identified and
counted only once.




Case 3: A <0, (ny =my = —1)
Dyonic metamorphosis

E (R Metamorphi ¥ \é
y¢ L5 0
g’f“ >0 ’ 0
. po s
____}_}" li\ RN &
- ' q P ‘ > o -
Contributes Does not contribute

Contribution from only v € I's such that

f}/:(f g)a_(m—l_l)gpaQaTasgm—i_l

Comment: Very interesting number theory here. Refer CMKRW.



Orbits of metamorphosis

Metamorphosis splits walls contributing to ¢,,,(n, £)
into ‘orbits’ of length 1, 2, ¢

Let Tggm(n, m, £) = PSL(2,Z)/BSM

Define: O(p) = H 0(v,R), p € I'psm(n, £,m)

YENR

O(y) = O(u), yeu

Gn(m,l) = 5 Y. (=DM OM) 6] dmy) d(n,)

vElBsm(n.€,m)

Contribution from only ~ € I'ggy such that

v = (f: g) : _(-m, -+ 1) <p,q,r,8s <m -+ 1



Agreement with SUGRA Localization

I. II. II1. IV. V.
Charges Walls Transf. charges | Contribution | Net Index
(m,n,{:;A) y=gq/s = p/r (my, ny, £;) from wall Cm(n, £)
~-1/2 = 0/1 (-1, -1, 3)
At B | sy oy )
(1,—1,1;-5) 0/1 = 1/1 (-1, -1, 3) 3 3
39 =i | (1, -1, =9
I o] Bl | o0 O (-1, 0,2 48 48
Af=t i | -1, 0,~9)
0/1 = 1/1 (0,0, 1) 576
(1;0,1; ~1) 0/1 — 1/2 (=1,0, 1) - 600
i1 S0 (=10, =1}
13— b [ T W
“1/=1-0/1| (-1, -1, —4)
(2,-1,2;-12) 0/1 = 1/1 (-1, -1, 4) 4 4
—4/-3 > 1/1| (-1, -1, —4)
(2.-11;-9) | ~Y2— 0/ (-1, 0, 3) - %
-1/-1 = 0/1 (-1, 0, =3)
(2,-1,0;—8) | V10N =L L3 643 648
G ) T N
(2,0,2; —4) 0/1 — 1/1 (0, 0, 2) 1152 1152
0/1 = 1/1 (1,0, 1) 7776
(6,551 0/1 — 1/2 (0,0, 1) 576 i
0/1 — 1/3 (~1,0, 1) .
o O (_1 ] =T}
—1/4 = 0/1 -1, -1, 5)
N R ( 1, -1, —5)
(3,-1,3;-21) 0/1 — 1/1 -1, -1, 5) 5 5
—5/—4 = 1/1 ( 1, -1, —5)
(3,-1,2; —16) =t G 5 %4 96 96
A R | L 0

Many more checks in [CMKRW]



Conclusions

| 1
1. A < O states in ¢} (7, 2) are §—BPS bound states

1
2. Should be counted exactly since they seed E—BPS BH entropy

3. Presented an exact formula which counts A < 0 states in an appropriate
chamber

4. Subtleties from metamorphosis constrain the set of contributing walls

5. Implication of m + 1 being the bound is that BH entropy is controlled by a
finite number of worldsheet instantons

6. Exact formula is computationally advantageous

7. OSV type argument?




Outlook

1. Gravitational interpretation of A < 0 states? [Dabholkar, Gaiotto, Nampuri]

2. CHL extension [Cardoso, Nampuri, Rossello]



Obrigado!
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