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→  Internal symmetry: all directions hold 

→  Crystalline symmetry: subtleties arise 

→  Fragile topological phases [Po et al 2017]: 

→  No atomic description  

→  Removable boundary charge 

→  Protected by bulk gap closing
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→  Internal symmetry: all directions hold 

→  Crystalline symmetry: subtleties arise 

→  Fragile topological phases [Po et al 2017]: 

→  No atomic description  

→  Removable boundary charge 

→  Protected by bulk gap closing 

→  Obstructed atomic phases [Bradlyn et al 2017]: 

→  Atomic description 

→  Removable boundary charge 

→  Protection by bulk gap closing
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→  Internal symmetry: all directions hold 

→  Crystalline symmetry: no direction holds 

→  Fragile topological phases [Po et al 2017]: 

→  No atomic description  

→  Removable boundary charge 

→  Protected by bulk gap closing 

→  Obstructed atomic phases [Bradlyn et al 2017]: 

→  Atomic description 

→  Removable boundary charge 

→  Protection by bulk gap closing 

→  Boundary obstructed topological phases
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modes



credit: João Queiroz 2015  

introduction

Basics of crystalline topology



→  Atomic band are those constructed from the 
hybridisation of atomic orbitals on symmetric sites. 

→  Start with a lattice on a space group .  

→  Example: triangular lattice in   

→  Symmetries , , mirror , inversion  and 
translations along lattice vectors , and 
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→  Atomic band are those constructed from the 
hybridisation of atomic orbitals on symmetric sites. 

→  Start with a lattice on a space group .  

→  Example: triangular lattice in   

→  Symmetries , , mirror , inversion  and 
translations along lattice vectors , and 

 

→  Positions in the lattice, called Wyckoff positions  
with different multiplicities (how many times appear in 
the unit cell)  

→  All sites in  is equivalent to each other: they have 
the same site symmetry group 
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Choose lattice  as a frame of reference.  

Now we ask: where are the electrons?
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Choose lattice  as a frame of reference.  

Now we ask: where are the electrons? 

→  Trivial atomic limit : 

→  Same  as lattice 

→  Transforms under rep  of   
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figures: Tilley Understanding Solids 2013

→  Chemically electrons in crystals form hybridized orbitals to achieve 
geometric configurations that maximize bonding. 

→  The center of each orbital  then is shifted to a different site in the 
site in the unit cell 

→  New orbitals transform in a new way under the lattice symmetry: 
Note the  orbitals gain a phase  under sp2
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Putting the Wannier centers away from the lattice sites

14Boundary Obstructed Topological Phases | Raquel Queiroz | Instituto Superior Técnico | July 27, 2020



Putting electrons on the lattice
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Choose lattice  as a frame of reference.  

Now we ask: where are the electrons? 

→  Trivial atomic band : 

→  Same  as lattice 

→  Transforms under rep  of   

→  Obstructed atomic band  

→  Different  that lattice. 

→  Transforms under rep  of  

→  Filling anomalies: maybe we need to break the 
symmetry to fill in all states 

→  Boundary signatures of quantized charge 
moments such as dipole or quadrupole moment
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Choose lattice  as a frame of reference.  

Now we ask: where are the electrons? 

→  Trivial atomic band : 

→  Same  as lattice 

→  Transforms under rep  of   

→  Obstructed atomic band  

→  Different  that lattice. 

→  Transforms under rep  of  

→  Filling anomalies: maybe we need to break the 
symmetry to fill in all states 

→  Boundary signatures of quantized charge 
moments such as dipole or quadrupole moment 
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All atomic bands  transform under a representation of . This representation can be found by looking 
at a single orbital  at one site of the Wyckoff position , which is a representation of : It uniquely determines 
the representation at a momenta  with group . 
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Every distinct atomic limit has distinct symmetry labels
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→  Any atomic insulator can be obtained out of mixing an irreducible (or elementary) set of band 
representations. 

→  Lattice with  and   and inversion symmetry only two inversion symmetric momenta:  and  which we 
label with positive (blue) and negative (red) coloring.
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One dimensional obstructed atomic band 
protected by inversion: 

Topological invariant obtained by product of 
inversion eigenvalues in the Brillouin zone 

Topological response: Quantized polarization 

Position and Berry phase: Modern theory of 
Polarization Resta King-Smith and Vanderbilt

SSH chain with inversion symmetry

19Boundary Obstructed Topological Phases | Raquel Queiroz | Instituto Superior Técnico | July 27, 2020

P

− +  

k = 0

<latexit sha1_base64="PSZc5Me7oSW9BQWbqcBNC84bbBQ="></latexit>

k = ⇡

<latexit sha1_base64="UelVTkeEJMSC3tKn/crGz0yO9E4="></latexit>

k = 0

<latexit sha1_base64="PSZc5Me7oSW9BQWbqcBNC84bbBQ="></latexit>

k = ⇡

<latexit sha1_base64="UelVTkeEJMSC3tKn/crGz0yO9E4="></latexit>

trivial topological

(s, 1a)

<latexit sha1_base64="NhLoHLMc75spnt508JZAv+Rc2iM="></latexit>

(s, 1b)

<latexit sha1_base64="VF4GE5qS4OeAF1qMGsFD5aynDqM="></latexit>

(s, 1a)

<latexit sha1_base64="NhLoHLMc75spnt508JZAv+Rc2iM="></latexit>

(s, 1b)

<latexit sha1_base64="VF4GE5qS4OeAF1qMGsFD5aynDqM="></latexit>

px ⇠ Px̂P ⇠ �

<latexit sha1_base64="6kYEGtTaTQs9NWfWzaxGb5HmJ80="></latexit>



Band inversion: How to make a band topological?
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atomic insulator semimetal topological insulator

position eigenstates not position eigenstates

Forget about energy details except that there is an Hamiltonian  that defines the bands H
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Topological bands without atomic description
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extra 1/3

→  Impossible to represent as localized states inside 
the unit cell 

→  Short range entanglement between neighboring 
unit cells 

→  Edge modes do not have a stand alone lattice 
realization: they are anomalous  

→  Only stable topological bands have irremovable 
boundary modes 

→  Obtained by mixing atomic bands, 

 
→  Incompatible eigenvalues with an atomic band 

T � T 0 = A�A0
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credit: João Queiroz 2015  

on the horizon

Topological phases of systems with boundary:  
Find different topologies than those with periodic boundaries



An intriguing model: 

→  Quantized topological response  

→  Corner modes 

→  No adiabatically disconnected parts of the 
bulk phase diagram  

→  Topological or Trivial? 

→  Subtle notion of topology
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TOPOLOGICAL MATTER

Quantized electric multipole insulators
Wladimir A. Benalcazar,1 B. Andrei Bernevig,2 Taylor L. Hughes1*

The Berry phase provides a modern formulation of electric polarization in crystals.We extend
this concept to higher electric multipole moments and determine the necessary conditions and
minimal models for which the quadrupole and octupole moments are topologically quantized
electromagnetic observables. Such systems exhibit gapped boundaries that are themselves
lower-dimensional topological phases. Furthermore, they host topologically protected
corner states carrying fractional charge, exhibiting fractionalization at the boundary of
the boundary. To characterize these insulating phases of matter, we introduce a paradigm
in which “nested”Wilson loops give rise to topological invariants that have been overlooked.
We propose three realistic experimental implementations of this topological behavior
that can be immediately tested. Our work opens a venue for the expansion of the
classification of topological phases of matter.

T
opological phases of matter can give rise
to sharply quantized physical quantities,
such as (i) charge polarization P1 in crystals,
with either charge conjugation or inversion
symmetry (1–3); (ii) Hall conductance sxy in

two-dimensional (2D) integer quantum Hall or
Chern insulator systems (4–6); and (iii) magneto-
electric polarizability P3 in 3D time-reversal
invariant or inversion symmetric topological
insulators (2, 3, 7, 8). These response coefficients
can be elegantly expressed as quantized topolog-
ical invariants in terms of the Berry phase vec-
tor potential A

P1 ¼ " e
2p

∫
BZ

Tr½A$ ð1Þ

sxy ¼ " e2

2ph
∫
BZ

Tr½dAþ iA∧A$ ð2Þ

P3 ¼ " e2

4ph
∫
BZ

Tr A∧dAþ 2i
3
A∧A∧A

! "
ð3Þ

where BZ in Eqs. 1 to 3 is the Brillouin zone in
one, two, and three spatial dimensions, re-
spectively, and A has components ½AiðkÞ$mn ¼
"ihum

k j@ki jun
ki, where jun

ki is the Bloch function
of band n and m, n run only over occupied en-
ergy bands.
The forms of sxy and P3 are natural math-

ematical generalizations of P1 to higher dimen-
sions. However, there is no theory for the natural
physical generalizations of the dipole polariza-
tion P1 to higher electric multipole moments in
crystalline insulators. Here, we provide a gen-
eralization of the polarization Eq. 1 to higher
multipole moments. These higher moments can
also be of topological origin and are quantized by
certain crystalline symmetries. We explain this

quantization by introducing a paradigm for topo-
logical invariants based on nested Wilson loops.
Our bulk topological invariants determine the
properties of gappedbutpossibly nontrivial bound-
aries and allow us to use robust topological
phenomena to provide a definition of a “bound-
ary of a boundary.” The physicalmanifestation of
our multipole moments is twofold: (i) fractional
corner charges (but not edge or surface) that are
quantized to ±e/2 in the presence of certain sym-
metries, and (ii) edge-localized electric currents as
the result of adiabatic deformations that pre-
serve inversion symmetry. Classically, the prim-
itive dipole, quadrupole, and octupole moments
of a continuum, volume charge density r(r) are
defined as pi ¼ ∫d3rrðrÞri , qij ¼ ∫d3rrðrÞrirj ,
and oijk ¼ ∫d3rrðrÞrirjrk (9). In the modern the-
ory of polarization in crystals, the dipolemoment
pi is a Berry phase of the bulk electron states (Eq.
1) and manifests itself through the presence of
surface charge. Higher moments generate a cas-
cade of observable properties, for which the cur-
rent theory of polarization is not sufficient. We
derive the electromagnetic properties of a 2D in-
sulatorwith a square shapeanda3D insulatorwith
a cubic shape, having only a nonvanishing quadru-
pole moment qxy or octupole moment oxyz, res-
pectively [the derivation and general formulation
are provided in (10), Sec. 1], obtaining, respectively

pedge
j

a ¼ na
i qij ;Q

corner a;b ¼ na
i n

b
j qij ð4Þ

qfacejk
a ¼ na

i oijk;

phingek
a;b ¼ na

i n
b
j oijk;

Qcorner a;b;g ¼ na
i n

b
j n

g
koijk; ð5Þ

where repeated indices are summed over. Here,
pedge
j

a are the edge tangential polarizations per
unit length on the square, phingej

a;b are the hinge
tangential polarizations per unit length on the
cube, qfacejk

a are the surface quadrupoles per unit
area of the cube, and Qcorner a;b and Qcorner a;b;g are
the charges localized on the corners of the square
and cube, respectively. TheGreek lettersa, b, g =±x,
±y, ±z label the surfaces of the square/cube, with

outward pointing unit normal vectors na
i ¼ sad

jaj
i

where the sign sa=± = ±1 encodes the direction.
Hinges and corners are associatedwith the inter-
section ofmultiple surfaces and hence havemore
than one associated surface label and normal
vector; the only nonvanishing contributions occur
for a ≠ b ≠ g. These properties are represented
pictorially in Fig. 1, A and B.
Despite the connection between bulk electric

moments and their boundary surface proper-
ties, we can illustrate the bulk nature of the
quadrupole moment by drawing a distinction
between systemswith edge polarizations induced
by a bulk quadrupolemoment qxy and thosewith
boundary polarizations in the absence of a bulk
quadrupole. For the second case, consider an
unpolarized 2D insulator with qxy = 0 that has
tangent edge polarizations per unit length fol-
lowing the same pattern as in Fig. 1A (but where
in general we could have jpedgeþx

y j≠jpedgeþy
x j). In

this configuration,Qcornerþx;þy ¼ pedgeþx
y þ pedgeþy

x
(notice that all of these quantities have units of
charge), which is just the induced charge from
the two independent edge polarizations con-
verging to the corner or diverging from it. Now,
suppose that instead we have a bulk unpolarized
system with qxy ≠ 0. According to Eq. 4, this
moment induces tangent edge polarizations
and corner charges of equalmagnitude,jpedgeTyx j ¼
jpedgeTxy j ¼ jQcornerTx;Tyj ¼ jqxyj, and with the pat-
tern shown in Fig. 1A. Crucially, the corner charge
is not the sum of the two boundary polarizations;
it is not the result of edge phenomena alone.
Instead, both edge polarizations and corner
charge are boundary manifestations of the bulk.
In a system without bulk polarization but with
both quadrupole moment and (bulk-independent)
edge polarizations, the quadrupole moment deter-
mines exactly howmuch the corner charge differs
from the sum of the tangent edge polarizations
according to Qcornerþx;þy " Pedgeþx

y " Pedgeþy
x ¼

"qxy , where the upper-case Pedge a is the total
edge polarization on edge a regardless of its
physical origin.
Wewill now show that the quadrupole and octu-

polemoments can be defined in crystals and are
quantized by the presence of reflection symmetries.

Model with quantized quadrupole moment

Heuristically, a 2D crystal with a quantized quad-
rupolemoment should have two properties: (i) at
least two occupied bands and (ii) symmetries
that quantize the bulk quadrupole moment and
bulk dipole moment—the latter made to vanish.
We expect (i) because canonical quadrupoles are
built from two canceling dipole moments, and
two occupied bands are needed to generate non-
vanishing, individual dipoles, but a total cancel-
ing dipole [(10), Sec. 1]. Regarding (ii), moments
that are odd under a symmetry must naively van-
ish, but in following with the usual quantization
paradigm of P1 (1–3) and P3 (2, 3, 7, 8), these
moments canmore generally satisfy, for example,
P1 = –P1mod e (in 1D), which has a nonvanishing
solution P1 = ±e/2 when a lattice is introduced
(11, 12). For (ii), we will enforce reflection sym-
metries Mx: x → –x and My: y → –y.

RESEARCH

Benalcazar, Bernevig, Hughes, Science 357, 61–66 (2017) 7 July 2017 1 of 6

1Department of Physics and Institute for Condensed Matter
Theory, University of Illinois at Urbana–Champaign, IL 61801,
USA. 2Department of Physics, Princeton University,
Princeton, NJ 08544, USA.
*Corresponding author. Email: hughest@illinois.edu

on M
ay 6, 2020

 
http://science.sciencem

ag.org/
D

ow
nloaded from

 

wall mode trapped between a topological and
trivial phase [(10), Sec. 2].

Nested Wilson loops

As seen above, a bulk topological quadrupole
moment qxy generates a topologically polarized
edge when the system is cut parallel to either the
x or y directions. To formulate this as a bulk
property, we consider the Wilson loop opera-
tors in the x and y directions: Wx;k or Wy;k ,
where k = (kx, ky) is the starting point of the
loop (Fig. 3A). A crystal with Norb degrees of
freedom per unit cell and Nocc occupied energy
bands has the occupied Bloch functions jun

ki ,
for n = 1 ... Nocc, with components ½un

k "
a for a =

1 ... Norb. We define ½Fx;k"mn ¼ hum
kþDkx ju

n
ki, for

Dkx = (2p/Nx, 0), where Nx is the number of
lattice sites along x. Hence,Wx;k ¼ Fx;kþNxDkx :::
Fx;kþDkx Fx;k , and similarly for Wy;k. We define a
Wannier Hamiltonian HWxðkÞ of the x edge via

Wx;k ≡ eiHWx ðkÞ ð7Þ

which has been shown (14) to be adiabatically
connected to the physical Hamiltonian of the

edge, andwhich we use to characterize the bound-
ary topology.
HWxðkÞ has eigenvalues 2pn

j
xðkyÞ, j = 1 ... Nocc,

that only depend on the coordinate ky of the
Wilson loop starting point [and vice versa for
the eigenvalues of HWyðkÞ of the y edge]. With
fully periodic boundary conditions, the Wilson
loop for our model diagonalizes as

Wx;k ¼
X

j¼T

jnjx;kie
2pin j

xðkyÞhnjx;kj ð8Þ

where the eigenstates jn j
x;ki, j = 1, 2, have com-

ponents ½n j
x;k"

n, n = 1, 2. It is well known that the
Wannier centers are proportional to the phases
n j
xðkyÞof these eigenvalues (11, 12, 15–19). Because
of the x → –x reflection symmetry, n'x ðkyÞ ¼
'nþx ðkyÞmod1 (20) [(10), Sec. 6]; for conven-
tion, we chose n'x ðkyÞ∈½0; 1=2". Crucially, in our
model, unlike previously characterized topolog-
ical insulators (17–23), the Wannier centers of
the two occupied bands do not touch at any
point over the entire range ky∈ð'p; p" (Fig. 3B,
red lines). Thus, HWx is gapped, and we refer to
the spectra nTxðkyÞ as being two Wannier bands,
and to their separation as the Wannier gap.

The Wannier bands are defined over the 1D
BZ ky∈ð'p; p", and they obey the identification
n j
x ≡n j

xmod1.
The key feature of our construction is that,

being gapped, theWannier bands can carry their
own topological invariants. These can be eval-
uated by calculating nested Wilson loops, as fol-
lows. Let us start by defining the Wannier band
subspaces

jwT
x;ki ¼

X

n¼1;2

jun
ki½n

T
x;k"

n ð9Þ

which provide a natural splitting of our original
pair of occupied energy bands, which were neces-
sarily degenerate in energy at the special points
in the BZ [because of fm̂x; m̂yg ¼ 0], into two
separate single-band subspaces (we generalize
this formalism to arbitrary numbers of occupied
energy bands andWannier bands in (10), Secs. 4,
5, and 6)]. If we define FT

y;k ¼ hwT
x;kþDky jw

T
x;ki ,

where Dky = (0, 2p/Ny) and Ny is the number of
lattice sites along y, the nestedWilson loops along
ky in the Wannier bands nTx are

~WT
y;kx ¼ FT

y;kþNyDky :::F
T
y;kþDky F

T
y;k ð10Þ

and their associated polarizations are

pnTx
y ¼ ' i

2p
1
Nx

X

kx

Log½ ~WT
y;kx "

¼
0

jgj
jlj

> 1

1=2
jgj
jlj

< 1

8
>><

>>:
ð11Þ

The polarization of 1/2 along y implies that the
Wannier Hamiltonian of the x edge HWxðkÞ is a
topological insulator when jg=lj < 1, which is in
agreement with our findings in the numerical
simulation of our model (Fig. 2, C and D). Al-
though the full subspace of occupied energy bands
has trivial polarization along y, each of the sep-
arateWannier band subspaces has nonvanishing
polarization. In the thermodynamic limit, the po-
larization of the Wannier bands is

pn
T
x
y ¼ ' 1

ð2pÞ2
∫
BZ

~AT

y;kd
2k ð12Þ

where

~AT

y;k ¼ 'ihwT
x;kj@ky jw

T
x;ki ð13Þ

is the Berry potential over Wannier band nTx , re-
spectively. In (10), Secs. 4 and 5, we provide more
formal details of these expressions, as well as their
relation with lattice position operators projected
into the energy or Wannier-band subspaces.

Symmetry constraints and quantization

To obtain a well-defined quadrupole moment,
we require a crystal with a vanishing bulk
polarization—hence, inversion-symmetric (1).
To quantize the quadrupole moment, we want
to preserve reflection symmetries as well. Under

Benalcazar, Bernevig, Hughes, Science 357, 61–66 (2017) 7 July 2017 3 of 6

Fig. 2. Properties of quadrupole insulator with the Bloch Hamiltonian in Eq. 6. (A) Energy spectrum
for a system with open boundary conditions in x and y as a function of g/l. Red lines correspond to four
energy-degenerate, corner-localized states. (B) Electronic charge density in the nontrivial phase (here,
l = 1, d = g = 10–3 on a square lattice with 20 sites per side). (C) Lattice with open boundaries along x and
periodic boundaries along y at g = 0. Its edges (with blue and red hoppings) are 1D nontrivial topological
insulators. (D) Tangential polarization along y as a function of lattice sites along x for the geometric
configuration in (C), but for three values of g/l. For g/l = 0.5, the integrated polarization over half of the
lattice width is still ±e/2.
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pumping a quantum of dipole moment through
the bulk of the insulator.

Proposals for the experimental realizations
of the quantized quadrupole moment

We now describe three systems in which the
quadrupole topology can be realized and its sig-
natures can be measured.

Cold atoms in optical lattices

The quadrupolemoment can be realized straight-
forwardly in a system of ultracold atoms in an
optical lattice. Our model in Eq. 6 can be con-
structed from a square lattice Hofstadter model
with p-flux per plaquette, with the addition of a
superimposed superlattice (Fig. 4). It has already
been experimentally demonstrated that such a
dimerized lattice in the xy plane can coexist with
a uniform effective flux per plaquette that is fully
tunable (24). The effective flux is achieved by first
inhibiting the tunneling along the horizontal
direction via a linear magnetic gradient that gen-
erates a uniform energy offset D between neigh-
boring sites. The tunneling is resonantly restored
by using a pair of far-detuned runningwave beams
with a frequency difference of w = w1 – w2 = D/ℏ.
This causes an on-site modulation with spatial-
ly dependent phases along the direction of the
magnetic gradient (Fig. 4, x direction). If the

Benalcazar, Bernevig, Hughes, Science 357, 61–66 (2017) 7 July 2017 5 of 6

Fig. 4. Proposal for the experimental realiza-
tion of a crystalline quadrupole by using ultra-
cold atoms in an optical lattice. Following (24),
a Hofstader model can be created by mutually
orthogonal standing optical waves in which an
ultracold gas is held. A period-2 superlattice
(dimerization) can be induced in the xy plane by
two additional orthogonal optical waves at double
the in-plane wavelengths of the optical lattice. A
magnetic field gradient and an additional pair of
running wave beams give rise to a tunable flux on
the plaquettes.

Fig. 5. Proposal for realization of quadrupole in a photonic crystal. (A) Effective negative hoppings are
achieved by introducing auxiliary waveguides (at center) and fine-tunnig the refractive indices on each
individual waveguide. (B) Photonic crystal lattice with nontrivial quadurpole moment. (C) Density of states
for a lattice as in (B) with 16 by 16 unit cells and dl = 20 mm, dg = 30 mm. For these distances, the auxiliary
modes are sufficiently detuned and do not affect the quadrupole topological structure at lower energies.

Fig. 6. 3D insulator with
a quantized octupole
moment oxyz. (A)
Hopping terms in the
Hamiltonian of Eq. 18. g,l
(shown in left, right,
respectively) represent
two hopping strengths,
and dashed lines repre-
sent hopping terms with
negative signs. Unit cells
are shown in orange
boxes. The topological
phase occurs when
jg=lj < 1. Numbers indi-
cate basis for G′-matrices.
(B) Charge density in the
topological phase. Corner
charges are ±e/2 relative
to background charge. (C)
Wannier bands obtained
by successively
calculating the Wilson
loop along z, then nested
Wilson loop along y, and
last, along x. Each of the
2D Wannier bands
determined by Wz;k have a nontrivial quadrupole moment qxy = ±e/2, and each of the 1D Wannier
bands determined from ~Wy;k have a nontrivial polarization px = ±e/2.
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First model of higher order topology! 



Experimental realizations
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 symmetry (at least weakly) brokenC4
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A quantized microwave quadrupole insulator with 
topologically protected corner states
Christopher W. Peterson1, Wladimir A. Benalcazar2, Taylor L. Hughes2 & Gaurav Bahl3

The theory of electric polarization in crystals defines the dipole 
moment of an insulator in terms of a Berry phase (geometric 
phase) associated with its electronic ground state1,2. This concept 
not only solves the long-standing puzzle of how to calculate dipole 
moments in crystals, but also explains topological band structures in 
insulators and superconductors, including the quantum anomalous 
Hall insulator3,4 and the quantum spin Hall insulator5–7, as well as 
quantized adiabatic pumping processes8–10. A recent theoretical 
study has extended the Berry phase framework to also account 
for higher electric multipole moments11, revealing the existence 
of higher-order topological phases that have not previously been 
observed. Here we demonstrate experimentally a member of this 
predicted class of materials—a quantized quadrupole topological 
insulator—produced using a gigahertz-frequency reconfigurable 
microwave circuit. We confirm the non-trivial topological phase 
using spectroscopic measurements and by identifying corner states 
that result from the bulk topology. In addition, we test the critical 
prediction that these corner states are protected by the topology of 
the bulk, and are not due to surface artefacts, by deforming the edges 
of the crystal lattice from the topological to the trivial regime. Our 
results provide conclusive evidence of a unique form of robustness 
against disorder and deformation, which is characteristic of higher-
order topological insulators.

The simplest model of a system with a quantized dipole moment 
is a one-dimensional two-band insulator12. Owing to the presence 
of chiral or inversion symmetries13,14, this system exhibits quantized 
fractional edge charges of ± e/2, where e is the electron charge, when 
its band structure is topological. The fractional edge charges of the 
quantized dipole insulator are associated with a pair of edge- localized 
bound states of the Hamiltonian. These edge states have energies 
that lie within the bulk insulating gap and have been observed in 
one- dimensional lattices in systems of cold atoms15,16 and in several 
 metamaterials17–20. However, the possible existence of quantized 
higher multipole moments protected by spatial symmetries in crystal-
line insulators has remained an outstanding question for the past 25 
years. A recent theory addressing this issue11 proposes a pair of simple 
electronic two- and three-dimensional lattice models that exhibit the 
signatures of quantized electric quadrupole and octupole moments, 
respectively. A two-dimensional insulator with a quantized quadrupole 
moment qxy =  e/2 generates edge-localized dipole moments tangent 
to the edge of the lattice and corner-localized charges, both of magni-
tude e/2 (Fig. 1a). The corner charges are associated with four corner- 
localized modes that lie in the middle of the energy gap11,21 (Fig. 1c). 
Although the edge-localized polarizations arise from the gapped, but 
topological, nature of the edge states, they do not have a spectroscopic 
manifestation.

Metamaterial analogues of quantum Hall and quantum spin 
Hall  topological insulators have previously been implemented in 
 photonic22–24 and phononic25,26 systems, as well as in electric circuits27. 
Here, we implement the two-dimensional quadrupole topological 

model from ref. 11. (Fig. 1b) in a metamaterial composed of coupled 
microwave resonators. Although edge polarizations and corner- 
localized, topologically protected modes are both signatures of the 

1Department of Electrical and Computer Engineering, University of Illinois at Urbana-Champaign, Urbana, Illinois 61801-2918, USA. 2Department of Physics, University of Illinois at Urbana-
Champaign, Urbana, Illinois 61801-2918, USA. 3Department of Mechanical Science and Engineering, University of Illinois at Urbana-Champaign, Urbana, Illinois 61801-2918, USA.

–2 –1 1 2
Energy (O)

a

Two-dimensional
bulk quadrupole

qxy

Edge dipole px

Ed
ge

 d
ip

ol
e 
p y

Ed
ge

 d
ip

ol
e 
p y

Edge dipole px
c

D
en

si
ty

 o
f s

ta
te

s

d

Topological edge
Oe > Je

Intermediate phase
Oe = Je

Trivial edge
Oe < Je

b
O

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

J

Protected
mid-gap

corner modes

Q
ua

dr
up

ol
e 

to
po

lo
gi

ca
l p

ha
se

Q
uadrupole

topological phase

Figure 1 | Quadrupole topological insulator. a, Two-dimensional bulk 
quadrupole topological insulator (blue square) with edge-localized 
topological dipoles (orange arrows) and corner-localized charges of  
± e/2 (red and blue dots). b, Tight-binding representation of a quadrupole 
topological insulator with four sites per unit cell. Red lines denote 
coupling between unit cells (coupling rate, λ) and black lines represent 
couplings within unit cells (γ). Dashed lines indicate a − 1 phase factor on 
the coupling, a gauge choice for the creation of a synthetic magnetic flux 
of π  per plaquette. The insulator is in the quadrupole topological phase 
for λ >  γ and in the trivial phase for λ <  γ. c, Theoretically calculated 
density of states for the quantized quadrupole insulator (5 ×  5 unit cells) 
shown in b with fully open boundaries. The lower and upper bands 
(blue) have eigenstates delocalized in the bulk, whereas the states in the 
middle of the gap (green) are confined to the corners, as shown in d. The 
energy is expressed in units of λ. d, Theoretically calculated probability 
density functions (green circles; the areas of the circles correspond to 
the probability) of the four in-gap modes during reconfiguration of the 
lowest-edge unit cells from λe/γe =  4.5 (left) to λe/γe =  1 (centre) and to 
λe/γe =  1/4.5 (right). Throughout the deformation, only γe changes, while 
λe =  λ =  1 and γ =  1/4.5. Experimental test results of this deformation are 
shown in Fig. 4.
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The theory of electric polarization in crystals defines the dipole 
moment of an insulator in terms of a Berry phase (geometric 
phase) associated with its electronic ground state1,2. This concept 
not only solves the long-standing puzzle of how to calculate dipole 
moments in crystals, but also explains topological band structures in 
insulators and superconductors, including the quantum anomalous 
Hall insulator3,4 and the quantum spin Hall insulator5–7, as well as 
quantized adiabatic pumping processes8–10. A recent theoretical 
study has extended the Berry phase framework to also account 
for higher electric multipole moments11, revealing the existence 
of higher-order topological phases that have not previously been 
observed. Here we demonstrate experimentally a member of this 
predicted class of materials—a quantized quadrupole topological 
insulator—produced using a gigahertz-frequency reconfigurable 
microwave circuit. We confirm the non-trivial topological phase 
using spectroscopic measurements and by identifying corner states 
that result from the bulk topology. In addition, we test the critical 
prediction that these corner states are protected by the topology of 
the bulk, and are not due to surface artefacts, by deforming the edges 
of the crystal lattice from the topological to the trivial regime. Our 
results provide conclusive evidence of a unique form of robustness 
against disorder and deformation, which is characteristic of higher-
order topological insulators.

The simplest model of a system with a quantized dipole moment 
is a one-dimensional two-band insulator12. Owing to the presence 
of chiral or inversion symmetries13,14, this system exhibits quantized 
fractional edge charges of ± e/2, where e is the electron charge, when 
its band structure is topological. The fractional edge charges of the 
quantized dipole insulator are associated with a pair of edge- localized 
bound states of the Hamiltonian. These edge states have energies 
that lie within the bulk insulating gap and have been observed in 
one- dimensional lattices in systems of cold atoms15,16 and in several 
 metamaterials17–20. However, the possible existence of quantized 
higher multipole moments protected by spatial symmetries in crystal-
line insulators has remained an outstanding question for the past 25 
years. A recent theory addressing this issue11 proposes a pair of simple 
electronic two- and three-dimensional lattice models that exhibit the 
signatures of quantized electric quadrupole and octupole moments, 
respectively. A two-dimensional insulator with a quantized quadrupole 
moment qxy =  e/2 generates edge-localized dipole moments tangent 
to the edge of the lattice and corner-localized charges, both of magni-
tude e/2 (Fig. 1a). The corner charges are associated with four corner- 
localized modes that lie in the middle of the energy gap11,21 (Fig. 1c). 
Although the edge-localized polarizations arise from the gapped, but 
topological, nature of the edge states, they do not have a spectroscopic 
manifestation.

Metamaterial analogues of quantum Hall and quantum spin 
Hall  topological insulators have previously been implemented in 
 photonic22–24 and phononic25,26 systems, as well as in electric circuits27. 
Here, we implement the two-dimensional quadrupole topological 

model from ref. 11. (Fig. 1b) in a metamaterial composed of coupled 
microwave resonators. Although edge polarizations and corner- 
localized, topologically protected modes are both signatures of the 
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Figure 1 | Quadrupole topological insulator. a, Two-dimensional bulk 
quadrupole topological insulator (blue square) with edge-localized 
topological dipoles (orange arrows) and corner-localized charges of  
± e/2 (red and blue dots). b, Tight-binding representation of a quadrupole 
topological insulator with four sites per unit cell. Red lines denote 
coupling between unit cells (coupling rate, λ) and black lines represent 
couplings within unit cells (γ). Dashed lines indicate a − 1 phase factor on 
the coupling, a gauge choice for the creation of a synthetic magnetic flux 
of π  per plaquette. The insulator is in the quadrupole topological phase 
for λ >  γ and in the trivial phase for λ <  γ. c, Theoretically calculated 
density of states for the quantized quadrupole insulator (5 ×  5 unit cells) 
shown in b with fully open boundaries. The lower and upper bands 
(blue) have eigenstates delocalized in the bulk, whereas the states in the 
middle of the gap (green) are confined to the corners, as shown in d. The 
energy is expressed in units of λ. d, Theoretically calculated probability 
density functions (green circles; the areas of the circles correspond to 
the probability) of the four in-gap modes during reconfiguration of the 
lowest-edge unit cells from λe/γe =  4.5 (left) to λe/γe =  1 (centre) and to 
λe/γe =  1/4.5 (right). Throughout the deformation, only γe changes, while 
λe =  λ =  1 and γ =  1/4.5. Experimental test results of this deformation are 
shown in Fig. 4.
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Fixed Wyckoff position: Adding C4 symmetry

→  Enforcing  fixes the spatial position of the electron 
charges 

→  Obstructed atomic limit protected by a bulk gap 
closing transition 
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…

…

Fixed Wyckoff position: Adding C4 symmetry

wall mode trapped between a topological and
trivial phase [(10), Sec. 2].

Nested Wilson loops

As seen above, a bulk topological quadrupole
moment qxy generates a topologically polarized
edge when the system is cut parallel to either the
x or y directions. To formulate this as a bulk
property, we consider the Wilson loop opera-
tors in the x and y directions: Wx;k or Wy;k ,
where k = (kx, ky) is the starting point of the
loop (Fig. 3A). A crystal with Norb degrees of
freedom per unit cell and Nocc occupied energy
bands has the occupied Bloch functions jun

ki ,
for n = 1 ... Nocc, with components ½un

k "
a for a =

1 ... Norb. We define ½Fx;k"mn ¼ hum
kþDkx ju

n
ki, for

Dkx = (2p/Nx, 0), where Nx is the number of
lattice sites along x. Hence,Wx;k ¼ Fx;kþNxDkx :::
Fx;kþDkx Fx;k , and similarly for Wy;k. We define a
Wannier Hamiltonian HWxðkÞ of the x edge via

Wx;k ≡ eiHWx ðkÞ ð7Þ

which has been shown (14) to be adiabatically
connected to the physical Hamiltonian of the

edge, andwhich we use to characterize the bound-
ary topology.
HWxðkÞ has eigenvalues 2pn

j
xðkyÞ, j = 1 ... Nocc,

that only depend on the coordinate ky of the
Wilson loop starting point [and vice versa for
the eigenvalues of HWyðkÞ of the y edge]. With
fully periodic boundary conditions, the Wilson
loop for our model diagonalizes as

Wx;k ¼
X

j¼T

jnjx;kie
2pin j

xðkyÞhnjx;kj ð8Þ

where the eigenstates jn j
x;ki, j = 1, 2, have com-

ponents ½n j
x;k"

n, n = 1, 2. It is well known that the
Wannier centers are proportional to the phases
n j
xðkyÞof these eigenvalues (11, 12, 15–19). Because
of the x → –x reflection symmetry, n'x ðkyÞ ¼
'nþx ðkyÞmod1 (20) [(10), Sec. 6]; for conven-
tion, we chose n'x ðkyÞ∈½0; 1=2". Crucially, in our
model, unlike previously characterized topolog-
ical insulators (17–23), the Wannier centers of
the two occupied bands do not touch at any
point over the entire range ky∈ð'p; p" (Fig. 3B,
red lines). Thus, HWx is gapped, and we refer to
the spectra nTxðkyÞ as being two Wannier bands,
and to their separation as the Wannier gap.

The Wannier bands are defined over the 1D
BZ ky∈ð'p; p", and they obey the identification
n j
x ≡n j

xmod1.
The key feature of our construction is that,

being gapped, theWannier bands can carry their
own topological invariants. These can be eval-
uated by calculating nested Wilson loops, as fol-
lows. Let us start by defining the Wannier band
subspaces

jwT
x;ki ¼

X

n¼1;2

jun
ki½n

T
x;k"

n ð9Þ

which provide a natural splitting of our original
pair of occupied energy bands, which were neces-
sarily degenerate in energy at the special points
in the BZ [because of fm̂x; m̂yg ¼ 0], into two
separate single-band subspaces (we generalize
this formalism to arbitrary numbers of occupied
energy bands andWannier bands in (10), Secs. 4,
5, and 6)]. If we define FT

y;k ¼ hwT
x;kþDky jw

T
x;ki ,

where Dky = (0, 2p/Ny) and Ny is the number of
lattice sites along y, the nestedWilson loops along
ky in the Wannier bands nTx are

~WT
y;kx ¼ FT

y;kþNyDky :::F
T
y;kþDky F

T
y;k ð10Þ

and their associated polarizations are

pnTx
y ¼ ' i

2p
1
Nx

X

kx

Log½ ~WT
y;kx "

¼
0

jgj
jlj

> 1

1=2
jgj
jlj

< 1

8
>><

>>:
ð11Þ

The polarization of 1/2 along y implies that the
Wannier Hamiltonian of the x edge HWxðkÞ is a
topological insulator when jg=lj < 1, which is in
agreement with our findings in the numerical
simulation of our model (Fig. 2, C and D). Al-
though the full subspace of occupied energy bands
has trivial polarization along y, each of the sep-
arateWannier band subspaces has nonvanishing
polarization. In the thermodynamic limit, the po-
larization of the Wannier bands is

pn
T
x
y ¼ ' 1

ð2pÞ2
∫
BZ

~AT

y;kd
2k ð12Þ

where

~AT

y;k ¼ 'ihwT
x;kj@ky jw

T
x;ki ð13Þ

is the Berry potential over Wannier band nTx , re-
spectively. In (10), Secs. 4 and 5, we provide more
formal details of these expressions, as well as their
relation with lattice position operators projected
into the energy or Wannier-band subspaces.

Symmetry constraints and quantization

To obtain a well-defined quadrupole moment,
we require a crystal with a vanishing bulk
polarization—hence, inversion-symmetric (1).
To quantize the quadrupole moment, we want
to preserve reflection symmetries as well. Under

Benalcazar, Bernevig, Hughes, Science 357, 61–66 (2017) 7 July 2017 3 of 6

Fig. 2. Properties of quadrupole insulator with the Bloch Hamiltonian in Eq. 6. (A) Energy spectrum
for a system with open boundary conditions in x and y as a function of g/l. Red lines correspond to four
energy-degenerate, corner-localized states. (B) Electronic charge density in the nontrivial phase (here,
l = 1, d = g = 10–3 on a square lattice with 20 sites per side). (C) Lattice with open boundaries along x and
periodic boundaries along y at g = 0. Its edges (with blue and red hoppings) are 1D nontrivial topological
insulators. (D) Tangential polarization along y as a function of lattice sites along x for the geometric
configuration in (C), but for three values of g/l. For g/l = 0.5, the integrated polarization over half of the
lattice width is still ±e/2.
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(Ē, 1d)

<latexit sha1_base64="WiCIiI8XhLBu1b6432T9O2zT7ng="></latexit>

1d

<latexit sha1_base64="5/3rf1R0hasCKPPEaoDo2bo3Cec="></latexit>
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The system transforms under an  representation of the 
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Phase diagram with periodic boundaries

→  Distinct charge moments but 
no quantization
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Berry phases of Berry phases

→  Distinct nested polarizations
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→  Can be filled symmetric 

→  No corner modes
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Captured in symmetry representations

→ 
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For every choice of boundary there is a section of the phase diagram which becomes 
adiabatically disconnected from the others.

Different choice of boundary conditions

Response: 

Remove corner modes by filling 6 more 
electrons on the top and bottom edges
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General definition and physical motivation



→  The open boundary Hamiltonian  can be understood 
as a continuous map from the translationally invariant Hamiltonian  

→  The map  is parametrized by a chemical potential  that 
changes continuously from  (inside the gap) to  outside 
the boundary region : 

 

with .  

→  A boundary Hamiltonian allows for additional boundary degrees of 
freedom that vanish outside the  region: 

  

→  Open system  is trivial if  is gapped for all .
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Given a boundary , and two gapped translationally invariant Hamiltonians  and : 

→  There is a smooth and symmetric trajectory in the space of gapped Hamiltonians  where  
and   

→  The trajectory induced by the boundary  necessarily has an energy gap closing transition at a 
high symmetry boundary. 

→  High symmetry surfaces in the Quadrupole insulator: 

→  Bulk symmetry  

→  Globally stable 

→  Reduced symmetry group allows for distinct  
topological phases akin to the SSH model.
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→  When the chemical potential changes linearly across the boundary, the 
boundary spectrum coincides with the Wannier spectrum [Klich et al 10] 

→  Wannier spectrum is periodic: We can define a Wannier chemical potential  
that coincides with the edge of the system. 

→  Not all Wannier gap closing phase transitions correspond to boundary closing 
phase transitions: Must fix the ambiguities

µb

<latexit sha1_base64="MWbJY03JwwdSGy91Hya9c/Ct3XQ="></latexit>

The connection between boundary and Wannier spectrum

43Boundary Obstructed Topological Phases | Raquel Queiroz | Weizmann Institute of Science | Theory Group Meeting | May 19, 2020

µ = 0

<latexit sha1_base64="fd4D82xnz6quH2FwfYsXnoZ1UBY="></latexit>

µ = �1

<latexit sha1_base64="otvyoWdM8wRO2Zf/XdNK0da5SK0="></latexit>

µ
(y
)
=
y
�
µ y

<latexit sha1_base64="AiZCizkHbWyzQq4We/fl7roFUek="></latexit>

 (y, kx)

<latexit sha1_base64="qns820am822GvYi9/YrHmkpuctM="></latexit>

-� 0 �

-2
-1

0.5

-1.5

1.5

-1.5

0
1
2

-2
-1

0.5

-1.5

1.5

-1.5

0
1
2

µx 

µy 

ν
y (k

x )

νx(ky)

ky

kxx

y

+ 

+ 
− 

− 

− 

− 
− 

+ 
+ 

+ 

+ 

+ 
− 

− 

µx

µy

�µ

⌫x(ky)

⌫
y (k

x )

x

y

200 150
135

en
er

gy
 /

 p
os

iti
on

0

-1

-2

1

2

µy

lattice

edge spectrum

kx

<latexit sha1_base64="0cdYF14N0p+V7olQ4M4eDk4OFuk="></latexit>

kx

<latexit sha1_base64="0cdYF14N0p+V7olQ4M4eDk4OFuk="></latexit>

Edge spectrum Wannier spectrum

Wy

<latexit sha1_base64="22flSbDY1g4QwSFEdGmM6mJ1J1Q="></latexit>

x

<latexit sha1_base64="YqGRGZquEmW8qDbAUmYcbIRNjsg="></latexit>

y

<latexit sha1_base64="svWcasImdO/Sprh/BsaXzMJb9MY="></latexit>



�y
�y

�x
�x

⌫x = 0 ⌫x = 1/2

⌫ y
=

1/
2

⌫ y
=

0

QI

QI QI

• •

••

�y
�y

�x
�x

⌫x = 0 ⌫x = 1/2
⌫ y

=
1/
2

⌫ y
=

0

QI

• •

••
Bulk Gap 
Closing

Wannier 
Gap Closing

Boundary 
Gap Closing

Boundary 
Gap Closing

The connection between boundary and Wannier spectrum

44Boundary Obstructed Topological Phases | Raquel Queiroz | Instituto Superior Técnico | July 27, 2020

Two choices of boundary / Wannier chemical potential:  topological distinctionZ2 ⇥Z2 ! Z2
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credit: João Queiroz 2015  

Boundary obstruction is not unique to atomic limits:  
Another example



A dimerized  Chern insulator
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→  Consider the Haldane model  with Chern number   

→  Stack alternating  with  fluxes through each layer: 

      

→  Symmetries  and  satisfying  

→  Globally irremovable chiral boundary modes protected by the gap at high 
symmetry surfaces:

HCI

<latexit sha1_base64="VSZjYfXqK0GXwHmPcb+G3HBIl4U="></latexit>

sgn(m)

<latexit sha1_base64="A2T4QU6hi+puRFxz+3tW55t+lUE="></latexit>

HCI

<latexit sha1_base64="VSZjYfXqK0GXwHmPcb+G3HBIl4U="></latexit>

⇡

<latexit sha1_base64="zFnGm2JiC3tb28l08nN9jxlLHAk="></latexit>

HCI⌧z + (�z sin kz)⌧y + (�z + �z cos kz)⌧x

<latexit sha1_base64="wGLXbdMQfjvGPaVeeVNG5TK/2cA="></latexit>

C2z

<latexit sha1_base64="9GKNIqVm6P3IPJWTzbSxKFydvY8="></latexit>

MzT

<latexit sha1_base64="ZzsGoDt84OL8VnF5gqBizn4LViM="></latexit>

{C2z,MzT } = 0

<latexit sha1_base64="tpYgRb+5zABwrX2mft5+E3XlslQ="></latexit>



→  Consider the Haldane model  with Chern number   

→  Stack alternating  with  fluxes through each layer: 

      

→  Symmetries  and  satisfying  

→  Globally irremovable chiral boundary modes protected by the gap at high 
symmetry surfaces:

HCI

<latexit sha1_base64="VSZjYfXqK0GXwHmPcb+G3HBIl4U="></latexit>

sgn(m)

<latexit sha1_base64="A2T4QU6hi+puRFxz+3tW55t+lUE="></latexit>

HCI

<latexit sha1_base64="VSZjYfXqK0GXwHmPcb+G3HBIl4U="></latexit>

⇡

<latexit sha1_base64="zFnGm2JiC3tb28l08nN9jxlLHAk="></latexit>

HCI⌧z + (�z sin kz)⌧y + (�z + �z cos kz)⌧x

<latexit sha1_base64="wGLXbdMQfjvGPaVeeVNG5TK/2cA="></latexit>

C2z

<latexit sha1_base64="9GKNIqVm6P3IPJWTzbSxKFydvY8="></latexit>

MzT

<latexit sha1_base64="ZzsGoDt84OL8VnF5gqBizn4LViM="></latexit>

{C2z,MzT } = 0

<latexit sha1_base64="tpYgRb+5zABwrX2mft5+E3XlslQ="></latexit>

A dimerized  Chern insulator

47Boundary Obstructed Topological Phases | Raquel Queiroz | Instituto Superior Técnico | July 27, 2020

t

<latexit sha1_base64="tUlbwV/SmGujj1guRvPV7p177JM="></latexit>

m

<latexit sha1_base64="sAJrGyGBjwPdUr4UgtGQFir5E+I="></latexit>

t

<latexit sha1_base64="tUlbwV/SmGujj1guRvPV7p177JM="></latexit>

m

<latexit sha1_base64="sAJrGyGBjwPdUr4UgtGQFir5E+I="></latexit>

�m

<latexit sha1_base64="Z9dAgxM9eKEdYGiurCozxzEBEq8="></latexit>

�z

<latexit sha1_base64="aX7eDyqrTnbGNvhAYtEgTrxdb6k="></latexit>

�z

<latexit sha1_base64="qTYYFPHzGjof9SvqkOdraT7shz4="></latexit>

⇡

<latexit sha1_base64="zFnGm2JiC3tb28l08nN9jxlLHAk="></latexit>

HCI

<latexit sha1_base64="VSZjYfXqK0GXwHmPcb+G3HBIl4U="></latexit>

Geq = {Teq, MzT }

<latexit sha1_base64="3ZonUPE5rJ5t2l6ldFkgsiltxFc="></latexit>

Gpole = {Tpole, C2z}

<latexit sha1_base64="7rxZnR/gnKJ9P/iSLY9hfLp2Xm0="></latexit>

chiral hinge mode



→  Introduced boundary obstructed topological phases:   
→  Topology of an Hamiltonian with an open boundary  
→  Differentiate spurious and essential boundary features derived from the bulk 
→  Globally irremovable boundary modes 
→  Can induce a phase transition by tuning bulk parameters or changing the boundary  

→  Diagnosed by symmetry eigenvalues in the open system  
(to the extent topological phases can be captured by symmetry) 

→  Diagnosed by Wannier spectrum by defining a Wannier chemical potential  

→  Examples of BOTPs: 
→  Double Mirror Quadrupole Insulator 
→  Dimerized Chern insulator
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credit: João Queiroz 2015  

Thank You!


