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Ingredient 1: Knots

Colored HOMFLY-PT polynomials:

Symmetric (5")-colored HOMFLY—-PT polynomials are 2-variable
invariants of knots:

P (K)(a q).

For a = g" they are (s/(N), S") quantum polynomial invariants:

P(a=q", q) = P"M*"(q).

Marko Stogi¢ Quivers for Algebraic links



Ingredient 1: Knots

Colored HOMFLY-PT polynomials:

Symmetric (5")-colored HOMFLY—-PT polynomials are 2-variable
invariants of knots:

Pr(K)(a, q).

For a = g" they are (s/(N), S") quantum polynomial invariants:
P(a=q",q) = P*M*(q).

Already interesting is the " bottom row": the coefficient of the
lowest nonzero power of a appearing in P,(a, q)

P (q) = lim &*P.(a, q)
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LMOV conjecture

Generating function of all symmetric-colored HOMFLY-PT
polynomials of a given knot K is:

1
P(x,a,q):=> Pra,q)x =exp | > =f(a",q")x" |,
n

r>0 n,r>1

qg—q!

N,,-~ai /
fa.q) = Y Dri?®
i
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LMOV conjecture

Generating function of all symmetric-colored HOMFLY-PT
polynomials of a given knot K is:

1
P(x,a,q):=> Pra,q)x =exp | > =f(a",q")x" |,
n

r>0 n,r>1

qg—q!

N,,-~ai /
o)=Y e
i

One can easily get: N, ;; € Q
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Generating function of all symmetric-colored HOMFLY-PT
polynomials of a given knot K is:

1
P(x,a,q):=> Pra,q)x =exp | > =f(a",q")x" |,
n

r>0 n,r>1

qg—q!

N,,-~ai /
flaq) = Y st
i

One can easily get: N, ;; € Q
LMOV conjecture: N, ;; € Z l
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LMOV conjecture

Generating function of all symmetric-colored HOMFLY-PT
polynomials of a given knot K is:

1
P(x,a,q):=> Pra,q)x =exp | > =f(a",q")x" |,
n

r=0 n,r>1

N,;jaq
fr(aaq)zz o 1
T q—4q
J
One can easily get: N, ;; € Q
LMOV conjecture: N, ;; € Z l

N, j are BPS numbers. They represent (super)-dimensions of
certain homological groups. Physicaly, they "count” particles of
certain type (therefore are integers).
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Ingredient 2: Quivers (and their representations)

Quivers are oriented graphs, possibly with loops and multiple edges.
Qo ={1,..., m} — set of vertices.

Q1 the set of edges {a : i — j}.

Marko Stogi¢ Quivers for Algebraic links



Ingredient 2: Quivers (and their representations)

Quivers are oriented graphs, possibly with loops and multiple edges.
Qo ={1,..., m} — set of vertices.
Q1 the set of edges {a : i — j}.

Let d = (d1,...,dm) € N be a dimension vector.
We are interested in moduli space of representations of @ with the
dimension vector d:

My = {R(a):Cd’ —>(Cdf|for all i —j € Ql}//G,

where G =[], GL(d;,C).
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Quivers and motivic generating functions

C is a matrix of a quiver with m vertices.

(—q)szjzl Ci,jdidj
P(_'(X]_,...,Xm) = Z 55 —
oy (@%0%)a (0% 4%)a,,

DY m
X1 Xm -

q-Pochhamer symbol (g% %), := 11 (1 — ¢%).
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Quivers and motivic generating functions

C is a matrix of a quiver with m vertices.

)Z?jj:l G jdid; J J
1
XPh X

PC(Xl,...,Xm) = Z (*q

o (@%@ e (6% 6 )an,

q-Pochhamer symbol (g% %), := 11 (1 — ¢%).
Motivic (quantum) Donaldson-Thomas invariants Qq,....dn:;j of a
symmetric quiver Q:

Pc = H H H (1 — (del . .X,im)qi+2k+1>(_1)j“9d1 ,,,,, i

(di,....dm)#0EZ k>0
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Quivers and motivic generating functions

C is a matrix of a quiver with m vertices.

)22}:1 Cijdid; 4 4
1
XX,

PC(Xl,...,Xm) = Z (*q

oy (@8)a (4% 6y
q-Pochhamer symbol (g% %), := 11 (1 — ¢%).

Motivic (quantum) Donaldson-Thomas invariants Qq,....dn:;j of a
symmetric quiver Q:

(di,....dm)#0EZ k>0

Theorem (Kontsevich-Soibelman, Efimov)

Qq,.....dm:;j are nonnegative integers.
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Knots—quivers correspondence

[P. Kucharski, M. Reineke, P. Sulkowski, M.S., Phys. Rev. D 2017]

New relationship between HOMFLY—PT / BPS invariants of knots
and motivic Donaldson-Thomas invariants for quivers

Q B

Figure: Trefoil knot and the corresponding quiver.

The generating series of HOMFLY-PT invariants of a knot matches
the motivic generating series of a quiver, after setting x; — x.
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Details of the correspondence

Knots Quivers
Generators of HOMFLY homology Number of vertices
Homological degrees, framing Number of loops
Colored HOMFLY-PT Motivic generating series
LMOV invariants Motivic DT-invariants
Classical LMOV invariants Numerical DT-invariants
Algebra of BPS states Cohom. Hall Algebra
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Application 1 — LMOV conjecture

BPS/LMOV invariants of knots are refined through motivic DT
invariants of a corresponding quiver, and so

For all knots for which there exists a corresponding quiver, the
LMOYV conjecture holds.
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Open questions

e Find quivers for (large) classes of knots

e How to find a quiver for a given knot directly (geometrically,
topologically...)? Other, better definition?

e The (non)uniqueness of a quiver:

— What is the smallest possible size of the quiver?

— Among the ones with the same size — discrete group action?
e What is so special for quivers that correspond to knots?

(Combinatorial identities for binomial coefficients, and extended
integrality /divisibility hold precisely for them.)
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Application 2 — Lattice paths counting

Figure: A lattice path under the line y = %x, and a shaded area between
the path and the line.

k=0 w€ k-paths k=0
00 00
area k k
yap(x) = g xk =3 " c(g)x*.
k=0 we€ k-paths k=0
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Counting (rational) lattice paths

Surprisingly, colored HOMFLY—PT polynomials are closely related
to the purely combinatorial problem of counting lattice paths under
lines with rational slope.
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Counting (rational) lattice paths

Surprisingly, colored HOMFLY—PT polynomials are closely related
to the purely combinatorial problem of counting lattice paths under
lines with rational slope.

Proposition (M. Panfil, P. Sulkowski, M.S., 2018)

Let r and s be mutually prime.
Let K = TIS™" be the rs-framed (r,s)-torus knot.

Then the coefficients a, of the series governing the growth of the
generating series of colored HOMFLY-PT polynomial of K, are
equal to the number of directed lattice path from (0,0) to (sn, rn)
under the line y = (r/s)x.
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Knots and quivers — results

Knots-quivers correspondence naturally suggests a particular
refinement of the numbers a,.
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Knots and quivers — results

Knots-quivers correspondence naturally suggests a particular
refinement of the numbers a,.

For example, for 2/3 slope, after computing the relevant invariants
(for the bottom row) of the T3 knot (trefoil), the corresponding

quiver is:
7 5
5 5 |°
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Knots and quivers — results

Knots-quivers correspondence naturally suggests a particular
refinement of the numbers a,.

For example, for 2/3 slope, after computing the relevant invariants
(for the bottom row) of the T3 knot (trefoil), the corresponding

quiver is:
7 5
5 5 |°
3(2/3) _ 1 <7i+5j+1> <5i+5j+1>
n - [ . .
i+j:n7’+5j+1 ] J

R~ 1 5n+2i (5n+1
- Zbntitl i n—i )’

1

(rediscovered Duchon formula)
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Consequence 1 — binomial identities

All this also rediscovers some binomial identities, like e.g.

5n _zn: 5n 5n42i 5n
2n) £ 5n+2i i n—i

Comes from counting of paths under line with slope 2/3.
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Consequence 1 — binomial identities

All this also rediscovers some binomial identities, like e.g.

5n _zn: 5n 5n42i 5n
2n) £ 5n+2i i n—i

Comes from counting of paths under line with slope 2/3.

One can obtain such identities precisely for the quivers that
correspond to (torus) knots.
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Counting of weighted lattice paths

Proposition

The generating function y,p(x) of lattice paths under the line of
the slope r/s, weighted by the area between this line and a given
path, is equal to

( ) i Z area(m) , k 'DC(qula ooy q2Xm)
YqpP\X) = q X = _a°
k=0 w€ k-paths PC(X]" T ’Xm) xi=xq~!

For the line of the slope r/s, the quiver in question is defined by
the matrix C that encodes extremal invariants of left-handed (r, s)
torus knot in framing rs.

Marko Stogi¢ Quivers for Algebraic links



Paths under the line with slope 3/4

7T 7 7 7 7
7 9 8 9 9
cEGH=17 8 9 9 10
7 9 9 11 11
7 9 10 11 13
fpaths = £ Agy(ihblab)x
h+-thg=n

o 1 (7/1+7/2+7/3+7/4+7/5+1) o
THF TR+ TR+ T+l +1 I

o 1 (7/1+9/2+813+9/4+915+1) o
T +9h 811974 1975 +1 I

o 1 (7/1+s/2+9/3+9/4+1015+1
TH 8L+ 19/, +10/+1 I3 ) x

o 1 (7/1+9/2+9/3+11/4+11/5+1
THF9LFOR+11 F11 F1 Iy )X

o 1 (7/1+9/2+10/3+11/4+13/5+1
T F9hL+10R+114+13l5+1 Is )
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AG3,4) (11234, l5)= 142811 +294 [7-+1372 3 +2401 [ 433 1)+693 Iy 1y +4851 17 |y+11319 7 p+407 15 +5698 Iy 15+
+10943 12 342223 13+ 15561 /1 13 +4536 15 +34 131714 Iy [3+4998 12 3+11662 15 I3-+838 Iy 134117321y I I3+
14106212 15 I3 +6860/2 I3 +480201; 12 I3 1864813 I3 +43112+6034 1 12+21119/2 1247051112 +4935711 I 12 +

Thi3 513 1513 513 3 113 13 213 1hf3
1287281212 +241413 116898/ I3 19656 I3 +5040/5 361 + 7561 15 +529212 1, +1234813 15+ 8871y Iy +
23 3 13 2'3 3 4 14 1'4 14 214
2 2 2 3 3 2 2 22
1241811 Iy I3 +43463/3 Iy 14+ 725813 I4+ 508061y 13 I, -+1971913 14 +2129413 I +48213 +67481y 13 +2361812 17 +
9121314 +127681 I35 +44688/2 I3 14+ 149141y I3 4 +-1043981y Iy 315 +6073213 13y +7656/2 Iy 15350211 I3 14 +62307 ) 2 14+
2 2 22 2 2 3 4 2
7879113 +5515311 Iy [3+3206713 17 +8086/3 /7 5660211 I3 3 +23688/3 3 +-6237 15 +6577215 I3 12+ 37 15 +7771y I+
+33705/2/2+284413+199081 [3+23121 1 [3+5430/2 I5 +12601/3 I5 +912/ I+ 127681 Iy I +4468812 Iy I +
315 2 1y g 15 75 215 1hls 1hls
1746512 I +522551 12 I5 +20286/3 I +6952415 I3 12 +35630/2 12+ 901014 1263070/ I 12+39501/2 12 +250741 13
> l5+ 125+ 515+ 21315+ 315+9010/ /5 + 1lal5+ 315+ l5+
+93813/5+1313211 I3 I5 +45962/7 I3 5 +1534213 I3 5 +1073941 Iy 13 I +6248213 I3 I5 + 787713 5 +3083/3 +2158111 I3 +
55130/ 1215 +641061 12 I5 +2191013 I5 +90L1y f5 + 138741y Iy I +485591% Iy I + 162041 Iy I+ 7326913 I 12+ 7506813 1 12 +
2 2 3
+1134281y by Iy Is +6596113 Iy I +1663213 Iy f5 + 1164241y I3 I I +13529613 I3 I +69335 2 Iy 5 +25690/3 13 +
187712 I +61397 1 [2 I + 713161 [2 I + 730663 |2 I +25641/3 s +509/2 + 71261 12 +2702714 13
4 I5+ 145+7 245+7 345+5 45+5 5+7 15+7 745+

+24941/2 2183255 12+ 582751 Iy 12 +3380413 24854613 12 +59822/1 I3 12 +6930/g .
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Schroder paths

Figure: An example of a Schroder path of length 6.
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Schroder paths and full colored HOMFLY-PT

Quiver corresponding to the full colored HOMFLY-PT invariants of
knots in framing f =1
2 1
e=[i 1]

This corresponds to counting paths under the diagonal line y = x.
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Schroder paths and full colored HOMFLY-PT

Quiver corresponding to the full colored HOMFLY-PT invariants of
knots in framing f =1
2 1
e=[i 1]

This corresponds to counting paths under the diagonal line y = x.
In this case we take specializations:

X1 — X, Xo — ax
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Schroder paths and full colored HOMFLY-PT

Quiver corresponding to the full colored HOMFLY-PT invariants of
knots in framing f =1
2 1
e=[i 1]

This corresponds to counting paths under the diagonal line y = x.
In this case we take specializations:

X1 — X, Xo — ax

Then from the quiver generating function of C we get

2

y(x,2,q) =1+ (g+a)x+ (> +q* + (29 + ¢*)a+ a°)x* + ...

with the height of a path measured by the power of x and the
number of diagonal steps measured by the power of a.
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Schroder paths and full colored HOMFLY-PT

Figure: All 6 Schroder paths of height 2 represented by the quadratic
term g2 + g* + (29 + g3)a + a? of the generating function.
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Consequence 2 — Some divisibilities (integrality)

If pis prime, then:
3p-1
Pl(Fa) -1
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Consequence 2 — Some divisibilities (integrality)

If pis prime, then:

p\(3p 1) 1.
2](3'0 1) - 1.
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Consequence 2 — Some divisibilities (integrality)

If pis prime, then:

p\(3p 1) 1.
P2 () -1

p3 | 2 ((3;_—11) _ 1)_
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Consequence 2 — Some divisibilities (integrality)

If pis prime, then:
3p-1
Pl(Fa) -1

P | (3p 1) 1.
p3 | 2 ((3;_—11) _ 1)_

If r € N, then 2]Zu( )(3d 1).
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Consequence 2 — Some divisibilities (integrality)

If pis prime, then:
3p-1
Pl(Fa) -1

P2 () -1
P | 2((3;_—11) _1)_
If r € N, then 2]Zu( )(3d 1).

(=D n=pip2-pr,
uiy = { O

Corresponds to the fact that DT invariants are non-negative
integers (in this case of the quiver of the framed unknot — one
vertex, m-loop quiver)
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Quivers for rational knots

[M.S., P. Wedrich, IMRN 2019].

1
p/q=la1,...,a) =a + —————
ar_1+ ar—o2+...

Rational tangle encoded by [2,3,1]

500
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Rational knots

Marko Stogi¢ Quivers for Algebraic links



Rational knots

e :—[é e
UP:ﬁ:ﬁ, OPzﬁzl‘;, Rl:ﬁ
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Skein theory
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Basic webs and twist rules

J j ik ok Y Y
UP[j, k] = ﬁ , OP[j, k] = I*::Tl ., RI[j, k] = M
A T A

@ TUPJj, k] = >} ()" 4q* [}]  UPj, h]

@ RUP[j, k] = Zh o(—q)iah ) g—2kh+k>+]? [£:71]+OPU7 H
@ TOP[j, k] =3 _ . (—q)"akq k2— 2JkH RILj, h]

© ROPJj, k] = Zh ol — q)h—dak—i g2hl- K)+(k—j)? [ LUPU, h

@ TRIlj.K| =37}, (~)"a"q"* 2" []  OP]j. h]
© RRIlj. K] = Zh o( =)' "2 [0 RI, b
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Rational knots: Knots-quivers correspondence works!

Theorem

Let K be a rational knot and let Qx be the corresponding quiver.
Then, the vertices of Q are in bijection with generators of the
reduced HOMFLY-PT homology of K, such that the

(a, q, t)-trigrading of the i" generator is given by

(ai,—Qii — qi, — Qi i) where Q; ; denotes the number of loops at
the ith vertex of Q.
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Rational knots: quiver size and continued fraction

Kp/q rational knot can be presented as the closure of

Tar Rarfl T3r72 .. T33 R32 Tal KO

T Ko
1
p/q=ar+ 1
r—1+ 2 T
r—2+ T
a3+a2+i
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Rational knots: quiver size and continued fraction

Kp/q rational knot can be presented as the closure of

TerRar—1Ta—2... T3R2TA Ko

R#2 T2 K,
1
p/q=ar+ n i
r—1 3 2+m+ 1 -
a3+ a1
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Rational knots: quiver size and continued fraction

Kp/q rational knot can be presented as the closure of

Tar Rarfl T3r72 . Ta3 R32 Tal KO

T®R2 T2 Ky

1
ar—2+ ajap+1

""Tajajaztajtaz
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Tangle-quivers correspondence

Extend the correspondence to 4-ended tangles:

Ask that knots-quivers correspondence hold for any link obtained
by closing off the four ends of a tangle.
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Tangle-quivers correspondence

Extend the correspondence to 4-ended tangles:

Ask that knots-quivers correspondence hold for any link obtained
by closing off the four ends of a tangle.

The rational tangles satisfy tangle-quiver correspondence.
For p/q rational tangle we can write the generating series of the

colored HOMFLY-PT invariants as a summation with p + g
variables (p "active”, g "inactive”).
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Tangle addition

For rational tangles, we had Top and Right twists.

Tangle addition operation:

(i) -
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Tangle addition

For rational tangles, we had Top and Right twists.

Tangle addition operation:

(i) -

Addition of rational tangles give algebraic tangles.
Closures of such tangles are called arborescent links, or algebraic
links (in the sense of Conway).
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Tangle addition

For rational tangles, we had Top and Right twists.

Tangle addition operation:

(b ) -

Addition of rational tangles give algebraic tangles.
Closures of such tangles are called arborescent links, or algebraic
links (in the sense of Conway).

IN MEMORIAM: John H. Conway (1937-2020)
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Tangle-quivers correspondence

4-ended tangle family QT,

Theorem (M.S., P. Wedrich, 2020)

There exists a family QT, of 4-ended framed oriented tangles with
the following properties:

e QT, contains the trivial 2-strand tangle.
e QT, is closed under diffeomorphisms of (B3,0B3,{4 pts}).

o QT, is closed under Conway's tangle addition, the binary
operation of gluing two 4-ended tangles at pairs of boundary
points as follows:

1

@ The appropriate analogue of the knots-quivers correspondence
holds for any link obtained by closing off a tangle in QT,.
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Tangle addition and quivers

We will consider six refined types of tangles 7 € ¢ T4, which encode
boundary types and connectivity between boundary points:

UPpor : 11, OPug: 51, Rlpar : [%
S S

For example, an UPp,, tangle has one strand directed from the
SW to the NW boundary point and the other strand directed from
the SE to the NE boundary point, and possibly additional closed
components.
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Tangle addition and quivers

Tangle addition: binary addition operation on 4-ended tangles,
which is given by gluing along pairs of adjacent boundary points,
provided the orientations are compatible there.

- (fbt) -

Main result is the following theorem:

Let 7,7 € QT, with orientations such that 71 + T is defined.
Then 1 + 1 € QT,.
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Tangle addition and quivers

Due to different types of tangles and orientations, there are five
cases to check. In each of them the gluing formula for the
HOMFLY-PT skein generating functions is established.

t N SN

+
LR | LR 1. Lopr] Lup ]l Lor ]| [oP],
1 t 1

TG/ A
t M VAR

1 {
[qu ] [90 ] [up ] [nb
1 t

T\ T\
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Algebraic links

Conclusion: Algebraic links satisfy knots-quivers correspondence.
This includes Montesinos links, pretzel knots, etc..
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Algebraic links

Conclusion: Algebraic links satisfy knots-quivers correspondence.
This includes Montesinos links, pretzel knots, etc..

What is the minimal size of the corresponding quiver?
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Algebraic links

Conclusion: Algebraic links satisfy knots-quivers correspondence.
This includes Montesinos links, pretzel knots, etc..

What is the minimal size of the corresponding quiver?
The size of the quiver produced by algorithm has an upper bound
(for addition of two tangles the bound is bilinear in the sizes of the

quivers of individual tangles), but in particular cases it seems that
it can be lowered even further.
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Thank you for your attention !
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