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For a topological space X, and an abelian group G, there is a bijection
H"(X,Q) = [X, K(G,n)], using this result we will get the intuition to
define the nonabelian cohomology.

We start the talk by introducing the notion of Crossed modules, and give
the first examples. We continue by introducing Crossed complexes and
giving the constructions that we need.

We finish the talk by defining the nonabelian cohomology using the
intuition coming from the bijection given above, and we interpret
cohomology classes via extensions.
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A crossed module over a group M = (u: M — P) is a morphism of
groups u : M — P, called the boundary of M together with an action
(m,p) — mP of P on m satisfying the following two axioms

0 p(m?) =p~tu(m)p

[2) nflmn = mp,(n)

for all m,n € M and p € P. We call M a crossed P-module.

A morphism between two crossed modules is defined to be a pair of
homomorphism (f, g), such that they commute with the action.

We denote by X Mod/Grp the category of crossed modules

keru is abelian, and imy is normal subgroup of P.
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Q If M < P, the boundary map given by the inclusion ¢ : M — P, and
the action via conjugation, then M is a P crossed module.

@ Central Extensions: If p: M — P is a surjective boundary, such that
ker p is contained in Z(G), and the action of P on M is given by
conjugation, them M is a P crossed module.

@ Consider the n-th dihedral group Ds, = (z,y|z" ,y ,zyzy) and another
copy Dzn = (u vl v2 uvuv) We can consider Dzn as a crossed
module over Da,,, with boundary operator u : Dzn — Day,, given in
generators by u — 22 and v — y, and the action of Dy, on Don, given
by u¥ = vuv™ !, v¥ = v,u = u,v = vu.

Note that u is isomorphism if n is odd, and cokery ~ kery ~ 7./27
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Let (X, A, x) be a based pair of spaces. The long exact sequence of
homotopy groups gives 0 : m2(X, A, ) — m1 (A, x), and the action given by
composition

PP x{1} > > x{0}uJ" "' xI—X.

It can be checked that the axioms of crossed module are satisfied.

(Classifying space) If M(u: M — P) is a crossed module, we denote by
BM a model which satisfies m1(BM) = P/Impu, and m2(BM) = kerp, and
higher homotopy groups trivial.
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A cat' — group is a triple G = (G, s,t) such that G is a group, and s, ¢ are
homomorphism such that

Q st=tandts=s
Q [kers,kert] =1

A morphism betweem (G, s,t) and (G', s’,t’) is a group homomorphism
f:G— G’ such that s'f = fs and ¢'f = ft.

Theorem: There is an equivalence of categories X Mod/Grp and
Cat' — group given by

A M(p: M — P)— (PxM,s,t)
where s(g,m) = (g, 1) and t(g,m) = (gu(m), 1), and
v: (G, s,t) — (t; : Kers = Ims)

where Ims acts on Kers by conjugation.
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A crossed module over the groupoid P = (P1, Fo) is given by thr groupoid
M = (M2, Py) and a morphism of groupoids u : M — P which is the
identity on objects, and satisfy

Q@ M is a family of groups {M2(p)}pep,-

Q@ P acts on the right, and satisfies ' = z, 2°® = (z%)°, and
(x+y)* =a"+y"

@ pu preserves the action, and z#° = —c+ z + ¢, for all x € Ma(p) and any
c.

The category of Crossed modules over Groupoids is denoted by X Mod.
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For a pair (X, A) and C C A, we consider P = 71(A, C) the fundamental
groupoid of (A4, C).The fundamental crossed module II3(X, A, C) includes a
family of groups {m2(X, A, z)}zcc and action is similar with the one for
homotopy groups.
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Definition: A crossed complex C over C} is a sequence
C: - 5Cp,—>Cho1— > Co—Cy

such that

Q@ For n > 2 C, is a totally disconnected groupoid with {C,(X)}zec, are
abelian groups for n > 3.

@ There is a right action such that, if ¢ € C\,(z) and ¢; € Ci(x,y) then
¢t e Ch(y).

@ For n > 2, the maps 6, : Cr, — Cp—1 preserves the action, and
dn—1 00, =0, and I'md2 acts by conjugation on Cy and trivially on C,,
for n > 3.

A morphism of crossed comples is a family of morphisms of groupoids
fn : Cn, = D, such that

R T = W NP

[ o

T

fa

<+ Dy = D

commutes and induces the same map Cy — Dy.
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Definition For any crossed complex C and for n > 2 there are totally
disconnected groupoid H,(C) given by a family of abelian groups

H,(C,z) = kerdn(x)/Imdni1(z)

for all z € Cy. Called the family of n-homology groups of the crossed
complex C.

If we denote by 71 (C) = Cokerds = C1/Imd2 then 71 (C) acts on Hn,
making H,(C) a 71 (C)-module.

Remarks: A morphism of crossed complexes induces a morphism on
homology. There is a notion of weak equivalence etc...
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FEilenberg-Mac Lane Crossed Complex: For n = 1 the crossed complex
K(G,1):=---—=0—--- — 0 — G is usually denoted only by G. For n > 2
the crossed complex K(M,G)p :=---0 > M —-0--- - 0— G.

Augmentation module of G: Let G be a groupoid. Consider ZG as a
right G—module, consists of Z(p) = Z, for p € G with trivial action of G.
The augmenttion map

€:2G — 7

given by > n;g; — > n; is a morphism of G modules ,and the kernel is
called the augmentation module, and we denote it by I(G).
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Definition: Let k, I:C — D be morphisms between two crossed complexes.
A homotopy from k to l is h : k ~ [, given by maps h, : C, = Dny1,
satisfying the following properties

Q@ Forn>0
o () Dy (lc, kc) i.f n=0
Dn+1(th) ifn>0
Q If c+ ¢ and ¢ ¢ are defined, then hi(cc’) = hi(c)' ha(c'), and
hn(c+c') = hn(c) + hn(c).
@ For n > 2, h, preserves the action over I, i.e hy(c') = (hnc)'1°1.

@ k is completely determined from [ and h.
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Q Let M(p: M — G and A(a: A — P) crossed modules, and
k= (k* k') and I = (I*,1") morphisms M — A. A homotopy h : k ~ [
is a function h : P - A such that

© h(pip) = h(p1)' ?(hp)

0 k!(p) =1'(p)(a(h(p)))

© k*(m) = 12(m)(h(u(m)))

for all m € M and p € P.

@ Contraction: For crossed complex C, h : id. ~ 0 satisfies

@ hoc € C1(c,0) if ¢ € Cy.

@ hi(ccd) = h(c)h(c) if ¢,/ € Cq and cc’ is defined.

@ hn(c§) = hn(cr) if c1 € Cp c € C1 and cf is defined.
@ dohic= (h05c)_lc(hotc) ifce Cy.

@ Oni1hnc= —hp_10pc+chotcifce Cp, n>0
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A crossed complex C' is called aspherical if H,(C,z) =0 for all n > 2 and
z € Co. If m(C,z) =0 for all z € C it is called acyclic.

A crossed complex C together with a morphism ¢ : C1 — G, to a groupoid
G, such that Gy = Cj is called augmented crossed complex, denoted by
(C, ).

A crossed resolution of a groupoid G is a aspherical crossed complex C
augmented over G. Denote

(STL 6
Ci=- N0 B0 26

Any groupoid admits a free crossed resolution.
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If Z/aZ is the cyclic group of order a generated by c, then we have a free
crossed resolution

Fi= 2 217 az) 22 - 22 )az) 25 2L 2/

where ¢(z1) = ¢, and for n > 2, Z[Z/aZ)] is the Z/aZ-module on a generator
T, and boundary maps are given by

on(x) =

Zn-1(1—c¢) if n-odd
xn,1(1+c+--‘+ca71) if n-even
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Let G be a groupoid. We form N2(C),, = {[a1, ..., an]|a; € G} of
composable sequences of elements of G, where the basepoint of t[a1, ..., ax]
is the final point ta, of a,. And we denote by F,ft(G) th free groupoid on
this set. For n > 2 we consider 4, : F;'(G) — F;i* 1(G) given by

82[a, b] = [ab] " [a] 0],
d3la, b, c] = [a,b]°[b,c] " '[a,b, ] " [ab, d],

and for n > 4
Snlat,..,an] = [a1, ..., an—1]"" + (=1)"[az, ..., an]+
n—1 )
Z(*l)nil[al,...,Cl/ifl,aia2‘+1, ey G
i=1

This gives the resolution

8

e Ny £ 1) WL oL o) W N N o o) W W
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Let G be a groupoid, and M be a G—module. The n-th cohomology of G
with coefficients in M is defined to be

H™(G, M) = [F', Ko (M, G); ¢]

where
@ F;'is the standard free crossed resolution of the groupoid G.
Q ¢ is the standard morphism ¢ : F§'(G) — G.
QK,MGy:=--=>0->M—->0—--—G—0.
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Definition Let M(u: M — P) be a crossed module. An extension (i,p, o)
of type M of the group M by the group G is

Q An exact sequence 1 - M % E 2 G — 1 such that E acts on M by
conjugation. ((i : M — F) is a crossed module)
@ There is o such that y =0 o4
Equivalent extensions: Two extensions (i, p, o) and (i',p’,0’) are called
equivalent if there is ¢ : E — E’, such that

1—M—E—>G—1

E—%>
| ] ‘
E'—

Il—=M—=EF —>G—1,

[ —

Five lemma implies that ¢ is an isomorphism.

We denote by OpExta the set of equivalence classes of all extensions of
type M of M by G.
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Theorem: Suppose

O—)Tl'i)in>Fli)G—)1

is a crossed exact sequence, and M(u : M — P) a crossed module. If
F(8: F» — Fy is a crossed module, and [F, M]° the homotopy class of
morphisms k = (k?, k) : F — M, such that (k? oi)(n) = 1. There is a
natural injection
E: [F,M]° = OpExt (G, M)
such that the class of k is sent to the extension
1-M—=Ek -G—1

where E(k) is the quotient of F} x M by the elements (um, (k*(m))™'), and
F1 acts on M via P. If F} is free then F is bijection.
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Definition: Let G be a group, and M crossed module over G. A crossed
n-fold extension of M by G is a crossed resolution E of G, such that

FEn41 = M as a G module, and F; =0 for i >n 4+ 1.

A morphism f : E — E’ of n-fold extensions (for the same crossed module
M = (pu: M — @)) is a morphism of crossed resolutions which induce
identity on M and G.

Remark: If n=1 we have an abelian extension, because of axiom 2 of
crossed module.

Two crossed n-fold extensions E and E’ are called similar if we can find
crossed n-fold extensions E = El_, ...,EB*¥ = E’, and morphisms
fi:E' = E" or f': E¥"' — E', such that E and E’ are connected.

The above relation is an equivalence relation, and we denote the set of
equivalence classes of crossed n—-fold by OpExt" (G, M).
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Theorem: For a group G and a G-module M, a crossed n-fold extension F
of M determines a cohomology class kg € H™ (G, M). Conversly any such
class determines a crossed n-fold extension of M by G.

In other words there is a bijection
OpExt™(G, M) =~ H" ™ (G, M).

The abelian group structure on the right hand side is called Baer Sum.

Arber Selimi
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Let E be crossed n fold extension of M by G, and F' a free resolution of G.
Since FE is aspherical, there is a morphism f : £F — F, and the morphism
frnt1 : M — F,4+1 induces the class kg € H"H(G, M).

Conversly, suppose that we have a morphism of G—modules
fn+1 ‘M — Fn_;,_l, such that fn+1 o 5n+2 =0.

For n > 2, we form the n-fold extension by
F; ifi<1
ba() = e
(F x M)/D ifi=n

where D is the submodule of the product generated by the elements
(0n+1, ¢, fatic) for all c € Frqq.

For n = 1, we take the semidirect product F; x M.

ShortTitle Arber Selimi



Definition Let M C P be normal subgroups of @), so that @ acts on M
and P by conjugation, and u: M — P and i : P — @ inclusions. Then the
crossed module ¢ : M x (M ® I(Q/P) — Q where for m,n € M and

z € I(Q/P) we have ¢((m, [n] ® ) = m, and the action given by
(m,[n]®@x)? = (m?,[m?] & ([¢q] — 1) + [n9] ® z[g]). This is called the induced
crossed module.

Example: If P is normal subgroup of @, such that Q/P is isomorphic to
Z/aZ Let u be a generator of Q/P,then the first postnikov invariant k3 of
the crossed module induced by the inclusion P — @ lies in the third
Cohomology group

H%(Z/aZ, P™ ® 1(Z/aZ)) = P™ ® %

where
k2 [u*] ® (1 —t).

Note that &k generally is not trivial.
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If Ais Z/aZ we form Homg,,7(—, A) for the free crossed resolution

Fi=. 2N 202 )az) 2 - = Z(Z)aZ) 25 72 20z

where each term has a free single generator, so H*(Z/aZ, A) can be
computet from the sequence

AM AN 4

where M and N are given by (1 —t) and 1+t + ... + t*~! respectively.
In our case, for A := P ® I(Z/aZ), since I(Z/aZ) is generated by
elements 1 —t", for 1 < r < a, we have that N(I(Z/aZ)) = 0. So

I(Z/aZ)

H(2[al, P @ [(Z/a2)) = P* @ 70 e
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We consider

o Z[Ca] > Z[Ca] — 2> Z[Ca] 2> Cop =25 C, —> 0
| | |

1 f3 1 f2 I fi ll
A A

Al
0 A ; P xA P 0 m Cy —0.

Let u € Q, such that ¢(u) is the generator of Z/aZ. Define fi(z1) = u, and
f2(z2) = (u,0), so we get the commutativity of the first two sqares.
Finally for A = P*® ® I(Z/aZ from

f203(x3) = (0, [u’] ® (1 — 1))
so we get the statement.

Special case: If QQ = Z/4Z generated by u, and P the subgroup generated
by u?, then the exact sequence

0—Z/2Z — Z/2Z X Z]2Z — Z]AZ — Z/2Z — 0

from the solution of the main example represents the nontrivial class of
H?*(Z/27,7.)27) = 7./ 27.
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Let U = {Ux}rca be an open cover of X. Define

p:EU:|_|U>\—>X

sending (z,\) = z, z € Ux. We say (z,\) ~ (z,p) if z € UxNU,. And we
form the groupoid of equivalence classes Equ(U). And using the constru-
ctions before we have F,(U), so we can define H°(U, C) := [F.(U), C].

If V is a refinement of U, and ¢, two refinements. Ten they induce the
same map [Fix(U),C] — [Fx(V),C]

This property gives the starting point of Cech Cohomology.
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