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© Smooth vs nonsmooth theory
@ The Cauchy-Lipschitz theorem for smooth vector fields
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Given a vector field b : [0,00) x RY — R9, consider the flow X of b

EX(t,x) =by(X(t,x))  Vte[0,00)
X(0, x) = x.
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Given a vector field b : [0,00) x RY — R9, consider the flow X of b

EX(t,x) =by(X(t,x))  Vte[0,00)
X(0, x) = x.

It can be seen
@ as a collection of trajectories X(-,x) labelled by x € R¥;
@ as a collection of diffeomorphisms X(t,-) : RY — RY.
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:l:vtvlsn::s at/,l/t + div (btﬂ't) =0 in (O, OO) X Rd
) Lo given.
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fl?\vtvlsn::s at/,l/t + div (btut) =0 in (O, OO) X Rd
) Lo given.

When by is sufficiently smooth and p; : RY x [0,00) — R is a smooth
function, all derivatives can be computed.

Even if b, is only a bounded vector field and {1t }+c[0,00) is 2
1-parameter family of finite measures, the PDE makes sense
distributionally.
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Consider the related PDE, named continuity equation

{ Oepe + div (bepe) =0 in (0,00) x RY

Lo given.

When by is sufficiently smooth and p; : RY x [0,00) — R is a smooth
function, all derivatives can be computed.
Even if b, is only a bounded vector field and {1t }+c[0,00) is 2
1-parameter family of finite measures, the PDE makes sense
distributionally.
When

divb; =0,

the continuity equation is equivalent to the transport equation

Oty +b - Ve = 0.
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e Given b, its flow X an initial distribution of mass ug € W(Rd), a
f—— solution of the CE is

equation

pie = X(t, ) ho-
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e Given b, its flow X an initial distribution of mass ug € e@(Rd), a
f—— solution of the CE is

equation

pie = X(t, ) ho-

Recall that the measure X(t,-)xfio is defined by

[ ot dIX(eyarel() = [ X(ex)) dio(x) o B R
R4 RY
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e Given b, its flow X an initial distribution of mass ug € e@(Rd), a
f—— solution of the CE is

equation

pie = X(t, ) ho-

Recall that the measure X(t,-)xfio is defined by
e dX(e ol () = [ elX(e. ) dpol) Vo BE = R,

Indeed, for any test function ¢ € C°(R9) we have

d d
a / pdue =2 / H(X(£,x)) dpo(x) = / Vio(X) - X dio
dt Jre dt Jre R

=/ V(X) - be(X) duoz/ Vg - by dpus.
R4 Rd

This is the distributional formulation of the continuity equation.
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J

Flows and
continuity
equation

of integral curve



Regularity of b matters

Flows of vector
fields

Maria Colombo

Is the solution of the continuity equation starting from pg unique?

J
YES if Vb is bounded

Given a solution v; to CE, set 7, = X(¢, -);lut. An analogous
computation shows that

Flows and
continuity
equation

d
= dv, =0
dt Rd‘ﬂ UVt )

SO

X(t, -);lyt == =p0 = V=Xt )gpo.
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Is the solution of the continuity equation starting from pg unique?

J

Flows and
continuity
equation

YES if Vb is bounded

Given a solution v; to CE, set 7, = X(¢, -);lut. An analogous
computation shows that

d
= dv, =0
dt Rd‘ﬂ UVt )

X(t, -);lyt == =p0 = V=Xt )gpo.

v

NO if b is less regular
As soon as uniqueness for the ODE fails.
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Cauchy-Lipschitz Theorem

Let b; a vector field with Vb, locally bounded. Then for every x € RY

there exists a unique maximal solution X(, x) : [0, Tx(x)) — R? of
the ODE.




Theory for smooth vector fields
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Cauchy-Lipschitz Theorem

Let b; a vector field with Vb, locally bounded. Then for every x € RY
there exists a unique maximal solution X(, x) : [0, Tx(x)) — R? of

the ODE.
For every x € R? such that Tx(x) < oo the trajectory X(-,x) blows
up properly

li X(t = 00.
H'TT(X)| (t:x)] = o0



Nonsmooth theory: lack of uniqueness
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b(x) = 2+/|x|, x eR

Flo

Given xg = —c? < 0, the 1-parameter family of curves that stop at the
origin for an arbitrary time T > 0, solve the ODE.

A

(t—c—T)32

0 c c+T t

—(t =0

xrog = —C
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Between all the possible integral curves, a “better selection” could be
made by the ones that do not stop in 0. In other words, we wish to
select a collection of integral curves that “do not concentrate”.
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Regular lagrangian flows

Given a vector field b : (0, T) x RY — R9, the map
X : [0,00) x R? — R is a regular Lagrangian flow of b if:
(i) for £9-a.e. x € R, X(-,x) solves the ODE x(t) = b(x(t))
starting from x;
(i) X(t,-)pL9 < CL? for every t € [0, T] and for some C > 0.

4




Selection of a flow

Flows of vector

fields .
Viarta Colombo Regular lagrangian flows

f Given a vector field b : (0, T) x R? — R9, the map
X : [0,00) x R? — R is a regular Lagrangian flow of b if:
(i) for £9-a.e. x € R, X(-,x) solves the ODE x(t) = b(x(t))
starting from x;
(i) X(t,-)pL9 < CL? for every t € [0, T] and for some C > 0.

Theorem ([Di Perna-Lions '89)

, [Ambrosio '04]] Let us assume that |Vb,| € L} _(R9),
d1vb € L*(R?) and

|bf( )| 1 e’}
T+ I« |eL (RY) + L=(RY).

Then there exists a unique regular Lagrangian flow X of b.
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LSRR The regularity assumption |Vb,| € L} _(R?) can be replaced by

For every compactly supported 1o € L>°(IR?) there exists a unique
bounded, compactly supported solution of the CE starting from .




Remarks on the DiPerna-Lions theorem
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ARIESELLT The regularity assumption |Vb,| € L

1

1
loc

(R¥) can be replaced by

For every compactly supported 1o € L>°(IR?) there exists a unique
bounded, compactly supported solution of the CE starting from .

This is satisfied by several classes of vector fields:

@ when locally Vb, is a matrix-valued finite measure (namely, b; is
a function of bounded variation BVjec(R¢; RY) function),
[Ambrosio 04];

@ by singular integrals of L' functions, for instance convolutions of

the form h+ 5 with h e LY(R9), [Bouschut, Crippa 13] and of

measures, with some additional structure [Bohun, Bouschut,
Crippa 13].
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o a different approach to this result was proposed by [Crippa, De
Lellis, 08]. To show the uniqueness of the flow, they consider a
functional of the type

bs(t) = /Iog (1 + Xa(t, x) g X2(t,X)|) dx tel0, T

e the assumption divb, € L>°(R?) can be weakened to
divb, € BMO(RY)

[Mucha, 2010], [C., Crippa, Spirito 2016].
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Well posedness of the CE = uniqueness of the flow. (in the
class of bounded, compactly supported solutions).
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|dea of the proof - existence and uniqueness

Flows of vector
fields

The real difficulty is with uniqueness.
Well posedness of the CE = uniqueness of the flow. (in the
class of bounded, compactly supported solutions). Assume by
contradiction that there exists a set A C R? such that two flows
X(-,x) and Y(-,x) start at every x € A. Taking a subset, we can
assume that the two flows are disjoint at a later time t;.

Maria Colombo

Flo

Evolve .Z9|4 with X and Y to violate the well posedness.
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Proof of the well posedness of the CE.

Proposition ([DiPerna-Lions, '89], [Ambrosio '04])

for any divergence free b € LI W™, e, ug € L2 there exists a unique
solution u € LL>, . to

8tut aF div (btut) =0
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Proof of the well posedness of the CE.

Proposition ([DiPerna-Lions, '89], [Ambrosio '04])

for any divergence free b € LI W™, e, ug € L2 there exists a unique
solution u € LL>, . to

8tut aF div (btut) =0

The statement holds more in general when the integrability of Vb is
coupled with the integrability of u (DiPerna-Lions range).
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Proof of the well posedness of the CE.
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Proposition ([DiPerna-Lions, '89], [Ambrosio '04])

Let r, p € [1, 00] satisfy

1 1

== =1l

p r
Then, for any divergence free b € L} L} W', uy € LP there exists a
unique solution u € L°LP, to

8tut + div (btut) =0

The statement holds more in general when the integrability of Vb is
coupled with the integrability of u (DiPerna-Lions range).



|dea of the proof - well posedness

Flows of vector
fields

Maria Colombo By linearity, we show that any bounded, compactly supported solution
Termen u(t, x) of the CE

8tut + div (btut) =0
up(0,)=0 = u(t,-)=0 foranyt>0.



|dea of the proof - well posedness

Flows of vector
fields

Maria Colombo By linearity, we show that any bounded, compactly supported solution
u(t, x) of the CE
8tut + div (btut) =0
up(0,)=0 = u(t,-)=0 foranyt>0.

Formally, multiply the equation by v and integrate

2
i/ de:/ uatudxz—/ udiv(ub)dx
dt R 2 Rd R4

2
:/ uVu-bdx:/ 2 divb dx
RY Rd 2
2

u
<( _d
Rd2 x



|dea of the proof - well posedness

Flows of vector
fields

Maria Colombo By linearity, we show that any bounded, compactly supported solution
Termen u(t, x) of the CE

8tut + div (btut) =0
up(0,)=0 = u(t,-)=0 foranyt>0.

Formally, multiply the equation by v and integrate

2
i/ de:/ uatudxz—/ udiv(ub)dx
dt R 2 Rd R4

2
:/ uVu-bdx:/ 2 divb dx
RY Rd 2
2

u
<( _d
Rd2 x

This computation doesn't make sense because u is not regular.



|dea of the proof - well posedness

Flows of vector
fields

Maria Colombo We repeat the computation after convolving the equation with a

- smooth kernel p.. The function u® = u * p. solves

8tuf + div (btuf) = div (btuf) —div (btut)a = CE(Ut, bt)



|dea of the proof - well posedness

Flows of vector
fields

Maria Colombo We repeat the computation after convolving the equation with a

- smooth kernel p.. The function u® = u * p. solves

8tuf + div (btuf) = div (btuf) —div (btut)a = CE(Ut, bt)

To handle the commutator, we employ the lemma

If ue L(RY) and |Vb| € LL (RY), then

loc

: € _ g 1(md
EIT;IOC (u,b)=0 in L*(R?).




|dea of the proof - well posedness

Flows of vector
fields

We repeat the computation after convolving the equation with a
smooth kernel p.. The function u® = u * p. solves

Maria Colombo
1

8tuf + div (btuf) = div (btuf) —div (btut)a = CE(Ut, bt)

To handle the commutator, we employ the lemma

If ue L(RY) and |Vb| € LL (RY), then
: € _ g 1(md
EIE)nOC (u,b)=0 in L*(R?).

Uniqueness = Existence. Consider a smooth approximation b® of
the vector field b by convolution and consider the approximating flows
Xe. They converge (in a suitable weak sense) to a limit collection of
curves, which is the limit flow by uniqueness.
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Does any divergence free b € L1W!P admit a unique integral curve
(namely, v € Wh1(0, T) solution of the ODE #(t) = u(t,~)) for a.e.
initial datum x € R9?

Open since the pioneering works of DiPerna-Lions and Ambrosio.

A.e. uniqueness
of integral curves
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Does any divergence free b € L1W!P admit a unique integral curve
(namely, v € Wh1(0, T) solution of the ODE #(t) = u(t,~)) for a.e.
initial datum x € R9?

Open since the pioneering works of DiPerna-Lions and Ambrosio.

(Related) question: well posedness of the CE

A.e. uniqueness
of integral curves

m, Let b € L} WP divergence free. Is the CE 0;u + div (bu) = 0
well-posed in the class of positive solutions u € Lg°L] under the
minimal summability requirement % + p% < 1, namely % + % <1+ %?




Two questions
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Question: a.e. uniqueness of integral curves

Does any divergence free b € L1W!P admit a unique integral curve
(namely, v € Wh1(0, T) solution of the ODE #(t) = u(t,~)) for a.e.
initial datum x € R9?

Open since the pioneering works of DiPerna-Lions and Ambrosio.

(Related) question: well posedness of the CE

A.e. uniqueness
of integral curves

m, Let b € L} WP divergence free. Is the CE 0;u + div (bu) = 0
well-posed in the class of positive solutions u € Lg°L] under the
minimal summability requirement % + p% < 1, namely % + % <1+ %?

The answer to this second question is positive in the DiPerna-Lions’
range of exponents % + % <1.
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For any b € Lip then

|b(X)_b(y)| < C|X_y| VX,y,

Let X(-,x) be the RLF, 7, an integral curve from x € R¢.

A.e. uniqueness

S IX(83) — ()] < [DOK(E, %)) — Bs(1))
< CIX(t,%) = (o)



The case p > d: a.e. uniqueness

Flows of vector
fields

Maria Colombo

For any b € Lip then

|b(X)_b(y)| < C|X_y| VX,y,

Let X(-,x) be the RLF, 7, an integral curve from x € R¢.

A.e. uniqueness

S IX(83) — ()] < [DOK(E, %)) — Bs(1))
< CIX(t,%) = (o)

By Gronwall inequality, if b € Lip we have everywhere uniqueness.




The case p > d: a.e. uniqueness

Flows of vector
fields

MarialColombo Lusin-Lipschitz inequality

For any b € WP then there exists g € LP such that

Ib(x) —b(y)| < (g(x) +g¥))Ix -yl ¥x,y  p>1,

Let X(-, x) be the RLF, v an integral curve from x € R¢.

A.e. uniqueness
of integral curves

%|X(tvx) = ()] < [b(X(t, x)) — b(7x(1))]
< C|X(t,X) - ’Yx(t)|

By Gronwall inequality, if b € Lip we have everywhere uniqueness.



The case p > d: a.e. uniqueness

Flows of vector
fields

Lusin-Lipschitz inequality

Maria Colombo

For any b € WP then there exists g € LP such that

Ib(x) —b(y)| < (g(x) +g(¥))Ix -yl ¥x,y  p>1,

Ib(x) —b(y)l <g(x)Ix —y[ ¥x  p>d.

Ae.‘“uniqueness Let X(yX) be the RLFy ’YX an Integral curve from X e Rd

of integral curves

Idea:

%|X(t,x) = w(t)] < [b(X(t, x)) — b(7x(1))]
< C|X(t,X) _'Yx(t)|

By Gronwall inequality, if b € Lip we have everywhere uniqueness.
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For any b € W' then there exists g € LP such that

Ib(x) —b(y)| < (g(x) +gy))Ix -yl ¥x,y  p>1,

Ib(x) —b(y)| < g(x)lx—y| ¥x p>d.

e Let X(-,x) be the RLF, 7, an integral curve from x € RY. We use
QIR the asymmetric Lusin inequality

Idea:

< IX(tx) ~ (1)) < [DOX(2, )~ bx(1))
< g(X(t, ) IX(t, ) ~ ()

By Gronwall inequality, if b € Lip we have everywhere uniqueness.



The case p > d: a.e. uniqueness

Flows of vector
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For any b € W' then there exists g € LP such that

Ib(x) —b(y)| < (g(x) +gy))Ix -yl ¥x,y  p>1,

Ib(x) —b(y)| < g(x)lx—y| ¥x p>d.

e Let X(-,x) be the RLF, 7, an integral curve from x € RY. We use
QIR the asymmetric Lusin inequality

Idea:

d
1 X(t,x) = % (t)] < [b(X(2, x)) = b(7x(t))]
< g(X(t, x))[X(t, x) = (1))
By Gronwall inequality, if b € Lip we have everywhere uniqueness.

If b€ WP, p > d, we have a.e. uniqueness [Caravenna, Crippa -
Jabin].
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/OTg(X(t,x)) dt < o,

A.e. uniqueness
of integral curves
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e, ATﬁXUdeh<m.

Indeed, integrating in x and by incompressibility

e /Hg Imm<c/nmmm<cnwu M < oo.

A.e. uniqueness
of integral curves
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e, /O " (X(tx)) dt < .

Indeed, integrating in x and by incompressibility

o / lg(X(¢, )l dt < C / lells de < CTVb(E, )], < oc.

A.e. uniqueness

Sl Does the Lusin-Lipschitz inequality imply uniqueness for p < d?
o [Crippa, De Lellis] used it to infer uniqueness of the RLF.



The case p < d: uniqueness of RLF
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felds Key observation: for a.e. x it holds
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/OTg(X(t,x)) dt < o,

Indeed, integrating in x and by incompressibility

/ l&(X(t, )|, dt < C / gl dt < CTIVb(t, )||,» < oo.

A.e. uniqueness
of integral curves

Does the Lusin-Lipschitz inequality imply uniqueness for p < d?
[Crippa, De Lellis] used it to infer uniqueness of the RLF.

CIX(tx) — ¥ (2] < [0(X(829) — u(Y(2,)
< (g(X(t,x)) + &(Y(£.)) X(t,x) — ¥(£.x)]

For a.e. x it holds fOT g(X(t,x)) + g(Y(t,x))dt < co.
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If p < d then the a.e. uniqueness for trajectories does not hold.

Theorem ([B.-Colombo-DelLellis, '20])

For every d > 2, p < d and s < oo there exist a divergence free
velocity field b € C,(WXP N LS) and a set A C T9 such that

A.e. uniqueness ) agd(A) > Or'

of integral curves

Idea o for any x € A there are at least two integral curves of u starting
= at x.
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continui

quation of trajectories to uniqueness results for positive solutions to (CE).

A.e. uniqueness
of integral curves
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Flows and @ Ambrosio’s superposition principle to connect the a.e. uniqueness
of trajectories to uniqueness results for positive solutions to (CE).

@ Non-uniqueness theorem for positive solutions to (CE) based on
convex integration type techniques borrowed from
[Modena-Székelyhidi '18].

What about the critical case p = d?

A.e. uniqueness
of integral curves



The case p=d

Flows of vector
fields

Maria Colombo Ingredients of proof:

@ Ambrosio’s superposition principle to connect the a.e. uniqueness
of trajectories to uniqueness results for positive solutions to (CE).

@ Non-uniqueness theorem for positive solutions to (CE) based on
convex integration type techniques borrowed from
[Modena-Székelyhidi '18].

Ae”‘miqueness What about the critical case p = d?

e G If Vb e L%Lg 1 the a.e. uniqueness for integral curves holds.

Recall that

I

Lra = (/O (Aﬁd({|f|>)\})l/> d§A>

and L9 c 9! c L9 for any q > d.
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@ lll-posedness of CE by convex integration



Lagrangian uniqueness vs Eulerian uniqueness

Flows of vector A measure valued solution p € L3°(#,) to (CE) with velocity b is a
Maria Colombo superposition solution if for pg-a.e. x € T there exists

ne € 2(C([0, T],T?)) such that

@ 1), is concentrated on integral curves of b starting at x;

Flo

@ we have the representation formula 1 = (e¢)4 (1o ® 1x),

Joauc= [ ([ o) an) duote



Lagrangian uniqueness vs Eulerian uniqueness

Flows of vector A measure valued solution p € L3°(#,) to (CE) with velocity b is a
Maria Colombo superposition solution if for pg-a.e. x € T there exists

ne € 2(C([0, T],T?)) such that

@ 1), is concentrated on integral curves of b starting at x;

Flo

@ we have the representation formula 1 = (e¢)4 (1o ® 1x),

Joauc= [ ([ o) an) duote

Superposition solutions are averages of integral curves of wu.



Lagrangian uniqueness vs Eulerian uniqueness

Rl A measure valued solution p € L3°(#,) to (CE) with velocity b is a
Maria Colombo superposition solution if for pg-a.e. x € T there exists

ne € 2(C([0, T],T?)) such that

@ 1), is concentrated on integral curves of b starting at x;

Floy and

@ we have the representation formula 1 = (e¢)4 (1o ® 1x),

Joauc= [ ([ o) an) duote

Superposition solutions are averages of integral curves of wu.

Theorem ( [Ambrosio '04] )
Letb: [0, T] x T¢ — RY, p € L°(,) solution of CE with

/OT/|b(t,x)|dxut(x) b < 5o,

Then it is a superposition solution.
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Flows of vector

fields A.e. uniqueness of integral curves implies uniqueness of positive
Maria Colombo solutions to (CE)

Fl



Lagrangian uniqueness vs Eulerian uniqueness

Flows of vector

fields A.e. uniqueness of integral curves implies uniqueness of positive
Maria Colombo solutions to (CE)
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representation

pre = (Xe)ppo for any t € [0, T].
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/gbdxut //¢ )) dnx () dppo(x)
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Proposition

Let b € LIWL1 divergence free whose integral curves are unique a.e.
and X its RLF.

Then positive solutions p € L$°LL to (CE) are unique and have the
representation

pre = (Xe)ppo for any t € [0, T].

Indeed, by the superposition principle and a.e. uniqueness of integral
curves, 1, € 2(C([0, T],T9)) must satisfy 7, := dx(. ). Hence

[ odu= [ [ o2 dixi. () duo) = [ o(X(t,x)) o).
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oz (Related) question: well posedness of the CE

Let u € L:WL" divergence free. Is the CE well-posed in the class of
positive solutions u € L3°L? under the minimal summability
requirement - + o <1, namely % +lc14+ 17

From Ambrosio's superposition principle and the a.e. uniqueness of
@ W integral curves for p > d we infer that

of integral curve

Corollary (Caravenna-Crippa 2018)

Let u € WP, p > n. Positive solutions of CE are well-posed under
the minimal summability requirement u € L>[*.
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Theorem (Brué-Colombo-De Lellis (2020))

Letbe WiP, 1 <p<d, ac]o, £). Then there exists g € LP such
that

|u(x) — u(y)| < (g(x) + g(x)*e(y)' " )x—y|  Vx,y.
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Ib(x) —b(y)| < (g(x) +&(¥))Ix — y| p<n

Ib(x) — b(y)| < g(x)Ix — y] p>n
?

Theorem (Brué-Colombo-De Lellis (2020))

Letbe WiP, 1 <p<d, ac]o, £). Then there exists g € LP such
that

|u(x) — u(y)| < (g(x) + g(x)*e(y)' " )x—y|  Vx,y.

The range of a is optimal. I
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This range but it is strictly contained in the range for which the
equations make sense % + % <1l+4 %. What happens in between?

Partial result by [Cheskidov, Luo '20].
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Let u € WP, p < d. Positive solutions u € L°L". of the CE are well
posed in the range of exponent

1 1 1 p-1
I T T
P <lt g3

This range strictly contains the DiPerna-Lions range % + % < 1 but it
is strictly contained in the range for which the equations make sense
% + % <1+ %. What happens in between? Partial result by

[Cheskidov, Luo 20].
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Vi @l If we produce an example of nonuniqueness of positive solutions of
| the continuity equations in some range of exponents we have disproved
the a.e. uniqueness of integral curves.

Theorem ([B.-Colombo-DelLellis, '20] )

Letd>2,pe(l,0), 2 +2L =1, rel[l,o0] be such that
p b

Then there exist

o a divergence-free vector field b € C,(W:" N LP),
- @ a positive, nonconstant u € C;LP with u(0,-) =1,
which solve CE.




Remarks

Flows of vector
fields

Maria Colombo @ The main theorem follows: any velocity field obtained in the
o previous theorem does not have the a.e. uniqueness for integral
continui curves.




Remarks

Flows of vector
fields

Maria Colombo @ The main theorem follows: any velocity field obtained in the
A previous theorem does not have the a.e. uniqueness for integral
continui curves. Indeed

e Since divb = 0, the function u = 1 solves CE.

o The u constructed in this theorem is a second distinct solution!

o As seen before, a.e. uniqueness of integral curves implies
uniqueness of positive solutions to (CE).



Remarks

Flows of vector
fields

Maria Colombo @ The main theorem follows: any velocity field obtained in the
previous theorem does not have the a.e. uniqueness for integral
curves. Indeed
e Since divb = 0, the function u = 1 solves CE.
o The u constructed in this theorem is a second distinct solution!
o As seen before, a.e. uniqueness of integral curves implies
uniqueness of positive solutions to (CE).

Flo and

@ The construction is based on convex integration scheme, as in the
i EES groundbreaking works [DeLellis-Székelyhidi, '09-'13], [Isett '16] for
the Euler equation and [Buckmaster-Vicol '17] for Navier-Stokes.
@ The first ill-posedness result for (CE) with Sobolev velocity field
has been proven in [Modena-Székelyhidi, '18], [Modena-Sattig,
'19].



Remarks

Flows of vector
fields

Maria Colombo The main theorem follows: any velocity field obtained in the
previous theorem does not have the a.e. uniqueness for integral
curves. Indeed
e Since divb = 0, the function u = 1 solves CE.
o The u constructed in this theorem is a second distinct solution!
o As seen before, a.e. uniqueness of integral curves implies
uniqueness of positive solutions to (CE).

Flo and

@ The construction is based on convex integration scheme, as in the
i EES groundbreaking works [DeLellis-Székelyhidi, '09-'13], [Isett '16] for
the Euler equation and [Buckmaster-Vicol '17] for Navier-Stokes.

@ The first ill-posedness result for (CE) with Sobolev velocity field
has been proven in [Modena-Székelyhidi, '18], [Modena-Sattig,
'19].

@ Main novelties: positive solutions, a simpler convex integration
scheme in any dimension.
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Thank you for your attention!
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