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Motivation: optimal stopping problems

Value Function

Motivation

Optimal stopping problems: decide when to take some action, in order to
maximize the expected value of the profit or to minimize the expected
value loss.
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Motivation: optimal stopping problems

Examples

unction

American call options

o Call option
o Contract between buyer and seller
o Fixed maturity (T), underlying asset, and strike price (K)
o Option is exercised if price stock is larger than K.
@ American
The option may be exercised until maturity time T

When should the buyer exercise his option?
Not too late nor too early
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Motivation: optimal stopping problems
Examples
Question /An:

Value Function

Exit problem

@ A firm is active in the market;

@ The market is declining, and therefore the firm may decide to exit,
paying some sunk cost.
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Motivation: optimal stopping problems
Examples
Q tior

e Function

Investment problem

@ A firm is not yet active in the market;

@ The market is in expansion, and therefore the firm may decide to
invest, paying some sunk cost.
@ Once in the market, due to technological innovations, the firm may

invest in producing a new and more efficient product. When should
the firm invest?
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Motivation: optimal stopping problems

When should the firm exit the
market?

When should the firm invest in the
market?

Not too late nor too early




Motivation: optimal stopping problems

The QUESTION

When should we take the decision,

in order to maximize the return of
our investment?




Motivation: optimal stopping problems

The ANSWER

Use optimal stopping approach to
find such time




Motivation: optimal stopping problems

Value Function

Classical references
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Al
Control
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Motivation: optimal stopping problems

Answer
Selected references

Value Function
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Motivation: optimal stopping problems

Applications
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NV
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Motivation: optimal stopping problems

Value Function

Find V, with:

V(x) = sup E, {/OT e " G(X(s))ds + e ""h(X(7))

TES

(inf, sup, with h or without... all the same) where:

@ S: set of stopping times adapted to the filtration generated by the
stochastic process X

@ T7: stopping time

e e ": killing factor

@ G: running payoff, gain function
@ h: terminal payoff
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Motivation: optimal stopping problems

Examples

@ Terminal reward

V(x) = sup E [e7G(X(7))]

(e.g. American Option)

@ Integral reward
V(x) = sup Ex [/ e " G(X(s))ds — e‘”l}
TES 0
(e.g. Exit Option)

V(x) = sup Ex [ /T ¥ e T G(X(s))ds — e‘”l}

TES

(e.g. Investment Option)
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Motivation: optimal stopping problems

Characterization of the Value Function

Without loss of generality, we use the following formulation:

V(x) = sup E[G(X7)]

So the optimal stopping problem consists in finding the quantity V' and
the stopping time 7* at which the supremum is attained (if 7* exists...)
Assumption: E [sup,>q |G(X¢)| Xo = x] < o0, Vx.

Introduce two sets:

continuation set C = {x: V(x) > G(x)}
stopping set D = {x : V(x) = G(x)}

|7 =inf{t>0:X; € D}|
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Motivation: optimal stopping problems

Ansatz

If the process X is Markovian, then we
@ guess a candidate solution

o verify that it is indeed a solution

LxV >0
V(x) > G(x),x € C,V(x) = G(x),x € D
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Motivation: optimal stopping problems

Diffusion processes

If X is a diffusion process, then the above conditions are equivalent to:

LxV(x)=0 xeC
V(x) = G(x) xeD
AV(x) _ 96(x)

[52% aC Ox ac

Questions:
o Lx is a differential operator, which means:
We need to solve a differential equation
@ We do not know C and D and even their shape.
We need to propose C and D

A free-boundary problem:

min(Lx V(x), V(x) — G(x)) =0
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Motivation: optimal stopping problems

o if X is an homogeneous 1-dimensional process, usually it is possible
to find the solution (V' and 0C) explicitly, and then we verify that
indeed it is a solution.

@ But what if X has more dimensions? Can we solve the PDE
explicitly? And in case we can, it is always the case that we can
guess a shape for C and D? Can we always verify that what we have
is the solution of the optimization problem?
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The problem

Motivation

Solve an investment problem, with two sources of uncertainty:
@ Price

@ Investment cost

where the investment cost has sample paths with discontinuities due to
exogeneous jumps driven by a Poisson process.
Special feaures:

@ 2-dimensional problem

@ in one of the dimensions we do not have a diffusion (we have a jump
process)
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The problem

Problem set-up

Model assumptions:
@ Price of the product

dP; = puP.dt + oPrdW,, with Po=p >0

@ Investment cost
o Case 1:
l=1(1+ )", with lh=(I+1)¢",

(investment cost increases whenever we have a jump)
o Case 2:
I = 19", with I = 19",

(investment cost decreases whenever we have a jump)

with N, ~ Poi(At) and ¢ < 1.
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The problem

Investment Problem

P
V(P, n) = sup Ep,n |:erT (
>0 r

gn(p): expected perpetual return when the investment takes place with
price p and the investment cost downsized n times.
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The problem

(Some) Related literature

@ Technology adoption: Huisman (2001), Hagspiel et al (2015)

@ Two sources of uncertainty: Dixit and Pindyck (1994), Adkins and
Paxson (2011)

e Jump-diffusion processes: Murto (2007), Nunes and Pimentel (2017)
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The problem

HJB equations

In order to solve the Investment Problem, we need to:

@ Solve the HJB equation:

min(Lp,V(p, n), V(p,n) — gn(p)) =0

where Lp ; is the infinitesimal generator of the two-dimensional
process (P, /)
@ Find the Investment Region (Stop region).
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The problem

Differential-difference equation

In the continuation region, the following equation must hold

2
o
(A+r)V(p,n) — upV'(p,n) — 7p2 V'(p,n) =AV(p,n+1)

How to solve this equation?
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The problem

Investment region

Z D nveest

)

P

Investment should occur when the price is high and the investment cost
is low.

[ But where is the boundary between continuation and stopping? ]
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The problem

Explicit solutions of the differential equation

Case 1
I =11+ @)%, with ly=(/+1)¢",
(investment cost increases whenever we have a jump)
e We stay in the waiting/continuation region whenever a jumps occurs.
@ Thus the investment region can only be hitted due to an increase in
the price.

=
N
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The problem

Case 1
le=1(1+¢)N, with = (I+1)¢",
@ If the running function g is homogeneous:

gn(p) = nh(p), a€N

then

one may transform the problem in a one-dimensional one, with
state variable
Q=IP
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The problem

In this case, in order to solve the problem, we proceed as follows:
@ Apply 1t8's formula to compute dQ(x) and find Lg

@ Solve the 1-dimensional differential equation Lo V/(q) =0
(analitically)

@ Guess the waiting and stopping region
@ Prove the HJB equations

@ Go back to the original processes, P and /.

Solution of the Optimal Stopping Time Problem

™ =inf{t>0: /P, > A}

(Nunes and Pimentel. Analytical solution for an investment problem
under uncertainties with shocks. European Journal of Operational
Research 259.3 (2017): 1054-1063.)
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The problem

Case 2

lo = 1oNe,  with  lo = I¢",
(investment cost decreases whenever we have a jump)

@ A jump may lead to the stopping region (crossing the boundary)

@ But the stopping region may also be attained by an increase in the
price (hitting the boundary)

A=Y
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The problem

In the continuation region, the following equation must hold

2
o
(A+r)V(p,n) — upV'(p,n) — 7p2 V'(p,n) =AV(p,n+1)

Difficulty: the solution in the state (p, n) depends on the solution of the
same equation in the state (p,n+ 1).

o (p,n—+ 1) is still in the continuation region:
(X+)V(p,n) — upV'(p.n) — Gp?V"(p,n) = AV(p,n+1)

@ (p,n+ 1) is in the stopping region, and therefore it is optimal to
invest. (A+r)V(p,n)—upV’'(p,n) — %sz V"(p,n) =AV(p,n+1)

So the value of the firm at state (p, n) depends recursively on all the
levels above (n+1,n+2,...).
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The truncated problem

Quasi-Analytical Solution

@ Analytical solution of the problem is not known;

@ Numerical solutions: few proposals

Here we propose an approach that converges to the analytical solution,

based on

Truncation of the problem
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The truncated problem

The investment time is bounded by a random time

Vﬁ(p) n) = sup = n [eirTgNT(PT)]
0<7<75;

75 is the time of the Ath arrival, where 71 is the maximum number of
allowed jumps. We assume that

If no decision is taken until 75, then this time will be the optimal
investment time.

How do we proceed?

o Fix n large;
e Solve V"(p, n)

When 7 — +oc0:
° 15 4o00;

@ the solution of the truncated problem also converges to the solution

of the original problem



The truncated problem

. Invest
.- a*
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Figure 1: Waiting and investment regions when (a) =2, (b) =3 and (c¢) @ = 4.

pl" is the trigger price for the investment when the maximum number of
jumps of innovations is 7 and n jumps have already occurred.
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The truncated problem

Equations and boundary conditions for the truncated
problem

@ In the continuation region, for n=0,1,2,--- /7 —1:

(r+Mvi(p) — up(vi) (p) — =P (v)"(p) — AV} 1(p) =0

2
In the stopping region: v/(p) = g,(p);
va(p) = gx(p)

v(p) is of class C! for all pand n < n

(]
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The truncated problem

The case n =2

This case can be handled:
o Explicitly, not too messy
@ The general case follows along similar lines

How does it work?

Backwards!

Invest v2(p)
Wait pf* Invest vZ(p)
Wait | Wait pg* Invest v2(p)

Figure: Waiting and investment regions when n'= 2

Claudia Nunes



The truncated problem

Q vi(p) = rfﬂ — 1¢?: value of the investment in perpetuity
2 d 1¢? 2
Q vi(p) = ALooP™ + A | e ~ x| 0<P <P
e - s, b P

r—pup

value function of a standard investment problem

Invest vzz(p)

Wait pf* Invest vi (p)

. 2%
Wait  p;  Invest

Figure: Waiting and investment regions when n = 2
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The truncated problem

() :
@ for0<p< pf*, either we wait for 2 innovations
(<r%)2 |:(rp)((rr+7+>\)\u I ]) or 1 innovation followed by an

increase of the price (AO,071 In pp®™), or no innovations (Ag’o,opdl);
@ for p?” < p < p? , either we need one innovation

((2%) [% — Iqb}) or we have just variation in the price

(that may go up - positive root, or go down, negative root).

Invest

. 2%
Wait  p;  Invest

2

*
Wait Wait  p; Invest

Figure: Waiting and investment regions when n:= 2

Claudia Nunes



The truncated problem

All the constants and thresholds can be derived analytically, except pg*
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The truncated problem

General n

Invest
rey
3 Ievest Wait Py Iovest
- a* - I
9 Invest 2 Wait P2 Invest Wait | Wait P2 Invest
T - P - - R
1 Wait P1 Invest 1 Wait | Wait F1 Invest Whait §} Wait | Wait Pi Invest
—_— — ———
! 2 ! = h -
Wait | Wait Jia Invest Wait -PO Invest Wait | Wait | Wait | Wait P-I:- Invest
0 o
(a) (b) (<)

Figure 1: Waiting and investment regions when (a) =2, (b) =3 and (c¢) W =

o k=012 A-1—n



The truncated problem

different ways that the investment may occur due to an increase of the price

n—1—(n+k)
vii(p) = S A, Inp pt 4Bl Inp p*
j=0

n—(n+k A—(n
+ A (rth) ,D(rJr /\) ( +f) N I¢F*(n+k)
r+A (r—p)(r+ X — p)r—(ntk)

perpetual value of investment due to i — (n + k) jumps
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The truncated problem

Convergence result

The solution of the truncated problem converges to the solution of the
original one , i.e.,

lim V™(p,n) = V(p,n)  ¥(p,n) €]0, +-o0[xN.

n—o0
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Ilustration
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Ilustration

n n n—1
VO - V0
00 oo o o om oo ox oo T om an o ow om om0 0w
p p
(a) (b)
Figure: (a) Plot of the functions vy, for 7 = 2,--- 7 where the functions
appear in an increasing way in 7. (b). Plot of the functions v§ — vonfl, for
n=3,---,10, where the functions appear in a decreasing way in n.
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Comparative statics

Analytical results for p?* (7 = 2)

o Increases with o and decreases with . (agrees with the standard
result);

@ Increases with A for “small values” of ¢ but has a non-monotonic
behavior with X for “large values” of ¢

@ Increases with ¢ if r > \; in case r < )\, it increases with ¢ if
9 < %% and decreases afterwards.
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Comparative statics

2% 2%
P1 . P1
T T T T T T T T T T T T
00 02 04 06 08 [EDY 00 02 04 06 08 10 A

(a) (b)
Figure: Investment threshold p?~ as a function of A, for (a) ¢ = 0.9 and (b)
$=0.99.
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Questions: Ongoing related work

In the above example, for a larger number of jumps, the trigger price is
smaller than for a smaller number of jumps.

Intuition: after some downwarding shocks in the investment cost, the
investor is willing to invest even if the price is not so large

Can we find situations where the opposite hold? And if so, the way to

solve is fundamental different?

How do we fix n?

In some problems, we may have a hint regarding this truncation level
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Questions: Ongoing related work

Would it be possible to construct the truncation process in such a way
that once the upper bound n is reached, ?

Yes, but the calculations would be quite different and probably more
evolved. But, on the other hand, we would recover some economical
interpretation.

What if the jump size is a random variable, taking values in [0, k]?

This would mean that once a jump occurs, it can increase the investment
cost or it can decrease it (mix of the two cases). Interesting but very
challenging!
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Thank you for your attention!




