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Three problems

Geometry
Givend > 2 and 0 < k < d, what is the maximal volume of the
intersection of the unit cube [—3, 3]¢ with a k-dimensional

subspace of R9?

| A

Probability Theory

Given d,n > 2, what is the probability distribution of an n-step
uniform random walk in R9?

Algebra

| \

Given d > 2, what is the minimal codimension of a proper
subalgebra of the special orthogonal Lie algebra so(d)?
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Fourier Restriction Theory

Given 1 < p < 2, for which exponents 1 < g < oo does

g(w)|? < q 2
/Sd_1 8(w)|?do(w) < llgllgay hold?

Restriction Conjecture. 1 < p < dz—fl, q< %P'

. . d+1 —
Tomas—Stein Inequality. 1 <p <2&5, ¢=2
Curvature plays a role: Any smooth compact hypersurface of

nonvanishing Gaussian curvature will do.
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Why should any of this be true?

R(g) := glga—1 implies R*(f) = fo, where

Fo(x) = /S | f(w)e" do(w)
(R"oR)(g)=g*0

d—1

SEOVE

/ e’.)‘(li‘wl|2)l/2 n(w’) dOJ/
Rd—1 (1 _ ‘w/’2)1/2
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Sharp Fourier Restriction Theory

If d > 2 and q > 291, then ||foLomey < ClIf |l 2s9-1)-

1)1, g
T?/,q = sup Pgq(f):= sup fqi()
0A4fel? 04fcl? H HLQ(Sd—l)

e Maximizers exist if g > 2%, orif (d,q) € {(2,6),(3,4)}

(Fanelli-Vega-Visciglia'11, Christ-Shao’12, Shao’16, Frank—Lieb—Sabin'16)

e Constants maximize ®3 4 (Foschi1s)

o Constants maximize @44 if d € {4,5,6,7} (cameiro-05'15)

Theorem (OS—Quilodran’19)

Let d € {3,4,5,6,7} and q > 6 be an even integer. Then constant
functions are the unique real-valued maximizers of ®4 4.

Special case: (d,q) = (3,6), ®q:= P34, Tq:=Ts,
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Step 1: Calculus of Variations

Let f be a maximizer for ®¢, and normalize it so that ||f]|;2 = 1.
Let £(f) = fo and £*(g) = g"|s2. Then:

€172 16 = I Lorsy = (EENEF), £(F))
= (€ (IER)EF), F)izs2)
< [lE* (€ EE)) 22

<NE N oo 2 NEENEE) | /5m3)
= 1€ 52 1€ (P Fogray = II€NIT2s o

Euler—-Lagrange equation:
(Ifol*fo)"|s2 = AF

(fo x fho % fo x fo % fo)|se = (21) 3Af
where f,(w) := f(—w). 40 pages later: f is C*°-smooth.
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Step 2: Symmetrization

Positivity:
(uses evenness of g = 6 in a crucial way)

|fo* foxfollamsy < ||[flo* |flo*|flo|2rs3)

Antipodal symmetry:
(can be adapted to general, possibly non-even, g > 2%)

12+ 162
fi = ————
! 2

|fo* foxfollamsy < |fio * fo * fo|| 23

Therefore:

TS = Po(f
8= perer e oy )
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Step 3: Operator Theory

Consider the operator
Tr: L2(S%) — [*(S?), Te(g) =g = K

with convolution kernel

Ke(€) = (Ifol*)(€) = (2m)3(fo * fuo = fo + f.0)(€)

Euler—Lagrange boils down to: T¢(f) = Af
Kernel Kg:

o Ki(0) = ot as,
o Kp(€) = Kr(—9), forall ¢

e Ky defines a bounded, continuous function on R3
Operator T¢:
@ Ty is self-adjoint and positive definite
o Ty is Hilbert-Schmidt: K(w,v) = K¢(w —v) € L?(S? x $?)
o Tris trace-class, and tr(T¢) = [ K} (w,w) do(w)
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Step 4: Lie Theory

Fact: exp : 50(3) — SO(3), A > €4, is surjective onto SO(3).
0

O6(f 0 e™) = dp(f) = Pg(e“'f), Oaf = —

8t’t:0(f ° etA)

Lemma 1 (New from Old)

Let f : S2 — R be non-constant, such that f = f, € C*(S?) and
||z = 1. Assume T¢(f) = A\f. Then:

T¢(0af) = 20af, for every A € s0(3)
Tr(wjf) = gw;f, forevery j € {1,2,3}

Moreover, there exist A, B € s0(3), such that the set
{0af,0pf,wif,waf, ,w3f} is linearly independent over C.

Key: The codimension of a proper, nontrivial subalgebra of so(3)
is equal to 2. Think SO(2) C SO(3).
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Step 5: Probability Theory

Consider i.i.d. random variables X1, X>, X3, taking values on S?
with uniform distribution. Then Y3 = X; + X, + X3 is the uniform
3-step random walk in R3. If p3 denotes the probability density of
|Y3|, then (o % 0 % o)(r) = o(S?)?ps3(r)r=2.

Left: Plot of r— (cxoxa)(r) for 0 <r <3
Right: Plot of r+— (o xo)(r) for 0 <r <2

P4(1)
®6(1)

(277)3”1”22‘@2)”0 * 0'”%2([@3) = 167"

(2m)° 1| oyl % 0 % || Faqgay = 327° = 2mP4(1)
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Step 6: Putting it all together

Any non-constant critical point f : S? — R € C1(S?) of &g
satisfies Pg(f) < ®e(1). Further assume f = f,, and ||f]|;2 = 1.
From T¢(f) = Af, one checks that A = ®g(f). Thus:

1
Pe(f)=A=32(A+5x3) < Str(Te)
1
= 2/ K (w,w) do(w) = 2rK¢(0) (1)
S2
where the strict inequality is a consequence of Lemma 1, together
with the fact that all eigenvalues of T are strictly positive. But
Ke(0) = [[Follfamsy = Pa(f) < ®a(1) 2)

where the latter inequality follows from Foschi's result. From the
last slide, we have that

|2m4(1) = &6(1)]

and so from (1) and 27 x (2), it follows that ®¢(f) < ®e(1). O
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Extension to all even exponents g > 6

1 qg+6
—0 1
0(82)q+1 CI+2( )

®g(1) <

Since 7 (r) = 4msinc(r), the latter inequality holds if and only if

/°°|sinr2|q dr§q4—6/°°|sinr|"+2 dr
0 ra— qg+1J rd

N

1-— z < sin(r) < eirz/ﬁ7 for all r € [0, 7]
6 r
K. Ball (1986): Consider the unit cube Qq := [—3, 3]¢ C R, and

let H C RY be a linear subspace of codimension 1. The (d — 1)-
dimensional volume of HN Qq is at least 1, and at most v/2.

1 [ P 2
/ drg\/>a PZZ
™ J_—00 s

sinr

r
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Generalization to higher dimensions d > 3

@ The minimal codimension of a proper subalgebra of so(d)
equals d —1if d > 3,d # 4, but equals 2 if d = 4.

@ Explicit formulae for the probability distribution of an n-step
uniform random walk in RY were recently obtained for general
n, but only for odd values of d. The 2-fold convolution is:

wg—21 43
(o)) = 22— )5
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3-step uniform random walks in R?

10F
08l

[ d=3
06 d=5

3 — d=7
04 — d=9
02}

" " " " " " " " " " " " " " il r
0.5 1.0 15 2.0 2.5 3.0

Plot of the function r + r¥= (o x o x o)(r) for 0 < r < 3, when d €
{3,5,7,9}.
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Generalization to higher dimensions d > 3

@ The minimal codimension of a proper subalgebra of so(d)
equals d — 1 if d > 3,d # 4, but equals 2 if d = 4.

@ Explicit formulae for the probability distribution of an n-step
uniform random walk in RY were recently obtained for general
n, but only for odd values of d. The 2-fold convolution is:

wyg—2 1 4=3
(0x0)(r) = 5g=5 (4~ ),

@ Since o(x) = (27T)g|X’_VJu(|X’) if v = % -1
1 g+2d—64a
Wd—1 g+1

clJd,q(l) < d,q+2(1)

if and only if

dy2
oo r +2d—§8 oo —1-
/ IJV(f)\qrd =av gr < 2(22)‘1 ? a1 d’4/ \J,/(r)lq+2 pdmi=lar2e g,
0 0
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P I ANl ey gt

?
E(d,q) = >0
(d.9) 22*d Jo 1u(r)|a rd=1=avdr Cq+2d—bg4 "

|d\g 4 [ 6 | 8 [ 10 [ 12 ] 14 | 16 | 18 [ 20 |
2 «+ | 057 [5.16[532|4.95| 455 | 419 | 3.88 | 3.61
0.00 | 833 [8638.29|7.85] 740 | 6.97 | 657 | 6.20
082 [ 483 [ 5.67 | 593 594 583 | 566 | 545 | 5.24
398 [ 768 [9.13]9.77 [ 0.97 [ 9.94 | 0.77 [ 953 | 9.25
2.26 | 6.16 | 8.24 | 9.38 | 9.97 [ 10.22 | 10.27 | 10.18 | 10.03
0.36 | 446 | 7.03|8.62 | 9.57 | 10.10 | 10.38 | 10.47 | 10.45
-1.42 [ 2.75 | 5.66 | 7.62 | 8.89 | 9.70 | 10.20 | 10.47 | 10.60
298 | 1.11 | 4.25[6.49 | 8.04 | 9.10 | 9.81 | 10.26 | 10.54
10 |[-431]-039 285|531 [7.09] 836 | 9.27 | 9.80 | 10.31
11 | -541]-1.76 | 1.51 [4.11 [ 6.08 | 7.54 | 8.62 | 9.40 | 9.96

OO N OB~ W

Values of 100 x E(d, q), obtained through numerical evaluation of Bessel
integrals and truncated to two decimal places.
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Complex-valued maximizers

Theorem (OS—Quilodran’19)

Letd > 2 and q > 2% be an even integer. Then each
complex-valued maximizer of ®4 , is of the form

ceif""F(w)

for some & € RY some c € C \ {0}, and some nonnegative,
antipodally symmetric maximizer F of ®4 4.

Corollary (OS—Quilodran'19)

Let d € {3,4,5,6,7} and q > 4 be an even integer. Then all
complex-valued maximizers of ®,4 , are given by

f(w) = ce®™

for some ¢ € RY and c € C \ {0}.
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Open problems

o
2]
o

What happens in dimensions d > 87
Do constants maximize ¢, 7

Are non-zero solutions of the Euler—Lagrange equation for
arbitrary exponents q > 2% and dimensions d > 2,

(IFo]972F0)" |sa-r = A

necessarily C°°-smooth even when q is not an even integer?

Do maximizers of ®4 , exist at the endpoint q = 2% if

d 2 4? (Frank-Lieb—Sabin'16 have a conditional result along these lines)

If so, do constants maximize &4, if g = 2%, for all d > 47

Conversely, are all real-valued maximizers of g4, if g = 29+1
constant?
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Thank you very much
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