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Laughlinstate
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Quautumtlalettect ( QHE )

Precise quantization of Hall conductance 6+5 ¥
,

[ Laughlin state
corresponds to

this plateau

Gu - Yp



Laughlin 1983:

Frachioualqtle

Strongly - interacting ( via Coulomb forces ) system .

Assign a trial wave function ( " state" )

to each plateau .

He ( z . . - - i ,zn ) -- c . Inez . - zap .
e- ¥ E. ' "

i

* holomorphic
~f=0

* vanishing conditions
⑤→←



Moore-Read 1991:

Another famous QHE state
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Haldane 1983

Haldane-Rezayi 1985

Wen-Niu 1991

Avron-Seiler-Zograf 1995, 

N. Read 2009 

Goal
-

Define QH states ( e.g . Laughlin state ) ou

compact Riemann surfaces and study how do they

depend on geometric data ( genus , metric , moduli . . . )

for large N
.

g=o

g-- l

g > I

f. =L , Tac ( E ) , Mi , I

f 71 ,
M lil



* Haldane- Rezagi 185 )

p - degeneracy of Laughlin states on torus

translational symmetry
⑦ breaking

* Wen - Niu ( 89 )

Topologically on gems- g

p
't Laughlin States for 6µ= Yp ( conjecture ) .

Nj Topological phases of matter



SK-Wiegmann’15

* Auron- Seiler - Zograt ( 1595 )

Hall conductance from transport on Jacobian

!
In ' i II wait q.eco.zais.sa.es,

w = §
,

does. ndofjtg

* Auron- Seiler - Zograt ( 1595 )
,
Read ( 2008 )

transport on Mi
,
I % E

( " geometric adiabatic transport
' ' ) µ ,I

Hall viscosity -
-'k k

-

Chern number on the moduli space of complex structures ( e )

a-- NI - xle )



Mathematically ,
QHE wave functions define

sequences of probability measures on Q
" ( actually ,

Q
" Isn )

2

An := # IX Cz
. . .

. . ,z×y . II
,

d 're

Total mass of Mn is the LZ- norm of I
.

For Laughlin :

2- = '

y,
f exp f- Be { lzuitpfmhg Hu- tul) II

,

Izu

CIN

ZD Coulomb gas partition function .



More generally ,

2- = § , exp L - N E. VANE) tp fan log Izu- Zal ) . It
,

d
'

zu

←
grau .

" spin
" ( s -- i in pure Coulomb gas )

✓ = y Cz , E ) - ¥ log rgcz . I )
t
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" magnetic potential
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Leblé-Serfaty 2017The f I

log Z = - p N
'

Iv (Mv ) t Iz N log N - N Ccp ) -

- N ( i - E) S Mv by mu t o CN )

e

where Iv = - SS log iz - wi drei drivel *
S V dm
a

¢xQ

and µ
its unique minimizer ( " equilibrium measure

" )

[ in fact , corollary at a stronger

large deviations result ]



Can, Laskin, Wiegmann 2014
F. Ferrari, SK 2014

Oh) term
-

log Z = - pit Irfu) - N ( s - f) { align
2

- ¥ { (to hognut - 205 hyp) t const t Ry
.

J
remainder terms

Ct, = l - 3 ( Fs - Fp )
"

( s -- r in pure Coulomb gas )

Coefficients in this expansion are of interest .

Ryn is a local fuuct . of B and curvature R of g .



QH States ou Riemann surface
~

Consider genius - g Riemann surface ( E , g , ] ) .

Polynomials in Z E Q → sections scz ) of

a holomorphic line bundle L
.

""

+ ::::÷÷:÷in



Line bundles L of deg L= Nae ← divisors D

Noi

E D
.

= E ga
at

Ptfe sczy = ( z - q ) - - - ( z - 9N
. )

Ho ( E
,
L ) - vector space of holomorphic sections

Ri : dim HOLE , L ) = Ng ti - g

( for Ng Su ft . large )

Hermitian metric h ou L
,

curvature - i 0J hog h = F magnetic field



Defiuitiouoflaughliustatesforgsi

One may choose

- P E G (Zu
,
2- u )

/ XL ( Z . . . . , Zn ) 12 = e

Zp
Locally looks like 17 Izu - Zal

ht m
)

but no determinant representation at f- I

- E GC 2-
n ,
Zun )

hour

e t det s:( Zu )

N - l zeroes in Z ,
N - ltg Zeroes in 2-

,

( Riemann - Rock thou )



Laughlin States ou Eg
#

t? Ctu- zu)
P
e

- BI E Hui'

4 ( z , , . . . , Zn) =

pE

Det Consider ( E, g , T ) and holomorphic line bundle

( L , h) of degree Np .
Consider E " = Ex . . - x E

N = f- No, t l - g ( assume Noel P )

* In 4
'
E Ho ( E , L ) ( restriction to u - th factor in Ex . . - XE )

P
* Iam 4 = (zu - Zu) ,

near diagonal (zu - Zin )

⑧

H' = ⇐ Ji Ju t Ean V Huston )



Lt
N = dim Ho ( E

,
L ) = Ng t e - g

Isn Cz ) S basis of HOLE , L )

¥ ( z , ,
. . .

,
Zn ) = det Sw ( zu) /

"

U
,
in =/

Its L2- worm is given by

2- = { . lldetsuczmllli.li?rgd'zu



SK 2013,
SK-Ma-Marinesu-
Wiegmann 2017

Consider a
basis { Suse Hole ,

L )
,
L2 - normalized

for some Cho
, go ) : L (s n , Sm) h

.

>
go
= Sum

Then for any h= ho e- Ne Y and g = got 054 :

Thin Asymptotic large N f - la for log Z

log Z = - Noi Sa (4) t E Ng S, 14,4 ) tf S, lol ) t

t ol 'Ino
, )
-

S
.
HI = 's. { "411480 sac =¥Sfohg÷l't Roly 's. )

S
,
( 4,41 = ¥ { ⇐ 4 Rot Fly § )



Proof Variational f - la
-

slog 2- = - ¥ § ( No, Bw, -84 - I DB.ua . Sol ) giz

where Bergman kernel for the HOLE ,
L )

Baetz , E) = ⇐ Hsu CHILI I N
,

+ I R (g) t Ol
'In
, )

Complete asymptotic expansion at large No
,

( Boulet de Nouvel - Sjostromd, Zet ditch , Catlin ,
. . . )

D



Laughlin States for p > I , g > o

- Canonical basis of holomorphic de- ft's

w;
E H

' ( S
,
I ) , j=i , . . . , g

- Period matrix ti;
= §

,

wi

Z

-
Abel map

E → Jac CE ) = Q Sh z → S
.

wj

A = L int m
'
t
,
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,
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'

E 28 }



(Wen-Niu conjecture)SK 2019

Completeness of this basis: Zvonkine-SK in preparation 

Propel Basis of pot Laughlin states

*o"÷÷÷÷:÷÷:÷i"
Here E ( zu ,

zu) I tree is Prime form on Ex E

Tzu Tzu

O [ as] ( e it ) - Riemann theta
,
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Couumeitsouproof

Prime - form on E x E

E Cz
, y ) =

M m
= 2--4

Wolz ) ugly ) Tdf Tdy

F s e (2/22) 'd ( non - singular O - characteristic )
,

s . t
.

div w
,

= 2 Dog - i



There are pot independent order - p O - functions

① [ rots] ( PY , et ) Ye Q' In
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&

Inn III ( Eczu ,
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.
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So far I
,
is a degree - I PIN- t ) form on each E

.

Iz - form with

G (p )
= exp ( - §

, Sa
,

Walz ) log E ( zip ) ) w palest zeroes

Glp) lives

on Xo

⇒o"÷÷÷÷::÷÷:y:* .
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Geometricadiab.at#-ransport
QHE wave functions are typically degenerate

(pot Laughlin states on genus - g surface) and depend on

parameter spaces M ( e - g .

moduli space Mgm)

a
Hilbert bundle Van → MThus we have
-

adiabatic transport :

In → Urn . (8) Ir '

M
T

falsely E
holaway matrix

mix

#

-Yz O 'Iz



N.Read 2008

Axelrod-della Pietra-Witten’90
Hitchin’90

Conjecture ( for g > o )
"

hdouowy equals monodromy
"

I

✓
Qt, is projectively flat C at least as N → xx )

-

( i.e.BE#-ure is R = C - I
,
or equivalently

adiabatic transport is independent of the path in M ,

up to Uci) phase )

Berry connection 0 : Nv ) → r
' ( v )

dy C 4 ,
Y

'

}, = L T 4,
4
'

za t s 4,04 'S, y EM .

Projective flatness in CFT :



w/ N. Nemkov

* Laughlin and Pfaftiau states are projectively

flat on Mhi

✓
" I
,
so ✓

'I 4iiN
, de

- I
,

tzplp - 1) Em J ( zu - zu )

d

* Is Ho ( E , L ) projectively flat

over Mgm ,
Pica ( E ) ?



Transport on moduli space of complex structures Mg
-

SK-Ma- Marinescu-Wiegmann
Deformations of complex structure ou E

gzI Idt I
'

→ gzz-ldztyd.IM ,

where M is C l
,
- t ) - differential

y= GII §!! La Syne ,
where { ya ) is a basis of holon

. quadratic drifts
.

* poet Laughlin state ( " determinant line bundle " over Ug )

Berry curvature R = i 95 log Z

=
id
, Jg log '¥±g

,

tidgoghg det
'

II Je =
-

-
→ o as degli -

Quillen metric

Weil - Peterson Chi ) form

= ⇐ No
,
t INE )) Awp t - - -

ru
,
= { yui Rsg Iz



SK-Wiegmann 2015psllaughliustate

For Laughlin States ( rank - pot vector bundle over Ug )

Tr R = p
' ( Y Noi - Xk ) ) rwp t O ( ' live)

Cµ=l-3(rp-f



Thetford



Schine et. al., Nature 2016, 2018

Synthetic Landau levels for photons

Experimental test of QHE in curved space

Auyon braiding

←• 4- → ei¥y

Cone ( ' 'geuou
" ) braiding

AF#*÷aay4- → e


