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Lattice: Ax={1,...,N—1};
Site: z € Ap;
Bond: {z, y} with z,y € An;

Process: n = (n(1),...,n(N—1));
State Space: Qn = {0, 1}V;
"Boundary”: I_ ={1,...,K} and I} = {N—-1-K,

..., N—1} for K> 1.




Setup
(e]e] leJe)

Poisson Clocks

Nyzy1, for z € {1,..., N— 2} (Exclusion rule):
Poisson Process associated to bond {z, z+ 1}, with parameter
n(@) (1 —n(z+1)) +n(z+1)(1 —n());

No,j, for j € I_ (Creation/Anihilation for the left):

Poisson process associated to the bond {0, j}, with parameter
aj(n) (1 —n(5) +v;(1 —n)n(4), where

aj(n) :=n(1)...n( — Doy,
vi(1=n):=1-n())...(L —n(—1))v;

Time Evolution

Starting from a random initial configuration 7)o, the (jump) process 7 evolves
according to the Poisson clocks. For example,
N 11 rings at time ¢, then z, x + 1 are flipped:
n—(z) =L,m—(z+1) =0 = m(z) =0,m(z+ 1) = 1;

N—(2) =0,m—(z+1) =1 = m(z) =1, m(z+1) =0;
Otherwise, we see nothing since the particles are unlabbeled.

We can show that 7 is a Markov Process.



Definition (Generator)

Let Ly = LnNo + N_GEN,I, act on functions f: 0y — R be defined by

(Exahm) = 3 U = fin)}, m 1), 27 3y
s n"(2) = {ny), z==
(Lwaf) (1) = (L, H) + (L D), n(a), 2=y
where
(L) = 3 @) - fin)) (7) = {Z(f);?&f .

¢z (n) = ax(n)(1 = () +v,(1 —)n(2), i (n) = (1 —n(2)B,(n) + n(2)d=(1 —n).
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On [4] the authors introduced the dynamics with a, = 6, = j constant, and

Yo = Bz = 0 for 6 = 1;
On [6] the authors show the Hydrodynamic Limit and Fick’s Law, and on [5] the
Hydrostatic Limit. These results are in some form consequence of the
Propagation of Chaos property: particles become independent as the size of the
system increases.

On [1] the authors show the Hydrodynamic and Hydrostatic for 8 > 0 and
K=1.

On [8] is developed a method that encompasses the case § =0 and K > 1,
based on a work on [9].

On [7] we show the Hydrodynamic Limit and the Hydrostatic Limit for K = 2
by adapting the method above, which relies on duality arguments and
correlation estimates, for 6 € (0, 1);

For the moment we have no information regarding Large Deviations neither
equilibrium or non-equilibrium Fluctuations (behavior around the expected
value).

The Matrix Product Ansatz and Bethe Ansatz do not work, and on an
ongoing work we are investigating the extension for the Matrix Product
Ansatz for similar models with K = 2.
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Scalling Limit

To study the Local density we shall consider the accelerated process {nyz,}+>o.
This scale is achived by considering the generator £ := N*Ly.

Definition (Empirical measure)

N, du) = 1 3 n(@)dx (du),

zE€A N

and its time evolution by 77" (du) := 7" (ny2,, du).

Definition (Associated profile)

We say that a sequence of probability measures {un}ny>1 on Qu is associated with
a profile po : [0,1] — [0, 1] if for any continuous function G : [0,1] — R and every
0>0

NIEEJ‘N(” € Qn: [(n", G) — (G, po)| > 5) = 0.
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The Hydrodynamic Limit extends the initial association to all (bounded) times.
But before that, we need to introduce the Hydrodynamic Equations (HDE).

Hydrodynamic Equation
Consider the Heat Equation on [0, 1]

10(07 ) - fO(')7

and the boundary conditions

{%Mw=%mWL(WOHQﬂX@JL

aupt(]-) = Dﬁ,épt(l), t e [O, ﬂ, 8upt(1) = 0, te [0,

{ 8upe(0) = —Da,ype(0), € [0, T], { Bup:(0) =0, te 0, 1],
1]

where for A = (A1,...,Ak),0 = (01,...,0k) and f: [0,1] — R we defined

(Drof(w) =Y {Xa(l = flw)f ™" (w) — ouf(u) (1 — f(w)" ™"}
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For # > 1 and measurable f, € [0, 1] define

Folp 1) = (pus G = {f Go) = | (on (9% +0.) G
+ /Ot {ps(1)0uG.(1) — p,(0)2.G1(0) } ds
1 ([ (1) (Dp ) (1)ds + / t G(0)(Darp) (0)d5) .

We say that p : [0, T] x [0, 1] — [0, 1] is a weak solution of the heat equation (with
boundary conditions depending on 6) if

p € L*(0, T; HY),
p satisfies the weak formulation Fy(p, G,t) = 0 for all ¢ € [0, 7] and function
G e C*([0, 7] x [0, 1)).

Note that we do not ask (weak) time-differentiability of the solution.
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The (finite) sequences «, -y, B and ¢ are non-increasing, (HO)

Lemma (Uniqueness)

The weak solution of the Heat Equation with Neumann b.c. is unique. Assuming
(HO), the weak solution of the Heat Equation with nonlinear Robin b.c. is unique.

Theorem (Hydrodynamic Limit)

Let fo : [0,1] — [0, 1] be a measurable function and let {un}n>1 be a sequence of
probability measures in Qn associated with fo. Then, for any t € [0, 1],

lim PNN(RW,{V, G) — (G, ps)| > 5) —0,

N— o0

where p.(+) is the unique weak solution of the Heat Equation with Neumann b.c.
(0 > 1) or nonlinear Robin b.c. (under (HO) and for 6 =1).
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Dynkin’s Martingale

Let {X:}+>0 be a Markov process with generator £ and countable state space FE,
and f: RT x E — R bounded with some regularity assumptions. For all t > 0 let

M) = (6 ) — 10, Xo) — | (00 + £)fls, X.)ds,
Bi(f) == Lf(t, X1)* — 2(t, X:) LA(L, Xy),
NP = (D)’ ~ | Buthas

Then {M:(f)}+>0 and {N:(f)}:>0 are martingales w.r.t. the natural filtration of
{Xi¢}+>0. In particular, [M(f)]: := fot Bs(f)ds is the quadratic variation of M;(f).

Note that the absence of time derivatives of p comes from the formula for M:(f).
Computing M(f) allow us to ”guess” the Hydrodynamic Equation. Having an
explicit formula for the quadratic variation allow us to control it.
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Dynkin’s formula

Mﬁazwﬁa%wﬁawﬁﬁwﬁ@+Amaws

~ [{ TGO () - VGt (V-1 }ds

N [ -
_ﬁ/(; {(WN(Dg:’YnsN27°)7GS>+<7TN( ,357751\127' }ds

with (D3, )(2) = Leer_{Aa(1 — f(2)) [T)=; f(2) — ouf(2) [T;=1 (1 — f(z))}. More

precisely,

%( MDY, ), Gs) ZDMn(w)VG(O)JrO( )

a:GI

Remark (Main technical issue (6 = 1))

While for 6 > 1 the correlation terms vanish as N — oo, for 8 = 1 we need to show

B N (DY T nonzs )y Go) —5 (Dayps) (0) Gs(0).
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Strategy

Convergence in subsequences:

Prokhorov’s Theorem + Aldous’ criterion for tightness;
Characterization of the Limit points:

Absolute continuity: 7(du) = pt(u)du;
Existence of solutions via microscopic system,;

Replacement Lemmas (mean field estimates to control correlation terms) [1, 3];

Uniqueness of the Limit (PDE’s problem):

Choice of test function (backwards heat equation) [2]

Energy estimate

lp €L} 0,7, (0.1))

limsupy_,o. Pyn < limsupy_,.. Q"
A
T Portmanteau’s’
Dynkin' smartingale
Replacement Lemmas 7, (du) = p;(u)du F; .‘:‘I;i\r e
JV Portinanteau' s N
Hydrodynamic Limit Aldous’ conditions ————————— Tightness

e € (Z0,[0.T],Pyv) » 7 € (2.4(0.7).Q")
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Box average

1+eN N—1—eN

T = 3w, TEW-1) =5 Y ).

=2 r=N—2

For N sufficiently large, 775" (1) ~ ps(0) (resp. 77EN(N —1) ~ ps(1)). |

Lemma (Replacement Lemma)

Let ¢ : Q — Q be a positive and bounded function which satisfies ¥ (n) = ¥ (n>*t1)
forany z=x+1,--- ;x+eN—1. For any t € [0, T] and z € Ay such that
ze{l,--- ,N—eN— 2} we have that

] —o.

/0 W(nowa) (ope (2) — T (2)) ds

limsuplimsupE,, [

e—0 N—+oc0
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Definition (Bernoulli product measure)

Let o : [0,1] — [0, 1] be a measurable profile and v (1 : n(z) = 1) = a(Z).

Definition (Dirichlet form/Carré du champ)

Let 1 be probability measure on 2y and f: Qnx — R a density w.r.t. pu.

Dirichlet form: (\/f, —Lnv/fy;
Carré du champ: Dn(~\/f, 1) := Dn,o(\/f, 1t) + Dn,s(\/F, 11), where

DoV = 3, [ [VIE) — V] s
Dya(Viw =3 / & () [V — /) du

K

Using ab — b = —1(a— b)® + 1(a® — b*) they are related by

(VF—Lxvhu = —DN(\/}, 1) — 5 B [(Lnf)(n)]
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We are able to reduce the problem to that of estimating

ko) o sup St @) oy + FUEwF vy
We now see that for a(z/N) = «,

(p(m)(n(z) —n(y); Hoy

with A, B > 0 arbitrary, C7, C> > 0 constants.

Since H(p|vl) = O(N) and since § > 1, we have E, [(Lnf)(n)] = O(N~?), and
we may choose appropriate A = A(0, N), B= B(0, N).

Advantages

Trade natural measure by a more suitable one (H(u|vd));

S%DN(\/};Va + G2 A(y — =),

Trade time evolution by variational formula;

Trade entropy control by controlling distance from equilibrium (u invariant

By [(Enf(m)] = 0).
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The proof of uniqueness of weak solutions for the Robin case relies on a choice of
test function and monotonicity of the boundary operators. As test function we
choose the backward heat equation with Robin b.c, similarly to [2].

Lemma

For any t € (0, T|, the following problem with Robin boundary conditions

(Osp(s, u) + adzp(s, u) = Ap(s,u), (s,u) € [0, x (0,1),
Oup(s,0) = b(s,0)p(s,0), s €0, 1),
Oup(s, 1) = —b(s,1)p(s, 1), s € [0, 1),

Lp(t, u) = h(u), u € (0,1),

with h(u) € C5([0,1]) , A >0, 0 < a(u, t) € C>%([0, T] x [0,1]), and for u € {0,1},
0 < b(u,t) € C?[0, T], has a unique solution ¢ € C**([0, 4 x [0,1]). Moreover, if
h € [0, 1] then we have ¥(s,u) € [0, x [0,1]:

0< g(s,u) < e Y,
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Insipired by [6], we can show:

Let A= (A1,..., k) and 0 = (01, ...,0K) and recall that

Daofi= S DAl = Hf ' —aaf(l— H"'}.

Then for f; : R — R with i = 1,2, we have

Dxofi — Drofo = —(fi — f2) Va0 (f1, f2),

where Vx »(fi, f2) = Va(fi, o) + Vo(1 — fi, 1 — fo) with the operator Vg, for any
sequence ¢ = (¢z)1<2<k, acting on functions (fi, f2) : R* — R?, as

K z—1
Vo(fifo) = Y, (bo—der1) D A 'fo
=1 i=0
$r+1:=0

In particular, if X and o are non-negative, non-increasing and f; > 0 for i=1,2
then there is a constant v (A, o), such that

Vxof > QK(A,U) > 0.



Hydrodynamic Limit Empirical Currents Hydrostatic Limit

O000000000000e 000 0000000000

Letting w = p1 — p2 with p1, p2 solutions starting from the same initial data, we
have

(we, Gy) = /Ot<ws, (62 + ) Goyds + /Ot (024G (0) — Gu(0) Vaury (0,5)) ds
_ /Ot wo(1)(8uG5(1) + Go(1) Vas(1,5) ) ds,

with Va.o(pl", p$) (v, v) := ws(v) V.o (v, 5).
For G = ¢, recall that 0,p(s,0) = b(s,0)p(s,0) and dup(s, 1) = —b(s, 1)p(s,1).

We can regularize b(s,0) (resp. b(s,1)) and approximate it to Vu ~(s,0) (resp.
Vs.s(s,1)), but only since V > 0;

We then choose a, h, A accordingly to show w' < €, then repeat the proof for
w <eE€.
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Definition (Local current)

JY () - conservative current through bond {z,z+ 1} up to time ¢:
counts the number of particles that jumped from the site z to the site x+ 1
minus the number of particles that jumped from the site £+ 1 to the site z.
K (z) - non-conservative current at the site z up to time ¢ :

counts the number of particles that have been created minus the number of
particles that have been removed of the system at site x.

Definition (Empirical current)

The empirical measure associated with the conservative/non-conservative current:

N—2
1 N, 1 N
Jiv = N g;E:1 Jiv(x)dw/N, K = N E K (37)5x/N-

meﬂ_ﬁuﬂj

Remark (On some technical details)

To use the same approach we need to consider instead the joint generator of the
processes (7, J") and (n, K"), which gets a bit "messy” [?], but identified the PDE
through Dynkin’s martingale, the L.L.N. for the current becomes a corollary of the
Hydrodynamic Limit.
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Theorem (Law of large Numbers for the current)

For any t € [0, T] and f€ C'([0,1]),

t 1
lim P, ||(J, /) — Oups(u) duds| > 6| = 0,
im Y /O/Of(w p(u)us]>]

N—+oc0

N—+o0

lim B, ||(&Y,f) — 10— / ' /(0)(Darp)(0) + F1)(Darsp)(1) ds]>5] = 0,

where pi(-) is the unique weak solution of (HDE)g.
In other words, writing ji = JY + KY, we have that j~ converges weakly to jdu,
where j is a weak solution to

j=—Vp.
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Hydrostatic Limit

The Hydrodynamic Limit states that starting from some measure, the local
density of particles is associated (in some sense) to the solution of a
Hydrodynamic Equation.

Unsurprisingly, taking the stationary measure, we are associated to the
stationary solution of the Hydrodynamic Equation. This association takes the
name of Hydrostatic Limait.

The proofs usually rely on estimating correlations w.r.t. the stationary
measure, or derive (in particular cases) the Hydrostatic as a limiting case of
the Hydrodynamic.
Only in 2018, [11], based on [10] the Hydrostatic Limit was shown, in general,
to be consequence of the Hydrodynamic Limit.
The main argument comes from a concentration result for classical solutions of
the HDE (which is easily adapted to weak solutions)
Uniqueness of stationary solutions (may be relaxed if the measure is

concentrated on a particular solution, in the vein of []) and convergence to the
stationary solution.
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The (finite) sequences «, =, [ and § are non-increasing, (HO)
51 S a1 and ﬂl S Y1, (Hl)
a+f and v+ are non increasing. (H2)

Theorem (Hydrostatic Limit)

For 0 =1, assuming (H1) there exists a unique stationary solution p* of the HDE,
and assuming also (HO), uy is associated with it:

lim pi57(|(x", G = (G, p")

>5):0.

For 6 > 1, assuming (H2) there exists a unique constant m* € [0, 1], such that p3y
is associated with the constant profile p* = m*. More precisely, letting i = o+
and 0 = vy + 9, we have m* = lim;—,o m(t) where

m(t) = mo —I—/O (Di,om)(s)ds.
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Set of weak stationary solutions to the (HDE)g

Ep = {m € MT : 7(du) = p*(w)du , Fy(p*, G,t) =0, Vt€ [0, T], VG € C-?([0, T] x [0,1])}.

Let Py := u3 o (7)) ™" be the distribution of the stationary empirical measure. |

Proposition (Analogous to [10])

{Pn}nen is concentrated in &, i.e., V5 > 0,

lim Py <7r c M péfg d(m, ) > 5) = 0.

N— oo

To prove this, one needs two ingredients:

The empirical measure macroscopically governed by a HDE;

The existence of a "unique” solution of the HDE and its convergence, w.r.t.
the L% norm, as time goes to infinity, to a stationary solution.
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Proof follows directly from the previous concentration result. The main difficulty
is showing uniqueness of /convergence to stationary solutions.

Stationary solution

Under assumptions (HO),(H1), £ = {p* (u)du} where

p(u) = (1 —u)p"(0) + up™(1)

with its value at the boundary determined by the unique solution of the nonlinear
system of equations p*(1) — p*(0) = —Da,~p"(0) = Dg.sp™(1).

Remark (on uniqueness)

Although D, ~, Ds,s induces a K—degree polynomial, we are able to guarantee
uniqueness on [0, 1] thanks to:

D is Lipschitz monotone decreasing: D ofi — Dxofo = —(fi — 2) Va0 (fi, f2),
with 0 < Vi o (f1, f2) < o0;

—01 = D)\,O']- S D)\,O’fg D)\,UO — )\1,
Intermediate Value Theorem.

with no need to resort to some maximum principle.
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Proceeding with an energy estimate approach, we want to take w:= p — p* as a
test function to obtain that F(p:, w, T) — F(p*, w, T) = 0, which implies

1 d * *
0> §Et||wtlliz + Cllwillzz + i (0) Vay (pe, p7)(0,0) + wi (1) Vis,5(pe, p7)(1, 1),

then use that V > 0 and conclude with Gronwall inequality that

Jwel| 2 = O(e™2), C> 0.

We cannot take w as test function, since we do not know if p has weak
time-derivatives. To solve this issue, we show that p is weakly continuous w.r.t.

time.

For that, we relate the weak and mild formulations.
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Definition (Mild solution, [6])

We call mild solution of the (HDE); any function p : [0, 7] x [0, 1] — [0, 1]
satisfying M(p, t) := p — Sp: = 0, with

Spi(u) = / Pi(u, 0)fo(v)dv+ / { Pies(2,0)(Dayps)(0) + Pizs(u, 1) (Dp.5p5) (1) } s,

where P; is the density kernel generated by the Laplacian 02 on [0, 1] with
reflecting Neumann boundary conditions.

The following result is insipired by [10]

Proposition

If p: [0, T] — [0,1] is a weak solution , then p also satisfies M(p,t) =0 a.e. Yt > 0.
Moreover, if p : [0, T] x [0,1] satisfies (M(p,t), G) =0 for any
G € ([0, T] x [0,1]), then F(Sp, G,t) = 0.

Approach

F(pt7G7t):O — <,0t_S,0t,G>:O N F(Sp,Sp,t):O
— F(Sp7 Sp7 t) — F(p*)Sp, t) =0 — ||Spt—p*||L2 _ O(G_QCt).
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Strategy

For the Neumann case we do not have uniqueness of stationary solutions, since
Neumann Laplacian has no global atractor, hence any constant is solution. What
we do instead is follow a similar approach to [11].

Show L.L.N. for the total mass under N'*? time-scale;
Show that the mass converges to a constant as ¢t — oc;

Show that the stationary measure is concentrated on this particular constant,
under the N? time-scale.

To relate the configurations under different time-scalles we take advantage of the
measure being stationary.

Definition (Mass of the system)

1
mév ~N_1 Z UgvlJr@(l’)a

mGAN

We study mY by following the same Dynkin+ Tightness+Characterization
approach.
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Let Qn := p3 o (m") ™! be the distribution of the trajectories on the Skorokhod
space started from the stationary distribution ujy.

Dynkin: m = m + M+ [{{5,c, (DN5 (@) + Zoer, (DY ) (@)} ds
Tightness: Q" := limy_, o, QN exists;

Characterization of the Limit points:
Adapt Replacement Lemmas:

t
limsupE, H/ Nen1+6 (2) (Myy1+0 (2) — mY)ds
N——+oco 0

Concentration of the trajectories:
t
Q* (m() : m(t) = mo + [§(Datprsm)(s)ds) = 1;
Uniqueness of solutions and convergence to m* := m(o0):
Both consequence of D being Lipschitz and monotone decreasing.

Relationship with Hydrodynamic Limit:

Consequence of

lim Py <7r € M™ : inf d(m,7) > 5) =0, lim Py (71' € M™ : inf d(m,7) > 5) =0
el N— oo Tel

N—oo
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