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Introduction to Quantum Multi-Parameter Estimation
-Quantum Metrology & Quantum Incompatibility

* Geometric interpretation:

-Geometric Information & Geometric phases
-Uhlmann phase

» FEquilibrium Quantum Phase transition
-Critical Quantum Metrology & Incompatibility

* Non-equilibrium Quantum phase transition

-Intro to Dissipative QPT
-Metrology & Incompatibility in Dissipative QPT



ClassmaléQuantum Parameter estimation
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Aim:Estimate some Phgsical Parameter A

coe teml:)erature, chemical Potential, Phase of the field. ..

Measurement

» [Estimator j\
(unbiased)




Whg Multiparameter Quantum Metrologg?
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~-Quantum | n?ormation: Information extracting caPabilities of

quantum measurements/ Multipartite entanglement

p+dp
Geometric Information: Defines a distance pf

between quantum states

Statistical PhuSiCS: Witness of Pnase transition/

Understandi ng nature of correlations/ fluctuation

TCChﬂOlOQ_{u: Quantum meas. enhanced schemes with multi-

parameters: Imaging, microsco[:)g, spectroscopy, sensing,

gravitational waves. . .quantum tecnnologies.



Quantum Parameter estimation:Standard Scenarios

RS TSP S0t 4, Tt GBS PG DA AR Pt 5= bt SRy VSt avmmes eI e AR
Probe state —p Dgnamics = Final state —p Measurement » Estimator )\
(unbiased)
:U])\
@ > @* X
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0= o

Standard Scenario: Unita:y Evolution

Pin > | () = 20

E‘xample: Mach Zehncler

Pin




Quantum Parameter estimation:Standard Scenarios
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Probe state —p Dgnamics = Final state —p Measurement » Estimator )\
(unbiased)
:U])\
W @* N
' ' A = e —
0= 3 o,

Open (clissipative) Dynamics

Pin >

Examplc: Sgstem
In equi!ibrium with
a thermal Bath
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Classical Parameter estimation
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Aim:Estimate some Phgsical parameter 4

Goa teml:)erature, chemical Potential, Phase of the field. ..

Measurement » [CEstimator 5\

(unbiased)
p(z|A)
x & AN
a1
' min(A/1)?
(Classical) Cramér-Rao Bound — —

2 |
=R ()
~ px[H) \ i

|




Multi~parameter estimation
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Estimate more Parameters simultaneouslg. vy

var(4;)  cov(4d;,4,) ... cov(dy, Ay)

Cov() = cov(/I2 A) Var(/lz) cov(/l2 An)

COV(AN A COV(/IN As) Var(/IN)
T —

LH(W Cov i )
S

(weighting matrix)

(Multi arameter) Cramér-Rao Bound

J = Z 1 op \( o m
g B p(Xlﬂ) 0/1’“ 0/11/ Matrix

;—wr_——

e —————




Quantum Parameter estimation
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Quantum state » Measurement » Estimator \
(unbiased)

\ , ,
(Classical) Cramér-Rao Bound A
(ALY > 1/J

Probler

2 / -
J = Z 1 <0P(x|/1)> - on the ¢ _
=~ p(x|2) 04 oy, POVM!

E— S .

Quantum Cramér-Rao Bound Bound

L(M)2> I/H T max J = H = Tr (pL?)

| Quantum I:isker Information

——J 1 {POVM}

- Always attainable!

¢ w
Optimal POVM: ' 7 —{ ,,0}
| Eigenbasis ofL’u()\)
-_—

——
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Quantum Multi~parameter estimation
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Quantum state te —p Measurement » Estimator }\
(unbiased)
Vin p(z|A) 3
Simultaneous Estimation? 3 SLD’% are the

A= {\..

_ Optimal POVM
v —
Cov( /1 ) > J—1  Can always be B Z |
| saturated p(x 1) i

Quantum Multiarameter CRB | m

— —1 1
Cov(A)>H™'  Camnotalways = pr 5<{Lva}>

ngmetric Logarithmic
| Derivative
|

op 1
— =L
o), 2{”’)}!

be saturated!




Quantum Mu|t|~loarameter compat:b'lltg
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When is the QCRB Multi~Parameter Quantum CRB (1) S. Ragy, et al., Phys. Rev. A 94, 052108
(2016).
? _
saturated. Cov( )\) > ! (A) \

- Answer: iff | N—

Mean Uhlmann

MUC marks the incompatibility of 1,
and A, due to Heisenberg uncertainty

m

Curvature

lncompatibilitg Measure
We introduce: . _
R =||2i% -H||_
;—— —4

One can show that

0<Z%<1

M

Maximal mcompatxbllxtg % 1

condition

A.C.etal. On.gﬁéﬁmss.m multl-parameter quantum estimation. J. Stat. Mech. Theory Exp. 2676?354616 _62.019).



Geometric Information (Bures metrics)
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How clo wWe dlstmgu:sh two pure states”

By measuring!

Outcome
O DSCrVable Probabilitg distributions
—D P {l(etl)?} |
/ o Distinguishing
o] ' &5 | Pl:= {‘<ek‘¢ >’ } exPeriments
O = oxler)(ex] o ERREERE

Fisher-Rao statistical distance

| ‘ "- &/ Distance in Probabilitg
I drpr(P,P'") = arccosz \/ PrP 1 : e Space

Distance in

Bures distance

A5 (e, ¢) = max dpp(P, P') =

Projective Hilbert

Space

W. K. Wootters, Phys. Rev. D, 23, 357(1981)



Geometric Information (Bures metrlcs)
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Question: What about non-pure states”

soltion

de(p,p') =

S.Braunstein C.M.Caves
Phys. Rev. Lett., 72,3439 (1994).
For nez}arlg ?verlapplng d[,O, o+ dP]Bures = dSZB , p+dp
states it defines a metric: dsp .
|
|
S,_? Quantum Fisher Metric | P : ,'
!— Bures Metric a _ lH ’“ : ,l
g//ll/ 4 MV / |)\V
A |
dsB Z gW 1 ﬂdxly

-A. Uhlmann, Rep. Math. Phys. 9 (1976) 273. -R. Josza, J. Mod. Opt. 41 (1994) 2315. -M. Hiibner, Phys. Lett. A 163 (1992) 239.
-P. B. Slater, J. Phys. A 29 (1996) L271; Phys. Lett. A 244 (1998) 35. - M. J. W. Hall, Phys. Lett. A 242 (1998) 123.

-J. Dittmann, J. Phys. A 32 (1999) 2663.



Geometrg 01C quantum estimation
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Set of
Parameters Mappmg
A= p,

Fisher Metric
8, (4)

Quantum Fisher Metric
H, (A) =4g,(4)

:}uaLuanse:;W

erential Fisher Metric

Manifold J 'W(/l)

-A. Uhlmann, Rep. Math. Phys. 9 (1976) 273. -R. Josza, J. Mod. Opt. 41 (1994) 2315. -M. Hiibner, Phys. Lett. A 163 (1992) 239.
-P. B. Slater, J. Phys. A 29 (1996) L271; Phys. Lett. A 244 (1998) 35. - M. J. W. Hall, Phys. Lett. A 242 (1998) 123.
-J. Dittmann, J. Phys. A 32 (1999) 2663.



M. Berry, Proc. Roy. Soc. A 392, 45 (1984)

l ntrocluctlon to Geometric Phase

N Lt
ALK ot 4 Tt RS i gy B it i et

BCTT'LI phase Adiabatic cgclic evolution /T
= — BN —— | 5.(T) = [ E.(t)dt
H () n() = EG)Inh)) A ot

Usual clgnamxcal Phase
() = B0 Km0 | n(0))

d Geometric Phase (GP): It clel:)encls onlg
}/n(T) =1 ('F (n(t) | — | n(t))dt on the Path taken in the conﬁguration
dt space of Parameter A.

Parallel transport:

GPisa consequence o{: the Para”el transport

condition imposecl bq the adiabatic evolution

¢ = arg({(Y ()| (t + 0t))) = 0 + o(dt?)




M. Berry, Proc. Roy. Soc. A 392, 45 (1984)

Introduction to Geometric Phase
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BCYT'\(;I PI"IBSC ' Adiabatic cyclic evolution |
H(T)=7(0)

(7)) = e DD, (0))

Berrg Connection

(analog to e.m. vector Potential)

Curvature: B.P. per unit area of an

infinitesimal IooP

Y
T T



Mlxed state GP: Uhlmann Phasem
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Pure State ) 5 ub P Mixed State
EYTRNT Drou | W /AR P BN (/hlmann Holonomy

Uhlmann Curvature:

Berrg Curvature:
Holonomg of the Infinitesimal |ooP

BP of infinitesimal looP

]_—VC
FY =1
el e

o
Fu, = lim¢ e’

d—0 5M5V

65 = arglvolir) i du=arg (Vo) [EIICTERE

Uhlmann GP (Per unit area) for an
{ infinitesimal loop

aU[C v U
| Uy = gl_r}(l) 5.5, Tr[poFW]

._ [1]Uhlmann, A. (1986). Parallel transport and “quantum holonomy” along density operators. Rep. Math. Phys., 24(2), 229-240. 17



Fisher Metrlcs & Uhlmann Phase
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Smmetr!c Lo derivative

L, wmihfhp— lHﬁm
%=Z<1LWL,J> ©= (L)
Ty

oy UM, A dN, s = 2@1 di,

—

* uv

* p+dp

Non~commuting

infinitesimal Paths




Crltlcallty ancl quantum Phase transltlon
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L.qu:l brlum Quantum Plﬁase trans:tlon
N il "
E A ot
%< > »
Ao A ke )

g — (. CRITICAL POINT: Non- analgticitg of the energy clensit9

|- QUALITATIVE change of the CORRELATIONS in the GS
| -Point of (INFINITE) DEGENERACY of the Ground State:




Geometric Information (Bures metrics)

AﬂClCrSOﬂ Orthogonalitg Catastrol:)he Phys. Rev. Lett. 18, 1049--1051 (1967)
Ground states of a many-body Hamiltonian  H(\) = Hy + AH;
(Ve M) |[Ya(A+0N)| x N™® k>0 Size: N — o0

dB(Va(A), va(A+0A)) = 2(1 — [(Ya (M) |[pa (A + dA)]|)

I
dsy = Y H,didA,
71%

Hm/ x N*  Bures metric always diverges

‘h ——

In Quantum Phase Transitions:

-Maximal distinguishabilty across QPT

 -Fisher information diverges at QPT super-
. extensively

H, «N'** Size: N> oo x>0

-P. Zanardi and N. Paunkovi¢, PRE 74, 31123 (20006).

| ————— —_— -P. Zanardi, P. Giorda, and M. Cozzini, Phys.Rev.Lett. 99, 100603
(2007).

S. Gu, Int. J. Mod. Phys. B, 24, 4371 (2010)

T — ————



TOPOlOglCal orlgm O‘F Geometric PhaSC
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Conical intersections

B L D a2 )

Onlg allowed ohases:::l

Real Hamiltonians:

ToPologica origjn of -1 PhaS@
The Manifold is not Si mPlﬂ Connected ~

Berr) Curvature cliveres in the =
cleenerac oint




Cm‘ucal:ty ancl quantum geome‘mc tensor
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l__.qu:l brlum Quantum P]’)ase transition
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H, =Ko+ X' 1 =

-P. Zanardi and N. Paunkovi¢, PRE

[_Point of INFINITE) DEGENERACY of the Ground State. | A

. -P. Zanardi, P. Giorda, and M.
Cozzini, PRL. 99, 100603
(2007).

-L. Campos Venuti and P. Zanardi,
PRL. 99, 095701 (2007).

-N. Paunkovi¢ and V. R. Vieira,
Phys. Rev. E 77, 11129
(2008).

-S. Gu, Int. J. Mod. Phys. B, 24,
4371 (2010)

3 Divcrgence of the Quantum Geometric Tensor

Fisher metric Berry Curvature '



Fisher lmcormatlon & Finite temPerature £'
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1
_Bor L [P
p(A, ) e P Q,, = . H, i+ 2%W - 4<LﬂLy>

EDW AL W
k

Due to Parameter clePenclent

H ; I ») Quantum part of FI [ 3 exg;enstates, d, | k){k| #0

- Class;cal part of FI "“w Due to Parameter clePenclent

probabilities, d,pr # 0

3,149,
Hﬁy—z /,tpk Pk
7 Pk
_1 H L % -y pj—pk>2p (0,710, 7)1
“ =3 2 S \pitp) T (E-E)
(0)g=(jl01k)
e —

-P. Zanardi, P. Giorda, and M. Cozzini, PRL. 99, 100603 (2007).
-N. Paunkovi¢ and V. R. Vieira, Phys. Rev. E 77, 11129 (2008).

-S. Gu, Int. J. Mod. Phys. B, 24, 4371 (2010)

-AC., Spagnolo, B., Valenti, D. Scientific Reports 8(1),9852 (2018)



Fisher lmcormatlon & Linear Response
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Static susceptibility

= ﬂ)(el Xp = Xel + X

| 00
== S (2 )sw)
| T)_ @? 2 |

\ Sulw)i= | dre(0,00,00)
I ey . =
U = J_w 2tanh ( 5 )S (w) f e

St R %

|
|

— — e )

Leonforte, L., Valenti, D., Spagnolo, B. & AC, Sci. Rep. 9, 9106 (2019).

L. Campos Venuti and P. Zanardi, PRL. 99, 095701 (2007).

Gabbrielli, M., Smerzi, A. & Pezze, L. Sci. Rep. 8, 1-18 (2018).

Hauke, P., Heyl, M., Tagliacozzo, L. & Zoller, P. Nat. Phys. 12, 778-782 (2016).

M. Prokopenko, J. T. Lizier, O. Obst, and X. R. Wang, Phys. Rev. E 84,041116(2011)

bl el e



Quantum Critical Scalmg

m‘.‘m“ a\.momgh’. - u‘r&.x\l ,‘vu.clp.;uu% e 8

d
HY = —J do tanh? | — St (w) hi— HY/¢ Intensive
) . w? 2T "
u— Yl Quantities
d
= —J 9 tanh? <i>s—(w) ,
| ml_o @2 2T Oﬂ = Z OM(I”) Local Interactions
— r

T

1 a>0 Scaling

g0 R ¢ :
R e R s NG Ry transformation

—A ) . .
— H Scaling dimension

el

[ dwS,(®) ~([0,,0,1.) ~ a™

. 6., = .
a

Z: dgnamica[ critical exPonent

A=A, +A,—d-2

A=A —d—2z

0% it
gy
Ar = A, + A, |

A;U < A”+Ay

1. A.C., B. Spagnolo, D.Valenti, J. Stat. Mech. Theory Exp. 2019, 094010 (2019).
2. L. Campos Venuti and P. Zanardi, PRL. 99, 095701 (2007).



Quantum Critical Scalmg
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| _
| R —> Ra ok Ap=4,+A,—-4,<0
;——‘— ————

R — Ra~ >k (log a)AR a Bk

—“

Small temperature, non-critical (Iarge sgstem)

£ TV <

Critical, finite temPerature (large sgstem)

Y - a ~ T—I/Z |
£~V < T : ’

=T

Finite system,Critical, small temperature
v: critical exponent of correlation

length, En~ el

Z: dgnamical critical exPonent

1 . Leonforte, L., Valenti, D., Spagnolo, B. & AC, Sci. Rep. 9, 9106 (2019).



Fisher metric at thermal equilibrium
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Ph s O

-2
7o 1Al ~ T2
Maximum Entropg
Region
__Ah
[|A]]|  ~ T 2%
a K— e '
Critical
Region
Thermal Quantum
Regjon Regjon A=|A=2/4,
ﬂ . /1 A sPectral £ap
C v: critical exPoncnt of correlation
~ Ah length, & ~ 17
17|, ~ A
o0 Z: dgnamical critical exponer\t

A.C. et al.. On quantumness in multi-parameter quantum estimation. J. Stat. Mech. Theory Exp. 2019, 094010 (2019). B



lncompatibilitg Measure at thermal equilibrium
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lncom]:)atibilitg Measure

R = ||2i%-H"|| p;to(e—ﬂHﬂ
e g
I, R~ T
Maximum Entropy / ~ =
Regjon
B~ (lOg T—I/Z)AR T—Ar/Z
£ K_ N et
Critical
Regjon
Thermal Quantum
Regjon Regjon A=|A=2/4,
ﬂ - /1 A sPcctral £ap
C V: critical exPoncnt of correlation
~ A ~ length, & ~ L
(R ~ (log A7) J+4n e
7 7 cignamical critical exponent

A.C. et al.. On quantumness in multi-parameter quantum estimation. J. Stat. Mech. Theory Exp. 2019, 094010 (2019). 28



.__xample (Rotatecl) lsmg cham

e

ST e 2, —’ H(h, ) = gg[)HIsingg(Z

1.0- ]
=S ze— 12 i i
.8‘/’ 09q logT l/Z)AR T AR/Z
‘% ~ T_l 0.6; E i 0.65 *

B~
5 R ~log(T™H T2
0.35 ;i g( 1‘4

0.20

04

0.05

R ~ —log(h) iz%, |
, & Ap=—1/2,
R ~ (log A7V)%k j¥2x . | Ap=1

\.C. et al.. On quantumness in multi-parameter quantum estimation. J. Stat. Mech. Theory Exp. 2019, 094010 (2019). 29
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L__quxl brlum vs Non- equ librium Mang-hocly

AT 3t 4, it oS
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H, = %O+/1%’
w_ "

Equilibrium Quantum phase Transition:
i i

Standard scenario in Condensed Matter (& Quantum Optics)

Z ()| 0(A)) = Ey(4)|0(4))

Many Body Hamiltonian

Non—-equilibrium

Quantum Optics

Competing dynamics

dp_ ¥ A

=7 = ~Hsys, ol + L{p)
Master Equation

Liouvillian (Engineered)
Dynamics:

Competing dynamics

poce H/EeT 125 | E ) (B,

Cooling to T=0
o [nteresting ground state properties
o Quantum Phases

" Quantum -

Drive

. Reservoir 4

E - ‘,{“.‘
ik ( ngineere )

P (t) SR Taat Ut
Steady state (Possibly pure)

Sgstem coupling

v many body (pure states) / driven quantum phases
v mixed states ~ “finite temperature”
Juseful and interesting fermion states 31




Non- eqwl brium DISSIPatI\/e Dgnamlcs

i Y S o Pt L Lt S S L L PR R ST
" Quantum
, Reservoir
ly(0)) = e | y(0)) H=Xs+tHsp+ A

Approximations:

1) p0) = ps @ pp (System-Reservoir initially un-correlated )
2) ||Hgll < <||Hgl| (weak coupling)

3) The environment equilibrates fast (Markov approximation)

4) Fast rotating terms are averaged-out (secular approximation)

Lindblad Master Equation

i e S (o]
0p=Zlpl=—ilZgpl+ (Ll.pL; = {L;Li,p}> L
i=1

T mm—

32



Non- ec]wl brium DISSIPatl\/e Dgnamlcs
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" Quantum
, Reservoir
ly(0)) = e | y(0)) H=Xs+tHsp+ A

The most general evolution:

1) Tr(p(t)) = 1 (trace preserving)
2) Completely Positive

3) Et+s)=8()e &)

4) &00) =

Lindblad Master Equation
(]
{LTLZ, p } > il L

1 0p =ZIp) =~ ilHspl+ Y (Ll.pL; - LL ;
i=1

33



.__xl:)erlmental Pla’mcorms
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® Jon trap experiments [1] 17 system _ancilla
® Rydberg atoms [2]
® Jaynes-cummings lattice in COED [3]
® Ultracold atoms/[4] ... 2] Laser

0 =il Convoraom R,
[3] i
9-1) |941) s
FORES |g+1> +9-1) |B> |g+1> =19-a) o ; L,
Dark state Bright state TR p““ .
> EAVVAWAWVA
//v b\\ > ININD
a1 —i—a2 |vac _az )|[vac) ’\\‘//\\‘//\\‘//\\‘J'/

Example: State symmetrization (dissipative BEC condensation) via coherent driving of atoms in optical lattice
[3] M. J. Hartmann et al.Nat. Phys. 2, 849 (2006)

[1] J. T. Barreiro et al, Nature 470, 486 (2011).
P. Schindler et al. Nat. Phys. 9, 361 (2012).

[2] H. Weimer et al., Nat. Phys. 6, 382 (2009).

[4] S. Diehl et al., Nat. Phys. 4, 878 (2008).

A.D. Greentree et al, Nat. Phys. 2, 856 (2006)

D.G. Angelakis et al.Phys. Rev. A (RC) 76, 031805 (2007% Y



Crltlcalltg driven bg DlSSll:)atl\/e Dgnamlcs

Y T il PHR S
QFT vs Pissipative=QFPT
}

| Dgnamics:

Owp = —ilH, p] |

| Hamiltonian |
B ————

Dgnamics:

Linbladian

| = 1) (Vs

I —————

Criticalitg: Non analiticitg of GS wave func. Criticali’cg: Non analyticitg of Steadg state.

Hamiltonian |:_>{ Infinite c. Ientlﬁ Dissiative Ga) lnﬁnite % |enth

’?’?

*

Mlxecl state Metrics: Bures/ Fisher Information ;
Mixed state Geometric Phase: Uhlmann hase

Pizorn, Phys. Rev. Fett L0, 1057017(2008).. 5 F==- - | S.Diehl, A. Tomadin, A. Micheli, R. Fazio, and P. Zoller, Phys. Rev. Lett.
. Diehl, A lehﬂmﬁuan B ,Kgﬂns‘,‘H__ Buphlcr, andP. : 105, 015702 (2010).
oller, Na LP&;MIB,’?S (‘Z()Qﬁ) - e E.G. Dalla Torre, E. Demler, T. Giamarchi, and E.Altman, Nat. Phys. 6,
B TG e e 806 (2010).

o
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E‘xample: Bounda

ry driven XY

mmmu(ﬁ-ﬁ*'-’“ﬁ'm:&ﬁzﬂw-'*“*“b....a*mcqn-»\-lugI s Lo i A e s AR

_|_
& \5? Hj j11

L} g Boundarg Reservoirs

S 0 e I
01 opel oF) 0541 ce ON
Ly %
Hxy = =3, (50505, + 5 ojol,y + Mof) 5 |
T. Prosen and I. Pizorn,
Phys. Rev. Lett. 101, 105701
A > . Short range Phase 205
757~ ek e (A= A)/8 :
7, o) | Phase diagram

Critical \ = 0 Critical

Shor‘c range PhaSCS embedded na lOﬂg range Phase

Critical
e=11-7% mem




Example: Bounclarg driven XY

PN T e B B0 GBS P G Aty ST LT LI s i N b h TR TINR 20 00 1 st PRI S P A

s g T LY g E)ounclarg Reservoirs
O O o GEEP © @O [Tiixuy Haxd,
_§ aq S aj—1 a; Aj+1 Y% § an
Ly -
N
] Quantum Fisher Information |
Short | EEERE Phase diagram
range range —

I 3

N
N




Examplc: Bouncﬂarg driven XY
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Boundarg driven XY: 5ca||n2; laws

B b e by N Rt 5 e P Y ST RS

.’~ -

(Quantum) critical Maximal

incompatibility

" | Phase Parameters A NHlloo [[U||so / R

N

v
Critical N
N

i e Asgmpto’cic
5 ~ .

incompatibilitg

Short range A > A, -3 . .
| el

Critical



ounclarg c:lrxven XY: Scallng laws

e A T I g wmwmz» Y e d AR g -_AWW
DetH | ong range :
Dett/ o A DetH
||||H||||oo Tl 8 Det U
u OO ’ S == ===
(Quantum) critical Ac
i : Incompatibility
< = & I 1 i | Short range
© s |[H||s :
T g (i
. E | Ae
N of+ - - A & x & & - ;
N : 20 = 2000 j : '} e 4 s No criticalitg
or . . . —
o 0.1 : . . 5 hgo. . . 8

0.1 . . . . . . 0.8 Bound on &

L detH > det 2%
Critical

=1-7°§

Asgml:)totgc

incompatibilit 5
P 9 a-;l—._r ,..ﬁ P e e g i

Discriminate the Quantum vs | GABE R S e sl )‘A

Classical nature of the N cimal |

Short range

ress - 1.5F w—

parameter estimation S ncompatibility

problem, at the e | 1.0

thermodynamical limit By ~ b e | ¢ Longrange

e S i ' 5 L
- .l - o = "
o d
m 3 L i




Conclusions
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~We introduced a measure of incompatibilitg in multiparameter—-quantum
mctrologg

~-We aPPlied this idea to man9~boc49 models in equilibrium and out-of
equilibrium open systems.

~In equilibrium models we demonstrated a general scaling be]ﬁaviour, in

different regions of the Phase &iagram
—Close to criticalitg, multi—-Parameter incompatibilit9 scales to zero.
~-Non equilibrium Pl’)ase transition show a richer structure, with different

scaling as criticalitg IS approached.
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