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The quintessential example - the Hopfield model
be described as

@ a recurrent neural network;

The Hopfield model brings together different major scientific areas. It can
@ a spin system;

@ an associative memory.

Figure 3.2: Set of P = 6 patterns stored in a Hopfield network of N = 625 spins. Patterns are black and
while images: the network is dealing with digital storage of information Coolen et al. (2005).
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The Statistical Mechanics framework

Motivation

Why do we need Statistical Mechanics in the first place?

e Classical equations are generally not easily treatable for a high number
of interacting bodies N (the system with N = 3 and gravitational
interaction is already chaotic).
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The Statistical Mechanics framework

Motivation

Why do we need Statistical Mechanics in the first place?

e Classical equations are generally not easily treatable for a high number
of interacting bodies N (the system with N = 3 and gravitational
interaction is already chaotic).

@ Statistical Mechanics proposes leveraging statistics to derive
macroscopic behaviors from microscopic properties of very large
systems. This is done by studying instead probability distributions over
a given set of possible microstates.
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The Statistical Mechanics framework

Thermodynamic systems in equilibrium

We will need:
@ A set of possible microstates Q = {w;}ie;.
e A function S: Q — R to be maximized (i.e. the entropy).
@ A (set of) constraint(s) V: P(Q2) — R.

Piston

|_— Oxygen
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The Statistical Mechanics framework

A natural choice of entropy

A natural choice of entropy is the so-called Shannon entropy

S= _kBZPilnPi

iel

where p; := P(w;), for each i € I. We shall also take kg = 1.
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The Statistical Mechanics framework

Two possibilities for constraints

Let us consider an energy function

Q—-R
w,"—>E,'

In the microcanonical ensemble, the energy E is kept fixed, and we have

s if E,=E
PiZ{N’ (2)

0 otherwise.

with N; denoting the number of states available at energy E;.
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The Statistical Mechanics framework

Two possibilities for constraints

Let us consider an energy function

Q—R
w,"—>E,'

In the canonical ensemble, instead the average energy E = Y, p;E; is
kept fixed and we have
efﬁEI

Zn(B)

. Zn(p) =) e, (3)

icl
for some constant 3. The above is known as the Gibbs measure, and Z

as the partition function.

Lower values of the energy are more likely. How much depends on how low
B is.
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The Statistical Mechanics framework

Gibbs measure

The previous maximization problem may be restated (via Lagrange
multipliers) as minimizing

Fy=E—-pB7'S
with 5 =1/T acting as the multiplier.
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The Statistical Mechanics framework

Gibbs measure

The previous maximization problem may be restated (via Lagrange
multipliers) as minimizing

Fn=E—p'S (4)
with 5 =1/T acting as the multiplier.

Indeed, adding the normalization constraint

Llpl =Y piEi+ 87> pilnpi =AY pi. (5)
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The Statistical Mechanics framework

Gibbs measure
The previous maximization problem may be restated (via Lagrange
multipliers) as minimizing

Fy=E—-pB7'S (4)
with 5 =1/T acting as the multiplier.

Indeed, adding the normalization constraint
L[p] :ZPiEi-Fﬁ_lZPi'nPi—)\ZPi- (5)

Differentiating gives

oL
opi

=E+BYInp+1) =\ (6)

and so

gﬁ =0 < Inpi=—BE+A—1 < pj =Tt PE(7)
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The Statistical Mechanics framework

Gibbs measure

Furthermore, we have
P (8) = >_pi (Ei+ 57" Inpi)
- Z pi (Ei— E = B~ ' In Zy(B))
= —Iﬁ‘l In Zn ().

Which should look familiar from probabilities if we look carefully.
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The Statistical Mechanics framework

The free energy is all you need

Both the partition function and the free energy encode the knowledge we
have about the system. For instance

BaFgﬁ(ﬁ) _ Z,e/e “E ZP'E —E (8)

They are nothing other than the moment generating function and the
cumulant generating function, respectively. Furthermore, the free energy
density fy(8) == Fn(B)/N should have a limit as N — oo.

F(B) = lim fn(B) (9)

N—o0
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The Statistical Mechanics framework

The strategy

If we can write the partition function, and consequently the free energy,
constrained to an appropriate order parameter m

Zn(B) = /dmZ,f,(m; B) = /dme—NfC(m;B)—i-(’)(l) (10)

Then saddle-point approximation gives

f(8) = — lim InZ/\I/\fﬁ) = min f°(m). (11)

N—oo ﬁ m

Department of Mathematics - Sapienza University of Rome March 2026



@ The Statistical Mechanics framework

© Spin Systems

© Recurrent Neural Networks

@ From magnets to memories

«Or < Fr o« = DAl



Spin Systems

A quick detour: spins

@ Spin is an intrinsic form of angular momentum carried by elementary
particles (although without actually "spinning" in the usual sense).

@ Ampére's Law: an electric current creates a magnetic field around it.

N

‘!‘ Wi

n AN

N S
m\=+|7 m\=—17

Figure: Magnetic fields resulting from electron spins.

'Image from General Chemistry, 3rd edition, by Hill and-Petrucci
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Spin Systems

The Curie-Weiss model

We now consider a state space of N spins that can take the values +1,
meaning we have

Q={+1}" (12)

The Curie-Weiss model is a mean-field approximation model defined by
the Hamiltonian

HW (o) = QNZO',O'J hZU, (13)

ij=1

for each state o € Q, and h € R the intensity of the external field.
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Spin Systems

The Curie-Weiss model

Starting from the partition function

ZvWpy = Y e ), (14)

oc{-1,+1}N

we insert the order parameter

=

LM
my(o) = ZU,' (15)
i=1

via the Fourier representation of the delta distribution
N N
1 N [T n 1
0 (m— N;U') = 277/00 dri exp [/m (m— N;GI>] . (16)

Department of Mathematics - Sapienza University of Rome March 2026



This yields

1 N
AN OEDS / dms <m - Zm) exp [E,Bmz + N,ma]
o i=1
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Spin Systems

The Curie-Weiss model

This yields
N
Zy"(p) = Z/dm5 (m - LZJ;) exp [g’ﬂmz + Nﬂhm}
o i—1

N
N .
=5 Ea /dmdrﬁ exp | N (gmz + Bhm + irﬁm) —im ;:1 J‘]
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Spin Systems

The Curie-Weiss model

This yields
— Z/dma <m - = Za,> exp [’;’ﬁm? + Nﬂhm}
. Z/dmdrﬁ exp | N <5m2 + Bhm + irﬁm) — /mEN:afl
™ 2 ;
_ ﬂ/dmdnﬁ exp {N <ﬁm + Bhm + /mmﬂ Zﬁe’"’""
27 2 —~
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Spin Systems

The Curie-Weiss model

This yields
= ;/dmé (m Za,) exp [g/ﬁn»ﬁ + Nﬂhm}
N
Z/dmdm exp | N (ﬁm + Bhm + /mm> - irﬁZoi]

= %/dmdtﬁ exp {N (6 2+ma—|—/mm)}

_N
27

l\)

B2

I\.)

dmdm exp {N ( + Bhm + /mm)}
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Spin Systems

The Curie-Weiss model

This yields

ZCW(B):Z/dmcS mflia- ex ﬂﬁ 2 4+ NBh
N N i p|5Am + NBhm
o i=1

:gg/dmdrﬁexp

N <§m2 + Bhm + irﬁm) - /mza"

N §m2 + Bhm + immﬂ

i =
I\
| I

N

= —/dmdtﬁ exp
27
N

= —/dmdrﬁ exp
27

N
= —/dmdrﬁ exp
27

m? + Bhm + irﬁmﬂ

N

(
dt
(

NI N

m2+ﬁhm+inﬁm+|n2cosrﬁ>} .
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Therefore, we get

1
FV(B) = - im AN In Zg" (8)
m2
=min |—— — hm— i~ mm — B~ In2cos iy
m 2
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Spin Systems

The Curie-Weiss model

Therefore, we get

FEW(B) = — lim Bll\lln Z3M(B)

N—oo

2
. m e o1 A _ N
= min {—2—/‘”77—/,8 Loim — 87 In2cos
m

The saddle-point equations are then

fCW
or "(p) =0 < m' +h=—i'm* (17)
om  |m=m:
cw
or"(5) A(B) =0 < m"=—itan®" (18)
om - |m=m:
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Spin Systems

The Curie-Weiss model

Therefore, we get

FEW(B) = — lim Bll\lln Z3M(B)

N—oo
m
The saddle-point equations are then

ofr "(B)

5 =0 < m'+h=—i"tm*
m m=m*
n=m,
afCW
8rﬁ(ﬁ) =0 <= m"'=—itan”
nem

Combining both gives
m* = tanh (8 (m* + h))

Department of Mathematics - Sapienza University of Rome

m2
= min {—2 — hm—iB  Hhm— B8 In2cos

(17)

(18)

(19)

March 2026



Spin Systems

The Curie-Weiss model

Given the simplicity of the saddle point equation in m, it can also be used
to replace i = i3 (m + h) into constrained the free energy, yielding the
sometimes called pseudo (constrained) free energy

m2

FWe(m; p) = =

5 — 87 In2cosh 3 (m + h) (20)

which has the same extrema as the true constrained free energy.
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Spin Systems

The Curie-Weiss model

The next picture[6] shows clearly possible solutions for the minima of the
free energy when h =0 (8 = 1 is a phase transition!)

7
Bs>1 //
0.5 pJ=1 7 Bl
tanh(B8Jm)
O 4
//
-0.5 %
/
/
/,
L
-1
-2 -1 0 1 2
m

Figure 20.2 Graphical solution of the Curie-Weiss equation (20.43), viz. m = tanh(8Jm).
Solid lines show the function tanh(8Jm) for different values of 8J. Dashed: the diagonal
which this function must intersect. For 8J < 1, m = 0 is the only solution; for larger values
of BJ, there are two additional solutions mp and —mg.
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Recurrent Neural Networks

The McCulloch-Pitts neuron

The MP neuron is a model of an artificial neuron that takes in binary
inputs {S; = 0,1}, and outputs a binary response y = 0, 1 given by

N
y=0(> J4S-U (21)
i=1
with 6 being the Heaviside step-function.

Inputs Weights

5, —
Sz 5 Output
3
S
3 . / Threshold U*
Sy —n

Figure 1.9: Schematic representation of a MP neuron.
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Recurrent Neural Networks

Recurrent Neural Networks (RNNs)

Fully-connected recurrent neural networks are described by a family of N
MP neurons {S; = 0, 1},(\’:1 and an update rule given by

N
Si(t+1)=0 > J;Si(t) — Ui (t) (22)

Jj=1

And to simulate the effect of noise in the system, we consider the U} to be
a random variable )
Ui (t) = Ui — ETZi(t)v (23)

with E[z(t)] =0, E [z(t)’] =1 and T > 0.
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Recurrent Neural Networks

From RNNs to Spin Systems

Let us apply the transformation
O’,‘(t) = 25,‘(!‘) -1, (24)

then the update rule becomes (notice that sgn(x) = 26(x) — 1)
N
oi(t+1) =sgn [ Y Jyoj(t) + hi + Tzi(t) | | (25)
j=1

with h; =3 Jj — 2U;. But how far does the analogy really go?
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Recurrent Neural Networks

Emergence of the Gibbs measure

Theorem 1

There exists a choice of noises z; such that, for any symmetric interaction
(Jij = Jji) without self-interactions (J;; = 0), the dynamics (25) updated

sequentially has the equilibrium distribution given by

oe{£+1}N
with
N N
H(o)=—= Z ey = Z hio;
ij=1 i=1

(26)
(27)

(28)
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Recurrent Neural Networks

Emergence of the Gibbs measure

If the z;(t)'s are defined according probability distribution function given by
fo(ry(x) =1 — tanh?(x). (29)

It can be shown that this is equivalent to writing the dynamics (25) as

Ploi(t + 1) = +oy(t)] = % {1 + tanh (E(‘;(t))ﬂ (30)

with E;(O‘) = Zj U;(t)J;jO'j(t) + h,'O’,'(t).

L L L X
-1.0 -0.5 05 1.0
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Recurrent Neural Networks

Emergence of the Gibbs measure

The update rule (30) can also be written as
1
Ploi(t +1) # 0i(t)] = —=¢ (31)
1+eT™

which corresponds to the Glauber Monte-Carlo dynamics for the canonical
ensemble defined by the Hamiltonian

H(o) = oi(t)Jyo(t) + Z hioi( (32)

i

where AE; is the energy difference resulting from swapping spin /.
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Recurrent Neural Networks

Emergence of the Gibbs measure

And so for this choice of noises or system converges to the
Boltzmann-Gibbs distribution

e BHn.hH(J0)

Jo)y=" " _ 33
piJ.o) ZnhH (B, ) (33)
in equilibrium with
ZnnH(B,J) = Z e PHnnnlte), (34)
oe{£1}N
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From magnets to memories

Back to the Curie-Weiss model

The Curie-Weiss model is a mean-field approximation model defined,
with no external field, by the Hamiltonian

N
1
Hy" (o) = N > oioj (35)
ij=1
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From magnets to memories

Generalizing Curie-Weiss

One way to think of the Hamiltonian for the Curie-Weiss model (35) is that
it "incentivizes" the spins to align themselves with the configuration
n = (1,...1). In fact, the overall magnetization my may be written as

N
1
my (o;m) = N E nio; (36)
i=1
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From magnets to memories

Generalizing Curie-Weiss

What if we picked a different configuration, say ¢ € {—1,1}N? Then we

could define a new "generalized" Curie-Weiss Hamiltonian

N

HY (0,€) =~ 3 (0 €) — himy (o).
or, expanding,
1 N N
HI?IW (U 5) _ﬂ Z £i§JU/UJ hZf:Un
ij=1 i=1

Department of Mathematics - Sapienza University of Rome
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From magnets to memories

Generalizing Curie-Weiss

We can see that this "generalization" of the Curie-Weiss model is actually
equivalent, if we do a very simple change of variables 5; = £;o;. Then

1
HYY (0:8) = —55 > &igoioj — h Y o
ij=1 i=1
1 N N
= > i h Z Gi
ij=1 i=1

Since the &'s also live in {—1,1}"V, the systems are equivalent. The only
difference is the spins now align themselves with &.
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From magnets to memories

From Curie-Weiss to Hopfield

Now what if we add more of these patterns? For instance, we can consider
K patterns &*, with 1 < o < K and write

K
Hk (0:6) = — 53" mi (o) — by (07€Y)  (39)
pn=1

or, once again expanded,

HN,K( = Z Z gué‘“UIUJ - hz€1 i (40)

u lij=1

This is the Hamiltonian of the Hopfield model! [1, 2]
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Disordered systems

From Curie-Weiss to Hopfield

Now what if we add more of these patterns? For instance, we can consider
K patterns &*, with 1 < o < K and write

K
Hk (0:6) = — 5> mh (0 €%) — hmw (07€Y)  (41)
pn=1

or, once again expanded,

HN,K( = Z Z gué‘“UIUJ - hz€1 i (42)

u lij=1

This is the Hamiltonian of the Hopfield model! [1, 2]
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Disordered systems

Why is this harder?

@ There are two main reasons why the Hopfield model is generally (at
least for big enough K) more complicated than the Curie-Weiss
model: disorder and frustration.

@ These two properties are characteristic of a wide array of models,
known as disordered systems.
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Disordered systems

Frustration

Looking at the interaction matrix for the Hopfield Model

K
1
Jj =5 D& (43)
=1

we see that there is a non-zero probability of having connections that do
not agree with a certain pattern.
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Disordered systems

Frustration

@ The matrix J tells us whether the system is trying to align (J; > 0) or
oppose (Jjj < 0) the spins i and j.

@ Crucially, in the Hopfield Model, contrary to the Curie-Weiss model,
not all interactions can be satisfied.

O—>—D

o
” — m

Figure 2.9: A very simple example of a frustrated system. The spins tend to be parallel when they interact
with a positive coupling and anti-parallel when the interaction is negative. Obviously, not all the conditions can
be met sil meaning that i ion is frustrated.
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Disordered systems

Disorder

The partition function of the Hopfield model is given by

Znk (8:€) = Z e~ BHn.k(a:€) (44)

oc{+1}N
which depends on the choice of patterns, and so does the free energy.

Calculating these quantities would generally be very difficult....
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Disordered systems

Disorder

The solution is then to consider the £'s as being drawn with respect to a
certain probability distribution, known as the disorder, for instance

P (¢ =41) = % (45)

and compute the so called quenched free energy density with respect to
this distribution

F(B) = Eef (5:€) (46)
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Disordered systems

Minimization of the quenched free energy

The quantity we are interested in is therefore

7(8) = — lim ﬁlNEglnzN,K(ﬁ,a (47)

N—o0

Our goal (now more complicated) is to find order-parameters m that
self-average in the thermodynamic limit such that (if (47) exists)

f(8) = min fim iy (m) (48)

still holds.
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Disordered systems

Guerra's interpolation

Given an interpolating Hamiltonian H},, with H,lv = Hy and HR, an easier
model, we compute the free energy via the Fundamental Theorem of
Calculus

fr=F0+ /1 ot % rt (49)
o dt
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e Step 1: Calculate (Zf) for n € N.
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Disordered systems

The replica trick

e Step 1: Calculate (Zf) for n € N.

@ Step 2: Conveniently forget that n is an integer and compute

(In Zy) = lim = In (Z0) . (50)

n—0n
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Disordered systems

The replica trick

e Step 1: Calculate (Zf) for n € N.

@ Step 2: Conveniently forget that n is an integer and compute
.1 n
(InZy) = lim =In(Zy) . (50)

n—0n

@ Step 3: Conveniently forget...
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Disordered systems

The replica trick

e Step 1: Calculate (Zf) for n € N.

@ Step 2: Conveniently forget that n is an integer and compute

(In Zy) = lim = In (Z0) . (50)

n—=0n
@ Step 3: Conveniently forget...the order of the limits:

o1 n o1 n
lim lim N In(Zy) = lim_lim N In(Zy) (51)

N—oon—0 n n—0N—oco N

Department of Mathematics - Sapienza University of Rome March 2026



© Disordered systems

© The Hopfield model

@ Generalizations

© Coming next

© Sources and references

«4O>» «Fr «=)r» «E)»

i
ul
N)
0
?



The Hopfield model

The Hopfield model

We recall the Hamiltonian for the Hopfield model

i (0:6) = 50 > > et

Figure 3.2: Set of P = 6 patterns stored in a Hopfield network of N = 625 spins. Patterns are black and
while images: the network is dealing with digital storage of information Coolen et al. (2005).

o ﬁl = QR
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The Hopfield model

The free energy

For finite K, the pseudo constrained free energy of the Hopfield model is

. K K
f(B) = lz (m/’i)2 — B 'E¢ In2cosh ,BZ M3 (53)

u=1 pn=1

which reduces to that of the Curie-Weiss model when retrieving only a
single pattern.

FEWVe(m; B) = m B~ In2cosh (Bm) (54)
' 2
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The Hopfield model
Memory retrieval in the Hopfield model

pattern.

If the model is within the retrieval region, and the initial state has enough

overlap with one of the patterns, the model successfully retrieves the stored

.
Figure 3.2: Set of P = 6 patterns stored in a Hopfield network of N = 625 spins. Patterns are black and
while images: the network is dealing with digital storage of information Coolen et al. (2005).

Department of Mathematics - Sapienza University of Rome

March 2026




The Hopfield model

Memory retrieval in the Hopfield model

t =600
.
1.0
0.8
S 0.6
0.4
0.2
0.0
0 500 1000 1500 2000 2500 3000
t
Figure 3.3: of a full pattern uction. The Hopfield network is made of N = 625

neurons and P = 6 patterns are allocated in the synaptic matrix. Starting from a corrupted version of one
of the patterns, the network is able to retrieve the associated pattern. We observe that, among the six Mattis
magnetizations that quantify the retrieval of the six stored patterns, just one out of them grows up to one and
its corresponding pattern is indeed retrieved by the network.
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The Hopfield model

Spurious states in the Hopfield model

Frustration in the Hopfield model manifests itself in the form of so-called
spurious states, i.e. equilibrium states of the model that are not original
patterns, but instead mixtures, for instance

E=sgn (' +&+&%). (55)

The amount of spurious states grows exponentially in K and so eventually
takes over the dynamics of the system. The maximum capacity of the
Hopfield model turns out to be

K < ach, (56)

with a¢ ~ 0.138, in the thermodynamic limit.
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The Hopfield model

Spurious states in the Hopfield model

1 =1800

0.6

0.5
0.4
£03
0.2

0.1

0.()0

e ——  —

500 1000 1500 2000 2500 3000
t

Figure 3.4: of

ly T

ruction ending in a spurious state. The Hopfield network is the
same as in Fig. 3.3. In this example, it is possible to observe that several (three) Mattis magnetizations raise
sensibly over the noise due to the finite size effects and, correspondingly, the network has not been able to
properly retrieve a single pattern, rather obtaining a useless mixture of the stored patterns.

March 2026
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If we instead take

lim % —a (57)
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The Hopfield model

The free energy

If we instead take

then the replica-symmetric pseudo free energy for the recovery of ¢
patterns is given by

N

1 4
fRSﬁv 72 ,u, IB (1_q)
pn=1

. q8
2,6<6+|n 1-p(1-q) - 1—5(1—))

— B / ?E£In2cosh Bzmﬂéu-FﬁZ\ﬁ (58)

pn=1
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The Hopfield model

Order parameters

To obtain the high load free energy, we need, apart from magnetizations,
the replica overlaps

m, n(€, o) = E oi, p=1,...,K (59)
1
1 2)y _ (1) _(2)
qN(O'( ) ol )) =N E_l o0} (60)
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The Hopfield model

Phase diagram

T4

~ T

e
matasiatle “\

0 0.05 0138 o

Figure: Phase diagram of the Hopfield model, first obtained by D. Amit, H. Gutfrend
and H. Sompolinsky [3].
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Generalizations

Dataset noise

The first generalization we consider is dataset noise. Here, the patterns are
replaced by a noisy dataset (the elements of which we call examples)

=1,...K
(€} ey — YT (61)

with M denoting the size of the dataset and, for each u=1,..., K,
a=1,...,Mandi=1,..., N, we have

Ma = &' Xia (62)
1xr
P (X =+1) = —— (63)

with r = (0, 1] denoting the quality of the dataset.
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Generalizations

Two kinds of learning

In supervised learning, we assume to have access to the pattern labels
corresponding to each example and so we can store the averages

K M
Lol =1 N (64)
;,L:l a,b:l

On the other hand, in unsupervised learning, the best we can do is

K M
PN TN Tkt =1, N (65)
p=1a=1

In the case of supervised learning, it can be shown that the influence of the
noise depends only on r and M through what we call the entropy:
_1- r?

Department of Mathematics - Sapienza University of Rome March 2026



Generalizations

The L-directional associative memory

An L-directional associative memory is composed of L independent
Hopfield networks (known as modules), with the corresponding state

denoted by (Uf{)fjllj::",t, and the Hamiltonian is

JZk 7?,N/\/I2 Z Z gékn/anjbv ’7_] — 1, N N,
p=1a,b=1

where R = r2 4+ 1Mr is the second raw moment of the noise.
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Generalizations

Tackling disentanglement

The goal with disentanglement is, in the most simple case, to input a
mixture of L patterns in every module and get back one of its constituents
per module

(6™, ..., o™ ) —» (gl,...,gL) , (68)
for a mixture o™* = sgn (€' +... + £%). In order to achieve this, we take

8ok = Opk — )\(1 — 5“), with 0 < A < 0.5.

A detailed study of disentanglement in this system for L = 3 (known as
three-directional associative memory or TAM) was published in Physica A

[4].
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Generalizations

Order parameters

The order parameters must now also

model. Foreach p=1,...,K and ¢,

me(nv 0) =
(o, 0) -
qis(o) =

be generalized from the Hopfield
k=1,...,L, we have

1 N
52t (69)
i=1
N
1
oo et (70)
i=1
N
1
N Z ofof (71)
i=1

And the entropy now becomes the entropy per layer.
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Generalizations

Self-consistency equations

The Statistical Mechanics framework presented before allowed us to get
self-consistency equations for the order parameters of this system, which
we solved in the low-load (i.e. finite number of patterns K in the
thermodynamic limit N — o0).

Phase diagram (mixture state) Phase diagram (disentangled state)
L e —p*
Lt %0 4 JasThPR
[ Sl -*
2 g 5 : . — p=005
| ergodic regine Saigeres ergodic regime - 0
[ .-
12 12 e —p=01
— p=0.05 > R
— p=015
o — p=0075 e .
10b- 10ke
— p=02
—p=01 L
— p=025
— p=0.125 é
— p=03
[ —p=015 d
0.6
mixed configurations unstable
0.4 4
disentangle
“[ configuratiol
stable
0 00
o. 0 4 o 0.0 o o o
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Generalizations

Prediction of disentanglement

We observe, in the phase diagrams, that there's a region of state space
where mixtures are unstable but disentangled states are stable.

Our hypothesis, shown to be valid through Monte-Carlo experiments, is
that disentanglement is possible in this region.
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0.2
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Generalizations

Optimal parameters

By maximizing retrieval magnetizations (i.e. the magnetizations of the
output) within the disentanglement region, we also obtained optimal

control parameters for each value of the dataset entropy per module p.
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Disentanglement frequency (0 =0.05,A=0.1)

\
s
v

SN

02

g
Hil

(p=0.05,A=0.1)

Disentangled

10 | ||||||| e

0.8

0.6

0.4

02

0.0

0.6

0.8

10

0.0

02

0.4

DA



Generalizations

Splitting

Rates of disentanglement

10
— split
—— not split
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Coming next

Prof. Elena Agliari's talk (April 24-th)

Using the dreaming model

1
Z ¢ (15) & (72)
1%

/’L7V_
with

N
17 1 v
o =7 D &l (73)
i=1

to boost learning from unsupervised datasets.
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Replicated partition function

We recall that our goal is to compute

- . 1
f(6704) = Nlinoo _ﬂWEsln ZN,K(B;&) (74)
K/N—«
with
ZN K ﬂ £ Z efﬁHN K(U’ ﬁ Z e% 25:1 Z’{Yj:]- E#ﬁfo‘,-oj (75)
oefd oeQ
Then

Znk(5;€)" = Z D IARD DA IR T (76)

ol,..,0"eQ
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Signal vs noise

Taking ¢ to be the number of patterns recovered, we have

ZN,K(/B; S)n = Z Zsignal ({G}) X Znoise ({0'}) (77)

ol,..,0"eQ
with
Lo S SN eteboig?
Zsignal({o'}) = e2N a=1 p=1 iJj=15i 5 Yivj (78)
Znise ({o}) = €20 o1 Diicena Ria €€ 077, (79)

Furthermore, the disorder is independent between both, and the goal is to
apply the replica trick to the disorder average of the non-recovered
patterns, which we denote IE‘.’g

EeZuk(B:€)" = D zignal ({0}) X Eeznoise ({})  (80)

ol,...o0neQ
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The signal part

For the signal part, we insert the order parameters corresponding to the
magnetizations, as we did for the Curie-Weiss model

n 4 N
Zsignal ({U}) =exp % Z Z Z S#SJHO_;‘!J;

a=1p=1ij=1

N ne n,z a a 1 N a
= <27r> / LEI dm?, & (mﬂ N ;ffa,)]
n 14
X exp [BzN ZZ (mf‘)ﬂ
a=1 p=1
n,t

N nt
_(27r) /[H dmy, dimy, exp

a,p=1

sty (mi)ﬂ

a=1 pu=1

N
. a sa ] 1 _a
INmp iy, — i g &lo;
i=1

X exp
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The Hubbard-Stratonovich Transform

To treat the noise part, we make use of the Hubbard-Stratonovich

transform
X2 ]. o0 22
ez =4/ — dze 71 (81)
21 J_ o

to get

BNm - v
Znoise ({0°}) = exp ﬂz Z Zé‘lﬂgjlio.lao.j)

a=1 p=(+1ij=1

dZa 1 2 5 N

o 14 a w_a_a

[ T e |-G gL
a=1,..n 2 [ 2 N i=1 I
p=LC+1,...,.K
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Average over the disorder
22
Averaging over the disorder now gives, with Dz =[], , dz} e () 12 )\/27,
s sﬁa?z,i]
a=1
=D I h BN a0
= zHexp n cos NZO’;ZM
i\ a=1

n N
1
= /Dfexp % Z Zzazbcrf’a,b+(’) <N)

a,b=1 i=1

Egznoise ({U}) = /DZ HE& exp
i

K—¢

and D2 = [[, dz? e~ (/2 /\/27.
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Inserting the overlaps

We now insert the overlaps, again via delta distributions. Denoting
K = K — ¢, we have

Egznoise({a})w(ﬁ) I1 [ dus (Oab i f’)

a,b=1 =1
a7éb

/Dz exp Z 22z2°Q.p

abl

) <2,\7/r>n2n(2ﬂ-)n22/d0exp [—flndet(]l—ﬁQ)]

n

x/déexp iz
a,b=1
a#xb
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Replicated partition function

PN 2
Putting everything together and reparameterizing Q.5 — i% b, We get

n,t ﬁ
N Z (2 (mZ) +/maﬁ72)]

EeZn k(5;€)" o</dmdlf1dePexp
a,n=1

. s on
X exp —glndet(ll—ﬁQ) af N Z Qa6Pab

a,b=1
a#b
N
. of3?
X E Hexp _E E /maf”aa—i—— E P.yoic?
ol,...,0reQi=1 a=1 p=1 a,b=1

a;éb
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Replicated partition function

Furthermore, assuming the magnetizations self-average, the last product in
the i-index factorizes, meaning that we get

nt ﬂ )
N> <2 (m3) —i—imfgﬁi)]

EeZn k(B €)" oc/dmdrthdPexp

a,u=1

2 n
xexp | N —ﬁlndet(]l BQ) — ag ZQabPab

N

n £ 6
X Z exp | — ZZ imeéto + —— Z P.yo?c®
ol,...,on=+1 a=1 p=1 a,b=1
a;éb
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Taking the thermodynamic limit

Furthermore, assuming the magnetizations self-average, the last product in
the i-index factorizes, meaning that we get

1
lim —— E.Z in _f(m,m,Q,P 82
W e ()= g p Flm @ P)(82)
with
f:,EHZj ,512 mi, M7, + fBZQPJr Indet (1 — 5Q)
2 my, abl™ab ﬁ
a,p=1 a,u=1 a,b=1
a#b
n 4 Bz n
—ﬂ_lanexp —ZZiﬁ‘liﬁ“oa—i— aT Z P.,o’o?
o a=1 p=1 a,b=1
a#b
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Taking the thermodynamic limit

By minimizing already with respect to m, we get i, = i3m7, which gives
us

N'i‘ﬂoo—ﬁNEgzN k(8:€)" = min_f(m.Q.P) (83)
with
_ 1 n,t ﬁ
fziwzl ?) 72 abPabJr—Indet(]l Q)

1InX:exp BZme“a +a,8 ZPabaa

a=1 p=1 a,b=1
a#b
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Replica symmetry ansatz

To be able to proceed with the computations and take the limit n — 0, we
must make assumptions on the structure of the matrices m, m, P and Q.
The so-called replica-symmetry ansatz assumes complete independence on
the choice of replicas, meaning that

mZ =my (84)
Qab = 6ab + (1 — q)dap (85)
Pap = P (86)
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Replica symmetry ansatz

From this ansatz, we get, for the first and second terms

nt J4
1 2 2
im LS (m2)? =3 (m,) (37)
7u:1 p=1
r',i“oﬁ Z QabPab = —pq (88)
a,b=1
a;«éb
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Replica symmetry ansatz

For the third term, we have that

(1-8Q)., = (1= B)dap + (1 — fq)(1 — dap)

whose eigenvalues are

M=1-5(1-q)—pBaqn
A2=1-p(1-q)

with multiplicities 1 and n — 1, respectively.
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Replica symmetry ansatz

We therefore have

logdet (1 — 8Q) = In(1 - B(L — q) — Bgn) + (n—1)In(1 - 5(1 - q))
Bq

= nIn(l - ﬁ(l - q)) — nm + O(n2)
and so
lim logdet (1 — Q) =In(1—5(1—4q)) — . B (92)
n—0 1_5(1_q)
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