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Let (M ,
co) be closed with a fixed

metric g . For 4,e Diff (M)

dc(4 ,
N) = maxd(4(x)

,Mix)
XeM

de induces C-topology
on Diffiel.

Def : YeHam if FH :Mxs'- Sit.

Y = Yi
,
where :

w(XH
, -) = - dHz

I =X



⑪② ⑤

Ham Symp Symp Diff

Question : Are these subspaces closed

in the 20 topology ?

& Yes ! (Gromo-Eliashberg

② 2
°

- Flux conjecture :

il Fre if M= ptop . (LMP 197 , Brhorsky 15)

(iispherically monotone or Lefschatz
and 4 X(M) * 0 or Z ,all finite

(A .
-Shelukhin , in progress)

.

③ Known only for surfaces.



Argument for surfaces :

(i) Homeo(M) is locally- path connected

(Edwards-Kirby,
171)

(ii)o(Homeot([))ETo(Difft(E)) .

(ii) Symp([ , c)->Diff(E) induces

Mo(Symp(En)E TolDifftIE))

Observation :

In general,
Torelli

↓

festrpoSymp fe Symph



In particular Sympo= Sympo when

To (Sympul = 114

This is the case for :

il monotone SxS2(Gromou

(i) monotone CP#UTP 014

(Gromov ,
Evans)

(iii) more examples (Li-Li-Wu

obs : Sympo = Ham in these cases .



Setup : Xa := (CPnP ,w

Ha(Xa) admits a canonical

basis &H , E, . .

.,
En Y , where :

il Ei Ejedij ,
HEizo ,

Hel

(ii) W(Eil =minGwEl/EE-1 , Ej .E= o
,

bitY

IdentifyingHrH" and rescalling

[W] = H-aiEi ,

did,di

= (1)a, . . ., an

C = (3(1 . . . ., 1)



Def : (Xn ,
w) is a positive rational

surface if C . [W] < 0.

Def : (Classification of w

w is of type D if

[w] = (111,, ... ,
Ant, ...,

an
-

↳

Ak+z(( - 1)/2

and

de (1 , 11 ,
key or 1=%, k =

4.

w is of typeE if 1
= " ,

k = 5,
6 17.

Otherwise ,
w is of type/A.

obs : When n = k+ 1 we call it of

Pure type.



Remark : w is of type E if Xn

is monotone U = 6,7,
8 (or small

blow-ups of it

Theorem (LLW122)(
Let (Xn ,

c) be a positive rational

surface .
then :

ii) w of type /A
:

Mo (Sympa (Xull = 1

(ii) w of type D ,
174s :

No(Sympu(Xn)) = PBk($)/7

wiil w of type ( ,
1=:

No (Sympu(Xn)) = PBs(54/72
.



obs : Ham = Fam = Symp for type /

Theorem (A
.
-Mak-Wul : Let (X ,

c)

be a positive rational surface of
type D .

Then
,
Ham(X ,

c) is a

connected comp . of Symp(X, ro) in

the Co-topology .

Corollary : Ham(X
,
w) is 2-closed

in Symp(X, ro).



Proof Overview :
It is enough to

show thatI >0

such that if Ne Symph and

delYid)Ee M-Ham.

· Ham is Open :

let 4 eltam and NESymp S .
+ -

-
Ne Sympo

dc(4
,
4) < E for soft aso.

Then
, by right invariance of do

dolid ,
Nt") <- Meltan

Hence B(4)EHam
· Ham is closed :

In ES4eYni"sid

=>YniHam,No Metam
.



Step 1 :

Obtain Criterion to determine

when N-Ham(X,
c).

Fix (Xu ,) ,
U, 6 .

There exists

J-holomorphic Config . E
,

JeJw

2H-Ei El Eu

-
H-E ,
-En

Let

C = /Config with c-orthogonal
int . Y

same honooges

Note that SymphX,
c) G2 transitively.



We have the following fibration :

ele= ide Y(z) = 2

~

Stab'(E) -> StablEl- StableSympu(X,
w)

SI ↓ ↓ ↓
Symp,(X15)

GIE) SymplEl e

Proposition (LLW): When w is of pure

type D and

X ,
1Q

then,

To(stabel)- No (Stab(E)

is trivial . Thus , if

YeStab(I) - Ne Ham(X
,w)

↑



Lemma : Let (X,w) be a positive
rational surface of pure type D. If

Me Stabil = MeHan(X,
co

Proof idea :

we have exect sequences
:

pBr11/it2
3/1

A

Hi(Ex) ->MolStable Mo(SympnLX,wall

1 &

It (Staben))Ed MolStables))
f Mo(Symple
DB1$417t

I

Claim : BoA = 0 ) BoA = o

BoA = o =
imAckerB' = imAl

so we have a surjective homomorphin:

Mo(stabIEI//imIAl-MoIstabIEI)/im(Al
· bihoption property a isomorphism .



Hence im A = im Al
.

Thus .

im (BoA'l = BlimAll = BlimAl = 0.

Converse is the same ag.
D

.

&

obs : Prop1B1Ax =
o

and 1eQ .
Hence Bio An = 0

.

Let 111 1 .

We have :

BioAn : Filte = Kolsympla)

use syplectic inflation argument
to show that

BioA : Flexi)- Mo(Sympln)



Step 2 : For U C- small , isotope

NEI back to 5 With 2°-control.

Lemma : There exists Exo S.
+ . FNeSympr

satisfying:
do(Mid) < E

there exist Yettam S
.
t. 4 YeStab(E).

Naive attempt .

ME

#
Use 3-isotopy between

J and YAJ

Yields YeHam(X, r) S .t-

YYeStable)



If YN trivial in TolStablEll then

can find 41 S . t . Y'YEStabE).

& no control over [CNJE/olStable))
.

Isotopy with 2o-control
:

Let F = H-E ,
be the fiber class.

- Jegreg we have a map :

Gronos compactification
-

x=:X M(F, j)

Nylal is the unique
I-curve

in class F (possibly noda) S
.
t

.
Xtimlu) .

Choose configuration D &I ,

1 compatible" with XJ .



Do ,3

Dsi] Drij
Dzi Es

H-E,
-Er H-E .

-Es En

T- Face
i= 1

-

Di
,5Ez Es H-E

,-Eg H -E - En

obs'

X3/D: Das
=M(F

,5)

So we have !

Tz : X-Di

Where

Dis = Tz" (97ijh) i = 2, .., a



Upshot : While I is not close
to Na]

My is C-close toTos

Construct J-isotopy in
two steps

Step A :

&Jas maDis

#
important:by positivitydintersectsais



Step B :

Ja St .
T = ] near Dis

##
concatenating Yat and Yest yields
47 S .+ Y :(2) = 2.

4Ye Stab(E)

Looking at Tyl it is possible
to dedic , by the Co-control ,

that

[YY] = 1 = Fo(Stable)



It is there fore possible to find

Ye Ham S . t . YoMla = ide

-> NeHam



Khan on !


