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Classical versus Quantum Computation

Classical bits O, 1

Computes functions
f:{01" > {01}
Basic Logic Gates
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Universal computation with
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Basis vectors |0) and |1) of a 2-
dimensional Hilbert space H

Computation performed by
unitary transformation UT = U1

U:H - H

Basic logic: a choice of certain
matrices that can be physically
implemented
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Classical versus Quantum Computation

Classical bits O, 1
Computes functions

f:{0,1}* - {0,1}

Basic Logic Gates
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Universal computation with

k OR, NOT

ﬂﬂﬁﬂE =11

AN

Basis vectors |0) and |1) of a 2-
dimensional Hilbert space H

Computation performed by
unitary transformation UT = U1

UH -H

Basic logic: a choice of certain
matrices that can be physically
implemented

Universal quantum computer if we
can approximate any U to
arbitrary accuracy using basic
gates




Advantages of guantum
computation

Unlike classical bits that are either O or 1, qubits exist in a
superposition of both 0 and 1 simultaneously

) = al0) + B[1), where |a|* + [B]" =1

Superposition allows a guantum computer to process
multiple possible outcomes of a computation at once.
This exponentially increases the power of quantum
computers for certain tasks compared to classical
systems.

Shor’s algorithm for factoring large numbers and
Grover's search algorithm demonstrate the
potential power of quantum computers




Quantum Decoherence

One of the main challenges in
quantum computing is
decoherence, where the quantum
system interacts with its environment,
causing the delicate quantum states
(superposition and entanglement) to
collapse into classical states. This
leads to errors in computation.




Use topology to get
fault-tolerant quantum
computation

NP
Alexei Kitaev






Quantum Algorithms for the Jones Polynomial

, Approximating the Jones polynomial at certain
ComoF?Ur:'gr% igl)sﬂes roots of unity is as hard as the hardest problem
POlY that can be efficiently solved by a quantum

computer
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Quantum Algorithms for the Jones Polynomial

Computing Jones . -
polynomials * Prime Factorization

1389864140741
= 1178803 x 1179047

|

—QB + 2q2 —2q9+3— 2q_1 + Zq_2 — q‘3






Particles in 3D

Path deforms continuously
to constant path

3D Trajectory = 4D

W(x1,x0) — e W (x2.x1) 2 —

)

e W (x0.x1) = W (x1,x0) = 0= O: ™

L ]

L ]

_l_ [ ] .\__j. [ ] )
20V (x1,x) = V(x1,x)

Implies two types of point parficle statistics in

3D

0 =0¥Y(xy,x) =¥(xyx%x1) = Bosons

0 =m, Y(xy,xy) = —P(xy,%x,) =2 Fermions




Particles in 2D

2D Trajectory = 3D
A .C. . ® K L ] [ ] [ ] q [ ]
W(x1.x0) — e W(xp,x1) -
2D ]
+ [ .C. ® . ® ® [ . .
- _ eEQW(x2.x1) — e‘w\U(Xl.xz) ezmw(Xl; X2) 3& llj(Xle X2)

Implies statistics can change by an arbitrary phase
W(xqy, xp) = e¥W¥(x,,%,) > Anyons (abelian)
Or more generally
Y(xq1,x,) = U ¥(x,,%x1) 2 Nnon abelian Anyons






Quantum Hall Effect

-+ Depends on a parameter called

the filling fraction v
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Witten-Reshetikhin-Turaev TQFTs

3D TQFTs ¢ Modular Tensor
o Category

» Finite # of simple objects Xy, X4, ..., X,

T(q) L Vev: » Tensor products X; @ X; = @, Xx
‘e Nk oo » Duals X! ™\
Ve C(q) i Semisimple

Fusion Rules



Witten-Reshetikhin-Turaev TQFTs

3D TQFTs ¢ Modular Tensor
o Category

» Finite # of simple objects Xy, X4, ..., X,

C(q) Vev: =
s fo N g TOmOTPOAUCEN @ =Gy
B o) » Duals X; 7 Wev
» Braiding v/\ [
VeWw

» Nondegeneracy




Witten-Reshetikhin-Turaev TQFTs

3D TQFTs ¢ Modular Tensor
o Category

M a 3-manifold
» Obtained from surgery along alink L c §3






Quantum spin representations

The quantum group U, (sl,) is the €(q)-algebra KK '=K 'K=1, KEK '=¢E,
Simple objects indexed by N, KFK-Y = ¢ 2F, [B,F] = K — K_:l
Spin Representations q — (g

Sn = (v, FVp, ..., F*vy)

Ev, =0, KV, = q"vp O O O 0O 0O 0 O C
E E B E
v—n /—\ . .. U_A+2/-_H\’L ’Ul\ /"'_“‘7\’0/\4_2 “ .. /_\Jvn
F F

Semisimple, braided tensor category, .o number of simples

n+1_q—(n+1)

qdim(s,) = [n + 1] = L=



Chop down some representations

2Tl

Uq (sl,) is the specialization to a primitive 2rth root of unity g = e2r
And E" = F" =

This actually makes the problem worse!

Simple-Projective Modules :
| . | |
Vo =< v,V .., Vp_q > TOra € C AN et —1
. . T 010000

Generated by a highest weight vectora +r — 1 NS

. i — ¢ 1 |

Ko = q(“H'_l_h)vi: FE.uv, = {iHe 5 Q}U.}-_l: Fou; = v | )
{1} -8 7 3 5 4 3 2 A 1 2 3 41 5 6 7 8
|

They are all simple for a € (C—7Z)/2rZ

qdim(V,) = ¢® 114+ 2+ q* + ..+ 2 D) =0

' 1 1 ' i ] 3 |
-] N o [ I [



Semisimplification
Specialize to a primitive 2rth root of unity q = ¢ 7 ANd E" = F" =

To get a semisimple category with finite number of simple objects,
throw away all guantum dimension zero representations

Previously simple modules now have quantum dimension zero

(il (¢*"-1) _
q—qt q—q!

coocoofdff

\ Removed in semisimplification

qdim(S,-4) = [r] =




2TT1
Example: Ising Category (g = e s )

Quantum parameter fruncates Unique map
allowed topological g-spins
9 g q-SP > 51®S]_=SO@SZ SZ_)51®51

0 1 2 3 4 5 6

;—+—+—+—+—+—+—i—|— YY

c Y
/ f \ > 505, =5 0N
Vacuum Majorana fermion
IsSing anyon
> S, RS, =5, DS DS,
\
2 2 Nonsemisimple

Y rep qdim =0
0



Where are the qubitse

ldea: qubits are encoded into collective quantum states of a group of
anyons

. Three anyons = one Qubit
Hilbert space Hom(Sl,Sf@?’) ! )

111 111
Baisis coming from fixed choices 0) _ & ) _ é/
1 ' 1

of trivalent vertices
Just one possible choice of basis
Change of basis using F-symbols’

1 1 1 1 1 1
a b c a b c s ! ! 1
1

) =D Ficf f
el d d




by = — by =
d D) D r 1) 1
o 1 2 1
\
TOE b1]0) = R3*|0)
1 1
~ R byl1) = RI|1)
F R ot
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ISING ANYONS NOT UNIVERSAL
Only generate Pauli matrices
No irrational Phases

Not dense in SU(2)



Universal Quantum Computation I

Unfortunately,

1000 | - |

. . T=‘.I2mK '
(despite being ‘ {12
the best candidate for study in 750 rJ

physical systems)

However, Freedman-Larson- 500 _//U~\_1

Wang showed that Fibonacci
anyons atv = % are universal 250F 45
for quantum computation - { J 52
0 : l
4.5
B (T)

SO \ ; ‘ Corresponds to SU(2)
Mike Freedman  Michael Larsen  Zhenghan Wang at a 10t root of uniTy




Two qubits




Can the standard TQFT
approach be enhanced to
make Ising anyons
universale



New structures In
low-dimensiondl

fopology

PUSHING THE BOUNDARIES OF TOPOLOGY AND QUANTUM
COMPUTATION



New ‘nonsemisimple’ TQFTs

Very recently, new kinds of topological
quantum field theories have been
discovered that are closely connected to
Chern-Simons theories

Blanchet Costantino Geer Patureau-Mirand

Blanchet, Constantino, Geer, Patureau-
Mirand found a way to renormalize’
quantum dimensions




Renormalized dimension

Given a closed ribbon graph labelled by objects of ¢

Given some set of simples A c € define modified trace (A,d)
d:A->C dV)=dV*) dV)=dVv') vV’

EX: for U,(si2) we have

a_ —«a
q qm;tO

d(V(T,) =dV") (T,

for all ribbon graphs with at least one color from A

d(Va) —

q*—q”



Nonsemisimple
TQFT

Prior approaches to (2+1)-
dimensional TQFT throws
out all topological spins
with quantum dimension
Zero

Before semisimplification
we have quantum
dimension zero particles
for generic values of a €
C—-17

O O O O O O O O



Nonsemisimple TQFT

Leverages quantum dimension zero objects

Renormalizes the frace

Gives renormalized WRT invariants defined using modified
dimensions

Camicimnla WPRT Nonceamicimnle WPRT
« can’'t distinguish lens spaces « Can distinguish lens spaces
« Dehn twist on torus has finite « Dehn twist on a torus has infinite

order order



Does Improved topological power
translate info more powerful
models of fopological guantum
computatione




Unitarity

For physics applications, it is important that TQFTs are Hermitian and Unitary
A dagger on a tensor category sends f:V - W to fT:W - V satisfying
ffr=f. FRPT=fT@g"  (goNHT=fTog"

A Hermitian ribbon category C is a ribbon category with + saftisfying

XX 10K e

Hermifian (f,9) =(g,f)
Gives an inner product (f, g): Hom(V, W) @ Hom(V,W) - C Nondegenerate
f®g ~tr(fTg) Unitary (,) is positive

Unitary TQFTs Homs are Hilbert spaces definite



Are nonsemisimple TQFTs Physicale

Theorem|( Geer, L-, Patureau-Mirand, Sussan)

Nonsemisimple TQFTs are Hermitian but (indefinite)
unitary

» Leads to Hilbert spaces with indefinite forms

» Leads to Hamiltonian theories that are "pseudo’ unitary
» Related to logarithmic conformal field theory

» May be boundary of a unitary theory



Nonsemisimple Ising Model

2Tl

Consider representations of U, (sl,) atg=es

Need to encode our qubits into Hom spaces
Want density for SU(2)

8 g g (8% ) o)
« (83



Universal nonsemisimple Ising anyons

Inner product is positive definite for a in appropriate range
Unlike the semisimple model, single qubit operations are dense in SU(2)

B V2
at+l +— (o
—1 —|—COt(T+1)
B V2
a—1 -— )
_1vBa+1 —1 + cot 7
q B
a—1
1442




Universal nonsemisimple Ising anyons

Multiqubit Hiloert space Hom(S,,V, ® S™)

There exists a where computational space is positive definite
Can construct low leakage entangling gates



More powerful computation

Theorem(lulianelli, Kim, L, Sussan)

For nonsemisimple

* Qubit spaces can be encoded info
(posifive-definite) computational Hilbert spaces

« Nonsemisimple Ising model is universal for gquantum computation




Open guestions

Condensed matter systems
supporting new anyons¢

What can new developments in
topology tell us about topological
phases and opportunities for new
quantum technologies
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