
Lecture 3
27 June 2025Stability of the Boltzmann equation

Take renormalization Br(z)= (concave)
, Bilz)=kouves

1+Gz

Br(f) *Br = Bolf)

I in
weak*

Bolf) -huz Bilf) top of
↳(dtender)

Buff=Pr(f)(1-up(y)) -
-

gu
=Br(1-58) w

+~. Vulpolf") =Bif)<(f)Petuva)Br=hi (f) -gof+(20,002)
One can show that Br , go-f as500 in Her Cetandv)

andho -1 as000 in L(dtdndu) ,1p

Takean admissible renormalization(z)
= ↳te.Va)(B) =DP)hif) -B(B)gof((b,)ar]
Let500 (8+v. On)((f) = (f)Cy) -Bif)f fr[(6.,0)dr]



Driving Manotropic Equations from the Boltzmann Equation

Nondimensional form of the Boltzmann equation

Stief + v. Unf= (f)
Kn= Knudsen number ~ mean freefath
St= Stronhalnumber ~ time sealing
Hydrodynamic regimes happenwhen kn-0.

Think of it as
a continuum limit-

Further consider a globalnormalized equilibrium state
ZM(n)=de

and its fluctuations f= M (1+ Mag).
Ma= Machnumberr natio of bulkvelocity topeed ofsound .

Compatible Enter regime
(Pt+ v-Vu) fa=E C(fz) ·

500fc- f and (H) =0 zf=
Conservation laws ofmass ,Momentum and energ

become the

compressible Enlarsystem in the limit :

S
PeP+ div(Pu)= o

&(Pu) + div (PrQu) + V(PP)=0

O(Pu+ Po) +div(([Pm2+Po)n) = 0



Note : von Karman relation Sphysicsprinciple) Kn (Re is

the Reynolds number) tellsus that Re-ox as kn00 if Mar 1.

- componible Navier-Stokes cannot be devivedwith such

hydrodynamic limits.

Acoustic wavs require
(8+~-Vulfa= C(fa) , feM(stEMgc) ,m20.

ga
-

g
= P + v-n +(d) (zkundof Linearized Boltman,

PP +divn = 0 operator)

Sbu + V(p++) = 0&P(P+)++ divn =0 divu =
Z

Incompressible regimes (Bandos
, Gohe, Leonmore, 1991)

(20 + v. Vn)fz= (f) , fc= M(1+ E
M

gz)

· q =1,
M=1

, incompressible Navier-Stokes-Famin system (details later
· 931 ,m

=1
, incompressible Euler-Fomier system

·

q=1,m>1 , incompressible Stokes-FamierSystem.

equation for fluctuations :

(20teTalge i=fan)Mantodumar-giggamd
As

t -"L(ga)



Suppose ga-g . infinitesimal Maxwellian
o

Orna : 2(g) =02 g+g=g++g= P+ vin+ )0

200 inmoment equations : ((.Vag)(e)Mar
divn= 0 and U(p+ 5) = 0

= Evolution equations. Difficulty : fluxes are singular
Note : 2 : ((Man)-oL(Mdu) (ifb = 1, otherwise needtouse

&

2= Id-(compact) ifb= 1 weights invelocity)
↳

is self-adjoint and Fredholm of index zeo on L(Mdv).
- Han L is exactly the orthogonal complementof Ker2.

Moreover Ker2= Span[1,e, ...a, 13.

Introduce the hydrodynamic projectionTgz ofg, outo Kn2 :

Mgc= + Min
+ P
, (f - 4)

where P =/pagchar , Ma =Jaged=z
do PP + Idivn, = o

= ver OtMatto =-dieJg Me&EdPetta) + A diema = -Edie/age Me,he



where $(v) = vov-d and(v)=

(Note that 200z0P+d =0 P=0 if tee initiallyo
Obser that $

,
4 - Man L (because LKe2).

= F, -[ (Mdr) much that 25=4 and LT =4.

- In,+ Va+(2) = -AdieJagadeS-3) = -Ediv/nga) More
We equation for2 towrite Lgz= EM"Q(ga) - 29" (Egate. Vega)
From now on

, Suppose M=1 , 9=1 and d= 3.

-hin Llg=Q(g)-v.g= (g) -divly

+2)di
computation

= Eu+L(k)n + 0u . 2(4) +102(4) - div(ku + 04)
Atcan be shown that &(v)= <(1v1)&10) and F(r)=S(ul) #(2).

(symmetry argument)

=hinga =-u

andhi (g)Ma
with u= t (p>

%:Mar and K= 4.Me



Let P: [(da) -o [ 1dz) denote the Lung projector onto
divergence free vector fields ,i.e, Protot= Ed+i

-↳

-Pa
=

0,dina
Navin-Stokes-Famier system.

Theorem : (Bandos
, Golse, Levermore,Lions , Masmondi , Saint-Raymond,A .;

1991 -2012)
Consider : · A physically relevant collision kendwhich derives from an
invusepowerpotential . Forexample : blu-us, 5)= Iv-us Volcoso)

,
-3(81

Golcosa)-1 0cUSL .

alter !
· Renormalized solutionsfq =M(1+Egg) e Lt La

,
v

of [0 +v.Un)gc=- Lga) +Alga) with well-prepared initial
data

,

Then
,
as E-0 :

·

go is weakly relatively compactindt;(v)Monde)
· each himit point g ofa satisfies g = v.n+(_
where (n

,
0)-&Lith is a teray solution of the

incompatible Navier-Stokes-Famier system.



Mathematical difficulties

1) Lack of apriori estimates ! We only have the entropy inequality.

2) Renormalized solutions : Gata(atMost Llogh)such that

(20+~.Vallga)
3) Macroscopic conservation laws are not knowntoholdfor
unormalizedsolutions.

4) Time compactness : there are oscillations ! (We compensatedcompactness
to filth out ovillations .)

5) Space compactness : there is some compartners thanksto velocity
avaging lemmas. Notenough ! Moreover ,we needthe nonlinear
weak compactness estimate : isweaklycompetitalo


