
Hydrodynamic Limits

IST
,
CAMGSD

25- 27junho2025



Lecture 1
25 June 2025

1)Cercignani , Allner, Pulvirent] The mathematical
theory of dilute gases . (Springe , 1994)

2) [Saint-Raymond] Hydrodynamic limits of the Boltzmann
equation. (Springen , 2009)

3) [A
., Saint-Raymond] From the Vlacov-Maxwell- Boltzmann

system to incompressible visions electro-magneto-hydrodynamic,
Vol

.
1
.
(EMS

, 2019)



Foundations of the Boltzmannquation
(1860)

Mazellian velocity distribution (Maxwell's original argument)

Stationary velocity distribution : M(v)0 , M :-OR
Independence of velocity components : M(v) = f(v) f(v2) f(vs)

↑

same function (inotropy ofspace
Spherical symmetry : M(u) = ↑ (101)

z & (10) = f(n) f(v)f(es)
& mo 20

, I'(101) = f'() f(v)f(us)Du

= Le =andmustbe conta

= q(r) = Ae*2, Alo, a > 0.

M(r)=  , Po is the dito
80 is the temperature.

Non-equilibrium statisticalmechanics

Particle number density f(t, u,u) >0 ,
tER" (time)

,
nethespace),

v= K
"

(velocity) , d_ 2.
1= T(on 19)

.

In the abseve of collisions orexternal field : Of+ v.Unf= 0
(free transportea.)



- f(t, m,2) = fole-to, e).
With external field : Of + v.Unf + F(t,x) · Tof = 0 (Venow9.)

With collisions : Ef + v.Unf = C(f)

Geometry of collisions (hard sphees) :
v particles havesamemas

ingoing outgoing think ofparticles aspoint-particles
-

plastic collisions
a
->v localization in timeandspace

/o S
conservation ofmomentum+Vs=v+va

conservation of energy (vii
=+ Iv

=S re
9-1

w

·
v Na

v
Collision invariants :

Suppose & : I-I ismeanable.
On can show :

& (v)+ !(0x) = P(v)) +&(v)=0 f(v) = A+ B . v +Cu
A
,
CER

,
BeMa

&7 spar [1, v, ..., Va, le?].



The Boltzmann collision operator : ((f) = C
+

(f) - [(f)
-ingoingvelocities

Loutede
2-particlenumber "

binary collisions
statistical weight
bl0

f(u) = (F(u,a)dur

molecular chaos [(f) =(a(aff(vb (Iv) dea

microncosibility of collisions F(v
, vx) = F(u'

,n))
↑ 9

Gain term post-collisional pre-collisional

(f)=Fi Well-, r) dese
= (a /ga-· f(01 f lot) t (ln-val

,wiltor) drdnat

The Boltzmann equation :

(8+ v. Va)f(tin,u) = (a
,
-,
it'fa-yfa) bio-re , 2) deado

b(v-v, r) = b)Iv-vy,r) is the nox-section or collisionse

Initial data : f(0, n, u) = Jo(n,v) Notation : fr=f(u)),y=f(v),f-f()



Collision symmetrics :

(,+2) (0 ,
u,)

(n
, ex , c) -0 (N 0 , - 5)

are volume-preening involutions on RI* $%

- (((f)(v) d=f) (P +-4 bdvdra

- Ifiles()d = 0

Manoscopic conservation laws

&
& /f do + div)fodv = o (mass)

Jode + div)f vovde = 0 Imomentum)

/f Edo-div)fod = 0 lengy)

manarofic quantities : P =(fde(demity) , Pr= /fedo (bulkvelocity),
Po= J foudo (temperature

P = (f(v-u)(v-u)dv (stus tensor)

9 = /f E1v-uP(v-u) de Cheatflux vector



= S
PP + div (Pr) = 0

P(Pu) + div(Phon + P) = 0

· (20m+ &00) +div((1m2 + &(1)n + Pu + a) = 0

Equilibrium states

Note that (CC)(v) logf(d= b dana

((f)=0 ffff*# logf is a collision invariant

of is a Maxwellian M(v)=
If f: M is a Maxwellian distribution , then PTPO Id and 9=0.
Conservation laws become : Let's theidealgas law, PV=nRT)

PtP + div(Pm) = 0

S& (Pu) + div(PMQM)+(08) = 0 CompressierEne)
+ P0) +div)(Pr+ Pr)n) = 0 equations

The H-theorem :

/Fogf anar +HtlogGaddedea-

H(f)(t) Alf)
- The entropy H(f) (t) decaysmonotonically in time.



In general , one cannot hope formore than an entropy
inequality : +

H(f)(t) +(D(f)(1)d = H(fo) , Ft20.

D(f) = [IIR") suggests that ffx-fits-0 as to x.

o f ~ Maxwellian state as to x.

Remark : The H-theorem establishes the invisibility ofthe

Boltzmann equation.


