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Markov Decision Processes

Definition (MDP)

A Markov decision process is a tuple {X ,A,P, r , γ}, where
X denotes a finite set of n states;

A a finite set of m actions;

P is a set of n× n stochastic matrices Pa associated with each action
a ∈ A with entries [Pa]x ,y ∈ [0, 1] representing the probability that the
state transitions from x to y given that the action a was performed;

R : X ×A → R is a reward stochastic mapping;

γ ∈ [0, 1] is a discount factor.
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Many applications

Inventory Management

Equipment Repair

Road maintenance

Managing Assets

Recycle bin collection

Vehicle control

Pandemic control

Bird nest abandonment

Any situation of repeated decision under uncertainty where the actions and
effects depend only on the current state - Markov Property - can fit into
this framework...
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The Markov Zoo
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An Example

A simple example

We have two states, 1, 2. Independently of the state, there are two actions
available, a1 and a2. In state 1, by choosing a1, the agent gains an
immediate reward of 6, and the system in the next decision point is in
state 1 with probability 1/2 and state 2 with probability 1/2. If the agent
chooses action a2, the agent gains an immediate reward of 10, and the
system changes to state 2 with probability 1. In state 2, choosing a1, gives
a negative reward of −10, and the system changes to state 1 with
probability 1/10. Action a2 gives a negative reward of −1 and the system
stays in state 2 with certainty.
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An Example

Decision epochs: {0, 1, 2, . . .N}, N ≤ ∞
State space: {1, 2};
Action set: {a1, a2};
Probabilities:

Pa1 =

[
0.5 0.1
0.5 0.9

]
, Pa2 =

[
0 0
1 1

]

Rewards:

r(1, a1) = 6, r(2, a1) = −10
r(1, a2) = 10, r(2, a2) = −1;
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Rewards, Horizon and discount factor

Objective

The objective of the agent is to maximize the long term reward.

In a finite horizon situation that can be the sum of rewards received
at each step plus the scrap value of the terminal state, or the reward
average.

in a infinite horizon situation, the sums can be infinite, so one can use
the concept of discount factor < 1.
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Policy

Definition (Policy)

A policy π : X → ∆(A) is a (possibly) stochastic map from states to
actions.

Policy possibilities:

Stationary or time-dependent

Markovian or History-dependent

Deterministic or Stochastic

We will consider here the simplest kinds, stationary Markovian (stochastic
or deterministic) policies
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Policy

In our example

Four possible stationary deterministic policies:

π11: π11(1) = a1, π11(2) = a1;

π12: π12(1) = a1, π12(2) = a2;

π21: π21(1) = a2, π21(2) = a1;

π22: π22(1) = a2, π22(2) = a2;
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Policy

In our example

An example of a static stochastic policy:

π : π(a1|1) = 1/3, π(a2|1) = 2/3,

π(a1|2) = 1/5, π(a2|2) = 4/5;

The general case of a stationary stochastic policy for our example is

παβ : π(a1|1) = α, π(a2|1) = 1− α

π(a1|2) = β, π(a2|2) = 1− β;
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State-value function

The state-value function of a given policy π:

Definition (State-value function)

The state-value function Vπ : X → R is

V (N)
π (x) := E[

N∑
t=0

γtRt |x0 = x ],

where N is the horizon, and the expectation is taken with respect to the
states xt+1 ∼ [Pat ]xt ,· and the actions at ∼ π(xt).
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The Q function

Definition (State action value function)

The state action value function Qπ : X ×A → R is

Qπ(x , a) := E[
N∑
t=0

γtRt |x0 = x , a0 = a],

where the expectation is taken with respect to the states xt+1 ∼ [Pat ]xt ,·
and the actions at ∼ π(xt).
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The Q function

, Action 1 Action 2
State 1 0 5

State 2 0 5

State 3 0 5

State 4 20 0
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The Prediction Problem

Evaluate a policy π by approximating its state value function Vπ

Proposition (Fixed point equation for the state value function)

The following relation holds:

Vπ(x) = E[R(x , a) + γVπ(y)], (1)

where the expectation is taken with respect to the next state y ∼ [Pa]x ,·
and the action a ∼ π(x).
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Using Matrix Calculus

Given a policy π : X → ∆(A) (resp π : X → A), define the reward vector
rπ := [rπ(1), rπ(2), . . .] with

rπ(s) := E

(∑
a∈A

π(a|s)R(s, a)

)
( resp rπ(s) := E(R(s, π(s))) ).

and define the Markov matrix Pπ,

[Pπ]ij :=
∑
a∈A

π(a|s)p(i |j , a) ( resp [Pπ]ij := p(i |j , π(j)) ).
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Using Matrix Calculus

So...

For a fixed policy π, the MDP behaves exactly as a
normal Markov process!
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Calculating the state-value

V (N)
π (x) = E[

N∑
t=0

γtRt |x0 = x ]

Using the vector notation

V (N)
π = rπ + rπγPπ + rπγ

2P2
π + . . .+ rπγ

NPN
π

=
N∑
t=0

rπ (γPπ)
t (0 ≤ γ ≤ 1)
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Calculating the state-value

Proposition

If π is a stationary markovian policy for an MDP, then

V∞
π = rπ(I − γPπ)

−1, (0 ≤ γ < 1)

Moreover, V∞
π obeys the fixed point equation

V∞
π = rπ + V∞

π γPπ

This type of fixed point equations are called Bellman equations
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The Control Problem

Find a policy π∗ that maximizes the cumulative reward V(·)

A policy π is better than another policy π′ if Vπ(x) ≥ Vπ′(x) for all x ∈ X .

Definition

An optimal policy π∗ is any such that, for any policy π,

Vπ∗(x) ≥ Vπ(x),

for all x ∈ X .
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Optimality Equations

For a deterministic π, with r(x , a) = E[R(x , a)]

V (N)
π (x) = r(x , π(x)) +

∑
x ′∈X

γp(x ′|x , π(x))V (N−1)
π (x ′)

V∞
π (x) = r(x , π(x)) +

∑
x ′∈X

γp(x ′|x , π(x))V∞
π (x ′)

Bellman Equations for the optimal policy

The state-value function of the optimal policy π∗, which we shall denote
by V∗, verifies

V
(N)
∗ (x) = max

a∈A

(
r(x , a) +

∑
x ′∈X

γp(x ′|x , a)V (N−1)
∗ (x ′)

)

V∞
∗ (x) = max

a∈A

(
r(x , a) +

∑
x ′∈X

γp(x ′|x , a)V∞
∗ (x ′)

)
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Optimality Equations

Question...

Does an optimal State Value Function

always exist?
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Optimal Policy

Theorem (Existence of solution)

There exists an optimal policy π∗.

Corollary (Optimal Value Equation)

The state value function of the optimal policy π∗, which we shall denote
by V ∗, verifies

V ∗(x) = max
a∈A

E[R(x , a) + γV ∗(y)] (2)

for all x ∈ X , where the expectation is taken with respect to the next
state y ∼ Pax,· .
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Proof Sketch

Consider an infinite horizon model, let Π be the set of all deterministic
policies and U be the Banach space of the real functions defined on X ,
with ∥u∥ := supx∈X |u(x)|.

Lemma

Suppose there exists M > 0 such that |r(x , a)| < M for all (x , a) ∈ X ×A,
and 0 ≤ γ < 1. Then, for any u ∈ U and π ∈ Π, we have that

rπ + uγPπ ∈ U
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Proof Sketch

For u ∈ U define the (non-linear) operator H on U by

Hu := max
π∈Π
{rπ + uγPπ}

The solutions of the optimality equation are fixed points of H !

Proposition

The Bellman operator H is a contraction mapping.
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Optimal state value function

Letting Q∗ denote Qπ∗ , we have that

Proposition (Optimal Q equation)

The following relation holds:

Q∗(x , a) = E[R(x , a) + γmax
a′∈A

Q∗(y , a′)], (3)

where the expectation is taken with respect to the next state y ∼ [Pa]x ,·
and the action a′ ∼ π(x)
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Finding Vπ

As a system of n × n linear equations:

Vπ(x) = E[R(x , a) + γVπ(y)]

=
∑
a

π(a|x)
∑
y ,r

p(y , r |x , a)(r + γVπ(y))

Vπ = TVπ

Iterative policy evaluation:

Vk+1 = TVk
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Approximating π∗

Given Vπ,

π(x)← argmax
a

∑
y ,r

p(y , r |x , a)(r + γVπ(y))

Policy Iteration

π0 → Vπ0 → π1 → Vπ1 → π2 → ... ≈ π∗
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Problems with this simplistic approach

We need to work with the whole state space

We need to know the model of the world
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Who needs a model?

Model-free Methods

Monte Carlo Methods

Temporal-Difference Learning
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Reinforcement learning

Reinforcement learning

An agent learns how to act optimally in an environment by trial-and-error.

x0, a1, r1, x1, a2, r2, x2, a3, r3, x3 ...
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Temporal-Difference Learning

Vπ(x) = E [R1 + γVπ(x1)|x0 = x ]

The TD(0) algorithm

V (xt)← (1− α)V (xt) + α

TD target︷ ︸︸ ︷
(r(x , a) + γV (xt+1))
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Learning the Q function

SARSA

Qπ(x , a)← (1− α)Qπ(x , a) + α
(
r(x , a) + γQπ(x

′, a′)
)

Q-Learning

Q(x , a)← (1− α)Q(x , a) + α

(
r(x , a) + γmax

a′∈A
Q(x ′, a′)

)
Q(x , a)← Q(x , a) + α

(
r(x , a) + γmax

a′∈A
Q(x ′, a′)− Q(x , a)

)
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Q-learning

Q-learning algorithm for estimating π∗

Initialize Q(x , a) for all x ∈ X and a ∈ A (e.g. Q(x , a) = 0);
repeat for each Episode

Choose an initial state x ;
repeat for each step of Episode

Choose action a using policy derived from Q (e.g. ϵ-greedy);
Execute a, observe reward r and new state x ′;
Q(x , a)← (1− α)Q(x , a) + α

(
r + γmaxa′ Q(x ′, a′)

)
;

x ← x ′

until x is terminal ;

until satisfied ;
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Q-learning with function approximation

Suppose we wish to approximate Qπ, through a parameterized set of
functions

Q = {qw : w ∈ Rk}
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Q-learning with function approximation
We wish to approximate Q∗ using Q = {qw : w ∈ Rk}

Fixed point equation for the optimal state action value function

q∗(x , a) = E[R(x , a) + γmax
a′∈A

q∗(y , a′)].

q∗ = Hq∗

Loss function:

L(w) =
1

2
Eµ[(Q

∗(x , a)− Qw (x , a))
2]

w ← w + αEµ[( q
∗(x , a) − qw (x , a))∇wqw (x , a)]

w ← w + αEµ[( q
∗(x , a) − qw (x , a))∇wqw (x , a)]

w ← w + αEµ[( R(x , a) + γmaxa′∈A qw (y , a
′) − qw (x , a))∇wqw (x , a)]
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Q-learning with function approximation

The w → 2w example (Tsitsiklis and Van Roy 1996)

Consider the state space X = {x1, x2}, one action, all rewards 0, and the
transition matrix

P =

[
0 1
0 1

]

Q∗ = V = 0
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Q-learning with function approximation

The w → 2w example (Tsitsiklis and Van Roy 1996)

Q∗ = V = 0

Q = {wϕ, w ∈ R}

with ϕ : X → R such that ϕ(x1) = 1, ϕ(x2) = 2

Pedro A. Santos (IST & INESC-ID) Intro to MDPs and RL M4AI May 9th 2025 42 / 45



The spiral example (Tsitsiklis and Van Roy 1997)

Markov chain

X = {s1, s2, s3}, A = {a} and

P =

1
2 0 1

2
1
2

1
2 0

0 1
2

1
2

 .

Approximation architecture

dQw

dw
= (S + ϵI)Qw ,

where ϵ is very small and

S =

1 1
2

3
2

3
2 1 1

2
1
2

3
2 1

 .
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The Deadly Triad

Function Approximation

Bootstraping

Off-policy training
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In Part II...
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