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Reinforcement learning

X,

For each policy 7T there is the
state value function ’U and the
state-action value funct1on dr

There is an optimal policy 7'('
with state value function ’U
and state-action value function q




Reinforcement learning

We have a space of functions @ = {q: X x A — R}, with finite X x A

We have an operator H : @ — @ such that

(Hq)(x,a) := E[r(x,a) + v - maxgecaq(x’,a’)]

Goal: We want to solve q — Hq ,i.e., to find a fixed-point of H




Reinforcement learning

Theorem: H is contractive with contraction factor 7 in the infinity-norm

Proof:
[Hq - Hpllow = max, aeses |(Ho)(x, @) — (Hp) (e, a)
= max, qcxx A |[E[r(z,a) + v - maxyeq9(2’,a’)] — E[r(z,a) + v - maxyecqp(z’,a’)]|
— - maXg e [Elmaxye q(e', 0') — maxge ple’, o))
< v maxy aern Bl maxpeq (e, ) — maxgeapla’, a')]
< v max; gexxa E[maxyeq [g(z’,a') — p(z', )]

=" maX:v,aEXXAE[Hq o pHoo]
=7 |lg—pl|le

Corollary: There exists a unique fixed-point ¢ * of H




Reinforcement learning q ¥ — Hq *

q : ________ - - .
________ Q-learning

Q-learning:

Q41 = @t + ay(T¢ + 7y - maX e g Qt(%’g, a') — qi(xs, a’t))]]-(:vt,at)




Stochastic approximation
w1 = wy + o (f(ws) + noisey)

Assumptions:
f:R* 4R is Lipschitz Hg: — q;
Y oo @t isinfinite, Y.eep @i is finite

noise; : © — R* has zero-mean given the past and bounded variance

Theorem:

If the dynamical system governed by the o.d.c. W = f(w)
has a unique globally asymptotically stable equilibrium w*
then w; — w* almost surely




Dynamical systems

zlla* —al3

Theorem:

@ = f(w) has aunique globally asymptotically stgble equilibrium w*
such that f(w*) = 0 if there is a Lyapunov function I : R¥ — R such that

l(w) >0, forallw=#w*, and I[(w*)=0
I(w) = (VI(w)) - f(w) <0, forallw # w*

1im )00 I(w) = 00




Linear function approximation

We have a linear function approximation space generated by features ¢ : X x A — RF*
Q={qu: X xA—=R|quz,a) =¢(z,a) w,wc R}
We have a distribution 4 € A(X X .A)

Goal: We want to find the function in Q that 1s closest to q , 1.€.,

2
2,1

Proj q* := argmianQ%Hq* — Q|

op is lldll2u = VEL¢?(z, a)]

Where the norm || -



Linear function approximation

Proposition:

The projection is a unique and given by

(Proj g)(z,a) = ¢(z,a) - Eu[d(x,2)¢ ' (z,a)] " - Eu[d(x, 2)q(x, a)]

Proof:
We have that || — QwH%,M — Eu[(Q(Xa a) — ¢(x, a)Tw)2]
andso  Vublg— qull3, = Eulla(xa) - (x,a) w)g(x,a)
We want to solve  Val[lg — qull3, =0
and we obtain  E,[¢(x,a)¢ ' (x,a)]w = E,[¢(x,a)q(x,a)] <>
w=E,[¢(x,2)¢" (x,a)] 'Eu[d(x,a)q(x, )]



Linear function approximation

unknown .
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Linear function approximation

unknown w.

Proj || H Proj

K

Proj q*
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Q-learning with linear function approximation:

Wiyl = Wi + Oét("’t + 77 - mMaXyeg ¢T(w2a a’)'w - (/5(5% at)Tw)¢($ta at)
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Linear function approximation

P @

r(z,a) =0 ¢(s1,a) = 1 ¢(s2,a) = 2

p = uniform(X’ x A)

Proposition:

Proj H isexpansive in any norm if v > ¢

Proof sketch:
(Proj H)qw = 27 qu
so  [|(Proj H)q, — (Proj H)qu|| = 27[lqu — qv||
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Research problem

How can we approximate the optimal value function?
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Contributions

How can we approximate the optimal value function?

Coupled Non-stationary Non-stationary Multi-Bellman Full-gradient
Q-learning environments features Q-learning Q-learning

2020 NeurIPS 2022 ECAI 2023 Under 2024 TMLR 2025  Open
Undcrt'cvicw (outstanding paper) review problem

Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025
Diogo S. Carvalho, Pedro A. Santos, and Francisco S. Melo. Theoretical remarks on feudal hierarchies and reinforcement learning. European Conference on Artificial Intelligence, 26, 2023.
Diogo S. Carvalho, Francisco S. Melo, and Pedro A. Santos. A new convergent variant of g-learning with linear function approximation. Advances in Neural Information Processing Systems, 33, 2020.
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Coupled Q-learning

*

Qux = (Uan'Oj H)Qu*

q contractive
o °

e @ S

Q
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Diogo S. Carvalho, Francisco S. Melo, and Pedro A. Santos. A new convergent variant of g-learning with linear function approximation. Advances in Neural Information Processing Systems, 33, 2020.



Coupled Q-learning Qur = (Unproj H)Qu*

(Proj g)(z,a) = ¢(x, a) - E[¢(x, a)@' (z,a)] ™" - E[¢(z, a)q(x, a)]
(Unproj g)(z, a) = ¢(z, a) - E[p(z, a)q(z, )]
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Diogo S. Carvalho, Francisco S. Melo, and Pedro A. Santos. A new convergent variant of g-learning with linear function approximation. Advances in Neural Information Processing Systems, 33, 2020.



Coupled Q-learning Qur = (Unproj H)Qu*

Theorem:
If [[¢(z,a)|| <1 Vz,a,the operator Unproj is non-expansive
Proof:
|Unproj ¢ — Unproj plle = max, sexxa |¢(z, a)E[d(x,a)q(x,a)] — ¢(z, a)E[p(x, a)p(x,a)]|

= maXgacxxA |#(@, a)E[d(x,a)(q(x,a) — p(x,3))]]
< maxg gexxa [|9(z, a)|| - [E[p(x, 2)(q(x,a) — p(x,a))]||
< E[l|¢(x,a)(q(x,a) — p(x,a))]]]
< E[[[¢(x,a)| - [(a(x,a) — p(x,a))]]
<llg—plw

Corollary:

The combined operator Unproj H has a unique fixed-point qq»

Diogo S. Carvalho, Francisco S. Melo, and Pedro A. Santos. A new convergent variant of g-learning with linear function approximation. Advances in Neural Information Processing Systems, 33, 2020. 8



qvx = (PI‘Oj H)Qu*

Coupled Q-learning

/ v+ q;* /

Q

Diogo S. Carvalho, Francisco S. Melo, and Pedro A. Santos. A new convergent variant of g-learning with linear function approximation. Advances in Neural Information Processing Systems, 33, 2020.

qu* = (Uan'Oj H)Qu*
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Two-time-scale stochastic approximation

fast ( fast )

Vi1 = vg + o (25 (ve, ug) + noise;
Up1 = up + Be(F1O (vy, uy) + noiseso™)

Additional assumption: S; = o(ay)

Theorem:

If the dynamical system governed by the o.d.e. © = ¥t (v,u)

has a unique globally asymptotically stable equilibrium A(u)

for all 4 and the dynamical system governed by the o.d.e. @ = % (A(u), w)
has a unique globally asymptotically stable equilibrium u*

then v — u* and v — v* = A(u*) almost surely




Coupled Q-learning

Coupled Q-learning with linear function approximation:

Vty1 = V¢ + Oét("“t + v maxyecqg ¢T($27 al)u - ¢(5'3t, at)T"’)ﬁb(wt, at)

U1 = g + Be(p(z,a)¢ ' (z,a)v — u)

Theorem:
We have that vy — v* and u; — u*

such that ¢, = (ProjH)q,- and @qu+ = (Unproj H)Qu*

Diogo S. Carvalho, Francisco S. Melo, and Pedro A. Santos. A new convergent variant of q-learning with linear function approximation. Advances in Neural Information Processing Systems, 33, 2020.
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Coupled Q-learning

Additional Assumption:

The features are orthogonal and uniformly excited, i.e, E[¢(z,a)¢ ' (z,a)] = ol

Theorem:

1

o S T

We have that  ||¢* — g

lg* = Proj ¢*[lec + v5% 25

1—0  Tmax

0o < ﬁ“fl* — Proj ¢*||o0 + =

and llg" — qu

Diogo S. Carvalho, Francisco S. Melo, and Pedro A. Santos. A new convergent variant of q-learning with linear function approximation. Advances in Neural Information Processing Systems, 33, 2020.



Coupled Q-learning

350 .
—— @-learning

—— coupled g-learning, v
—— coupled g-learning, u
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Diogo S. Carvalho, Francisco S. Melo, and Pedro A. Santos. A new convergent variant of g-learning with linear function approximation. Advances in Neural Information Processing Systems, 33, 2020.
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Multi-Bellman Q-learning

24

Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025



Multi-Bellman Q-learning qn — PI'Oj H" qn

o= contractive
Proj H n

yd 'q yd

(H"+'q) (2, a) = E [r(2,a) + 7 - max,H"(x', a)

25

Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025



Multi-Bellman Q-learning qn — (PI'Oj Hn)qn

Proposition:

The operator Hn is contractive with contraction factor 7Y

Proof:

[H" g — H""'p|| o = [|[H"(Hg) — H"(Hp)|| oo
< ~"||Hg — Hp||
< A" g — pllo

26

Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025



Multi-Bellman Q-learning qn — (PI'Oj Hn)qn

Assumption:  ||¢p(z,a)|| <1 Ve,a and |E[d(z,a)d' (z,a)] |z =0c""

Proposition:

The operator PI‘Oj is Lipschitz with factor O

Proof:
[Proj ¢ — Proj pllcc = max, scxxa |¢(z, a)E[p(x,2)¢ " (x,2)] 'E[¢(x,a)(q(z, a) — p(z, a))]]
< maxy gexna [|¢(z, a2 - |E[p(x,2)¢ " (x,a)] 2 - E[|#(x,a) | 2lq(x, a) — p(z, a)]]

< maxgaexxa |4z, a) 2 - [Elp(x,2)p " (x,2)] 7|2 - Elll¢(x, a)l2]llg — pllo
§0_1||q_p||oo

Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025
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Multi-Bellman Q-learning qn — (PrOj Hn)qn

Theorem:

The operator Proj H™  is contractive for m > 10g7 o

Proof:
|Proj(H"q) — Proj(H"p)||oc < o '||H"q — H"pl|

<o '"lqg — plloo

Corollary:
There exists a unique fixed point Qn = (PI‘Oj H")(’jn

28

Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025



Multi-Bellman Q-learning qn — (PI'Oj Hn)qn

Proposition:

We have that Hq* — CjnHoo < ﬁ”q* — PrOj q*Hoo

Proof:
1" — @nlloo < ||@* — Proj q¢*||oo + ||Proj ¢* — G|l
and ||Proj ¢* — Gnllec = ||Proj H"¢* — Proj H"§,, ||
< o Y"|g* — nllo

Corollary:
lim,, o g = Proj q

Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025
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Q-learning

=
Q

£2
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Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025



Multi-Bellman Q-learning

‘ @ deterministic case

vmj_w/@ £

IMax
7 q 331,04 q(mlll’ a2) q(mg,al) q(zc’zl,ag)

Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025
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Multi-Bellman Q-learning qn — (PI'Oj Hn)qn

Theorem:

In deterministic environments we have that q Wy — q n

32

Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025



Multi-Bellman Q-learning

n |

max; I

Z;] #

maximization of
expected values

(H"+'q) (2, a) = E [r(2,a) + 7 - max,H"(x', a)

Non-deterministic case

4, [maxz- Zz]

33

Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025



Multi-Bellman Q-learning

‘ @ Non-deterministic case

vmj_w/@ £

IMax
,y q 3317 al q(wfl” CLQ) Q(CU/Q,, al) q(zc’z’, CLQ)

Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025
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Multi-Bellman Q-learning

T | a

Non-deterministic case

Average of 7Tl samples

v - max ("

_|_

v - max

X

/ \U(m;’, a;) (x5, a2)

(5, a1) q(z3,a2)

Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning

with linear function approximation, Transactions on Machine Learning Research, 2025
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Multi-Bellman Q-learning

Proposition:

The time complexity of the algorithm is O( (m .

Al)")

Proposition:

A
In non-deterministic environments, we have that  {qy, — dn.m

We have, however, that limm_>oo dn,m — (jn

36

Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025



Multi-Bellman Q-learning
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Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025



Multi-Bellman Q-learning
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Diogo S. Carvalho, Pedro A. Santos,, and Francisco S. Melo. Multi-Bellman operator for convergence of Q-learning with linear function approximation, Transactions on Machine Learning Research, 2025



fixed
features
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Deep Q-Learning in Practice

Convolution Convvolution Fully cgnnected Fully cgnnected
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Mnih, V., Kavukcuoglu, K., Silver, D. et al. Human-level control through deep reinforcement learning. Nature 518, 529-533 (2015). https://doi.org/10.1038/nature14236
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Deep Q-Learning in Practice

v

Mnih, V., Kavukcuoglu, K., Silver, D. et al. Human-level control through deep reinforcement learning. Nature 518, 529-533 (2015). https://doi.org/10.1038/nature14236
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Deep reinforcement learning

—

q(z,a)
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Non-stationary features

/%

Qo

q;j

Q;

] >>1

~Q*

Q*
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Non-stationary features

We have parameterized features ¢, : X x A — RFM, 4 c R*

for instance the inner layers of a neural network g, : X x A - R, v e R"M
such that quo(z,a) = ¢, (z,a)v

Assumptions:
@, is Lipschitz with respect to the parameters U

U follows a convergent stochastic approximation update
along a slower time-scale B: = o(a:)

Theorem:
The updates
Vip1 = Ut + at((”‘t + 7 - maXgeqg Qut,vt(méa a’) -&- Qut,vt(wt, at))¢($t, at)) — ONUy

where n>0 and £ > 1 are regularizers
converge for sufficiently large 7] and £
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Hierarchical reinforcement learning
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Non-stationary environments

i q0

Diogo S. Carvalho, Francisco S. Melo, and Pedro A. Santos. Theoretical remarks on feudal hierarchies and reinforcement learning. European Conference on Artificial Intelligence, 26, 2023.
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Non-stationary environments

The low level is an MDP - MV = (xlow x Ahigh Alow plow plow ' low)
Mhigh — (Xhigh’ Ahigh, Phigh(ﬂ.low), ,r,high(ﬂ.low), ,Yhigh)

N

Assumption: non-stationarity arises

Low-level episodes duration follows a geometric distribution

Theorem:

Despite the non-stationarity on the high level, M8 converges
Furthermore, Q-learning converges on convergent MDPs
Therefore, Q-learning converges in hierarchical MDPs.

48

Diogo S. Carvalho, Francisco S. Melo, and Pedro A. Santos. Theoretical remarks on feudal hierarchies and reinforcement learning. European Conference on Artificial Intelligence, 26, 2023.



Full-gradient Q-learning

Remark:

Q-learning takes steps in the direction of the “semi-gradient” of the loss I(w) = |Hqy — qull3,
i.e., fixes the target Hg,, and only takes the derivative of the current estimate Gqy
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Full-gradient Q-learning

AN
i IS

Open problem:

Perform “full-gradient” descent on the loss function, I(w) = |Hgy — qu
Convergence could be guaranteed, but local minima could be a problem

2
2,p
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Full-gradient Q-learning

£ (2)] -Elg(2)] #E[f (2) - 9 (2)

product of
expected values

double-sampling

(VI)(q) = E[((Hg)(x,a) — q(x,2)) - (V (Hg))(x,a) — (Vq)(x,a))]
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