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Introduction - Why Logic?

@ As a way of axiomatizing mathematics

@ As a way of reasoning about systems

Wait... logic's’?
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A little bit of universal algebra

Definition (Similarity type)

A similarity type (or algebraic language) L is a pair (L,ar), where L is a set
of symbols and ar : L — N is a function.
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A little bit of universal algebra

Definition (Similarity type)
A similarity type (or algebraic language) L is a pair (L,ar), where L is a set
of symbols and ar : L — N js a function.

v

Definition (L-algebra)

Let L be a similarity type, a L-algebra A is a pair (A, (—)7), where A is a
set and, for each \ € L, ifar(\) = n, then /' : A" — A is a function.

v
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A little bit of universal algebra

Definition (Similarity type)

A similarity type (or algebraic language) L is a pair (L,ar), where L is a set
of symbols and ar : L — N is a function.

v

Definition (L-algebra)

Let L be a similarity type, a L-algebra A is a pair (A, (—)7), where A is a
set and, for each \ € L, ifar(\) = n, then /' : A" — A is a function.

v

Definition («£-homomorphism)
Let A and B be two L- algebras, then a function h: A — B is said to be
a L-homomorphism if, for every A € L, ar(\) = n and a1,...,a, € A

h()\ﬂ(al, ceey an) = )\@(h(al)a 000 h(a"))

In this case we simply write h : A — B.

v
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The algebra of formulas

Definition (Algebra of formulas over L)

Let L be a similarity type and V' a coutable set such that V N L = @, then
Fm\ ,the algebra of formulas over L, is the free L-algebra generated by V.
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Definition (Algebra of formulas over L)

Let L be a similarity type and V' a coutable set such that V N L = @, then
Fm\ ,the algebra of formulas over L, is the free L-algebra generated by V.

e xeTFmy, forall xe V

e ifAel, ar(A\)=nand ¢i1,...,0, € Fmy, then
A(@l,...,@n)EGML
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The algebra of formulas

Definition (Algebra of formulas over L)

Let L be a similarity type and V' a coutable set such that V N L = &, then
Fmy ,the algebra of formulas over L, is the free L-algebra generated by V.

e xeTFmy, forall xe V

e ifAel, ar(A\)=nand ¢i1,...,0, € Fmy, then
A(gpl,...,gon)EGmL

Definition (Substitution)

A substitution is an endomorphism o : Fm| — Fmy, or equivalently, a
function o : V — Fmy.
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Logic over a language

Definition (Logic over a language)

Fix a similarity type L. A logic over L is a pair L = (L,F), where
FrC P(Fm) x Fm is such that

(E) ifpeTl, thenT Fr o
(M) ifTEr @ and T C A, then Ay, ¢

(1) ifT = @ and At 1) for every yp €T, then Ay ¢
(S) ifT =1 @, then ol & oy, for every substitution o
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Definition (Logic over a language)

Fix a similarity type L. A logic over L is a pair L = (L,F), where
FrC P(Fm) x Fm is such that

(E) ifpeTl, thenT Fr o
(M) ifTEr @ and T C A, then Ay, ¢

(1) ifT = @ and At 1) for every yp €T, then Ay ¢
(S) ifT =1 @, then ol & oy, for every substitution o

Celh={p:Tkry}
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Logic over a language

Definition (Logic over a language)

Fix a similarity type L. A logic over L is a pair L = (L,F), where
FrC P(Fm) x Fm is such that

(E) T C T

(M) ifT C A, then CoT C CrA
(1) CeCypl = Cyl

(S) oCsl C Cpol

Celh={p:Tkry}
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Logic over a language
Definition (Logic over a language)

Fix a similarity type L. A logic over L is a pair L = (L,_), where
FrC P(Fm) x Fm is such that

(E) T CC,T
(M) ifT C A, then CoT C CrA
(S) oCsl C Crol

Definition (Closure operator)

Let A be a set, a closure operator on A is a function C : P(A) — P(A)
such that, for every X, Y C A

(E) X C CX
(M) if X C Y, then CX C CY
(1) CCX = CX
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Theorems

Theorem

Let L be a logic, then Cp : P(Fm) — P(Fm) defined as
Cl={peFm:Tt,p}

is a structural closure operator.
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Theorems

Theorem
Let L be a logic, then Cp : P(Fm) — P(Fm) defined as

Cl={peFm:Tt,p}

is a structural closure operator.

Theorem
Let C be a closure operator on Fm, then -cC P(Fm) x Fm defined as

ey  iff  pedr

is a closure relation. Furthermore, if C is structural then L¢c = (L,l-¢) is a
logic.

v
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Closure systems

Definition (Closure system)

A closure system on a set A is a collection of subsets C C P(A) that
satisfies the following conditions:

e Aee
e if B C C is non-empty, then NB € C
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Closure systems

Definition (Closure system)

A closure system on a set A is a collection of subsets C C P(A) that
satisfies the following conditions:

e Aee
e if B C C is non-empty, then NB € C

Theorem

Let C be a closure operator on A, then the collection
C={XCA: X=X}

is a closure system on A.
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Closure systems

Theorem

Let C be a closure system on A, then C : P(A) — P(A) defined as
CX=n{FeC:XCF}

is a closure operator on A whose closed sets are exactly the members of C.

v
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Triviality

Definition (Trivial logic)

A logic L is said to be trivial if x - y for some variables x,y € V
(equivalently, when ¢ & 1 for every v, v € Fm).
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A logic L is said to be trivial if x - y for some variables x,y € V
(equivalently, when ¢ & 1 for every v, v € Fm).

There are exactly two trivial logics:

inconsistent logic CpI = Fm, for every I C Fm
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Triviality

Definition (Trivial logic)
A logic L is said to be trivial if x - y for some variables x,y € V
(equivalently, when ¢ & 1 for every v, v € Fm).

There are exactly two trivial logics:

inconsistent logic CpI = Fm, for every I C Fm

almost-inconsistent logic CoIM = Fm, for every non-empty [ C Fm and
C, =0
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Ordering Log

Definition
A logic L is weaker than a logic .L’, and we write L < .L’, when
b Ch . In this case, L' is said to be an extension of L .

Theorem (The lattice of logics)

The set Log of all logics, ordered under the relation <, is a complete
lattice:

Meet if L = NjcjLi then F = Nj¢y '10,-
Join if L = Ve Li then Th.L = Njc; ThL;

Also, it has a maximum (the inconsistent logic) and a minimum (the
identity logic).
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Protoalgebraic logics

Definition (Protoalgebraic logic)

A logic JL is protoalgebraic if there is a set A(x,y) of formulas, such that

(IA) |—£ A(X7X)
(MPp) X, A(x,y)Fry

In this case, we say that the set A witnesses the protoalgebraicity of L.
The set of all protoalgebraic logics is denoted by Prot.
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Protoalgebraic logics

Definition (Protoalgebraic logic)
A logic JL is protoalgebraic if there is a set A(x,y) of formulas, such that

(IA) l—I A(X,X)
(MPp) x,A(x,y) Fry

In this case, we say that the set A witnesses the protoalgebraicity of L.
The set of all protoalgebraic logics is denoted by Prot.

Theorem

If A =@ or A = A(x, x) for some variable x, then any logic witnessed by
it is trivial. Furthermore, the only protoalgebraic logic without theorems is
the almost-inconsistent logic.
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A-logics

Definition (A-logics)
Let A(x,y) € Fm(2) be a non-empty set of formulas then the logic L is
the logic defined by the following axiomatic system:

axioms A(x, x)

rules x, A(x,y) Fay
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Coherent sets

Definition (Coherent sets)

A non-empty set A(x,y) C Fm(2) is coherent when §(x, x) = §'(x, x) for
all §,0" € A(x,y). Furthermore, if A(x,y), A'(x,y) C Fm(2) are
non-empty, then A is said to be coherent with A" when AU A’ is coherent.
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Coherent sets

Definition (Coherent sets)

A non-empty set A(x,y) C Fm(2) is coherent when §(x, x) = §'(x, x) for
all §,0" € A(x,y). Furthermore, if A(x,y), A'(x,y) C Fm(2) are
non-empty, then A is said to be coherent with A" when AU A’ is coherent.

v

Theorem

Let 61(x, y), 02(x,y) € Fm(2) be different and coherent with each other.
If 61(ct, B) = 02(y, €) then o = € and 8 = . In particular, if

61(04,5) = 52(06,5), then o = .
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Coherent A-logics

Theorem

If A(x,y) € Fm(2) is coherent and §(x,y) € A(x,y), then the theorems
of La are all substitution instances of §(x, x), i.e.

Ca@ = {0(p, ) : p € Fm}
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Coherent A-logics

Theorem

If A(x,y) € Fm(2) is coherent and §(x,y) € A(x,y), then the theorems
of L'a are all substitution instances of §(x, x), i.e.

Ca@ = {0(p, ) : p € Fm}

Theorem

Let A(x,y), A'(x,y) € Fm(2) be two coherent sets, then Cpo& = Cpr &
if and only if A is coherent with A'.
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Coherent A-logics
Theorem

Let A be a coherent set. If T Fa ¢ then ¢ is either a theorem or a
subformula of some formula in T.
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Coherent A-logics

Theorem

Let A be a coherent set. If [ = ¢ then @ is either a theorem or a
subformula of some formula in T.

Corollary
For each coherent set A:
@ IfT is a set of variables, then CAl' =T U CA@

@ IfT is finite, then CaAl contains only a finite number of non-theorems
© No finite set is inconsistent

Q@ ¢ 1A o if and only if ¢ and i are both theorems or ¢ = ¢
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Coherent A-logics

Theorem

Let A be a coherent set. If [ = ¢ then @ is either a theorem or a
subformula of some formula in T.

Corollary
For each coherent set A:
@ IfT is a set of variables, then CAl' =T U CA@
@ IfT is finite, then CaAl contains only a finite number of non-theorems
© No finite set is inconsistent
Q@ ¢ 1A o if and only if ¢ and i are both theorems or ¢ = ¢

Theorem

Let A(x,y) € Fm(2) a coherent and I' be a finite set with fewer elements
than A. Then CAT =T U Cpo@.

v
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Consequence in L

Definition (& notation)

Let § € Fm(2), B be a formula and a be a finite sequence of formulas.
Then 5(5> ﬁ) denotes the formula inductively defined as follows:

° (2,5) =
° §(< a), )25(a B)
o &(,B) = 6(ax, (Oé[z) B))
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Consequence in L

Definition (& notation)

Let § € Fm(2), B be a formula and @ be a finite sequence of formulas.

Then 5(5> ﬁ) denotes the formula inductively defined as follows:
0 §(2,B) =
° 5((a), )25(a B)
o 6(,B) =d(a1,6(p), B))

Corollary
With the above notation, if § € Fm(2) and € = (e1, ..., €,) is a finite
sequence of formulas, then €1, ..., €p, 6(?> B) ks B.
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Consequence in L

Theorem

If T 5 B then 3 satisfies one of the following conditions:
© [ is a theorem
Q@ pel

@ there is a finite non-empty sequence of formulas €, each satisfying
one of these three conditions, such that 6(€,8) e T
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Consequence in L

Theorem

If T 5 B then 3 satisfies one of the following conditions:
© [ is a theorem
Q@ perl

@ there is a finite non-empty sequence of formulas €, each satisfying
one of these three conditions, such that 6(€,8) e T

Theorem
«a ks B if and only if 3 satisfies one of the following conditions:
© [ is a theorem
Qa=p
Q a= S(?, B) for some finite non-empty sequence 7 of theorems
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General results

Theorem

If L € Prot and L < L' then L’ € Prot and has the same witnessing set
as L. Thus Prot is an up-set of the lattice Log.
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General results

Theorem

If L € Prot and L < L' then L’ € Prot and has the same witnessing set
as L. Thus Prot is an up-set of the lattice Log.

v

Corollary

If{L;:i € l} C Prot is non-empty, then V;c;L; € Prot. Thus, the poset
Prot is a join-complete sub-semilattice of Log.
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General results

Theorem

There is no weakest protoalgebraic logic, that is, Prot has no minimum.

J
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General results

Theorem

There is no weakest protoalgebraic logic, that is, Prot has no minimum. J

Corollary

Prot is not a meet-complete semilattice. J
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General results

Theorem

There is no weakest protoalgebraic logic, that is, Prot has no minimum.

v

Corollary

Prot is not a meet-complete semilattice.

Theorem

Prot is not a meet-semilattice.
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[teration of formulas

Definition

Let 6(x,y) € Fm(2), the formula &§'(x,y) (called the iteration of §) is
defined as follows

0'(x,y) = 8(3(x, %), 6(x, )
This definition is extended to sets A(x,y) C Fm(2) as

Al(x,y) = {8 (6(x,x),0(x,y)) : 6,8’ € A}
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[teration of formulas

Definition
Let 6(x,y) € Fm(2), the formula &§'(x,y) (called the iteration of §) is
defined as follows

0'(x,y) = 8(3(x, %), 6(x, )
This definition is extended to sets A(x,y) C Fm(2) as

Al(x,y) = {8 (6(x,x),0(x,y)) : 6,8’ € A}

Theorem

If A(x, y) is coherent, then Al(x,y) is coherent as well. More precisely, if
A(x,y) is coherent with §(x,y), then Al(x,y) is coherent with §'(x, y).
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[teration of formulas

Theorem
Let A(x,y) € Fm(2) be a coherent set, then Lni < L. J
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[teration of formulas

Theorem

Let A(x,y) € Fm(2) be a coherent set, then Lni < L.

Corollary

There are infinitely many strictly descending chains in Prot, having no
lower bound.
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Ordering the logics La

Theorem

Let A(x,y) € Fm(2) be a coherent set and A'; A" C A be non-empty.
Then A/ - A" if and on/y if£A// < QCA/.
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Ordering the logics La

Theorem

Let A(x,y) € Fm(2) be a coherent set and A'; A" C A be non-empty.
Then A/ - A" if and on/y if£A// < QCA/.

Corollary

Every finite Boolean lattice is isomorphic to a lattice of protoalgebraic
logics.
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The Lindenbaum-Tarski process

rl—@[g0¢>r|—2@
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The Lindenbaum-Tarski process

rl—@[g0¢>r|—2¢

© Suppose [ Fep
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The Lindenbaum-Tarski process

Fl—@[go<=>I’|—2<p

@ Suppose I Fer

@ Show that there is a maximally consistent theory " such that I C I’
and ¢ € " (Lindenbaum Lema)
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The Lindenbaum-Tarski process

Fl—@[ch:H'I—zap

@ Suppose I Fer

@ Show that there is a maximally consistent theory " such that I C I’
and ¢ € " (Lindenbaum Lema)

© Define the function h: Fm — 2 as h(p) =1 if and only if p € T’
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The Lindenbaum-Tarski process

rl—@[@(=>r|—2(p

@ Suppose I Fer

@ Show that there is a maximally consistent theory " such that I C I’
and ¢ € " (Lindenbaum Lema)

© Define the function h: Fm — 2 as h(p) =1 if and only if p € T’

@ Prove that the above function is an homomorphism
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The Lindenbaum-Tarski process

rl—e[g0<:>r|—2<p

@ Suppose I Fep

@ Show that there is a maximally consistent theory " such that I C I/
and ¢ € " (Lindenbaum Lema)

© Define the relation Q" in Fm as: p = (QI") if and only if
el
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The Lindenbaum-Tarski process

rl—@[g0<:>r|—2<p

@ Suppose I Fep

@ Show that there is a maximally consistent theory " such that I C I/
and ¢ € " (Lindenbaum Lema)

© Define the relation Q" in Fm as: p = (QI") if and only if
el
@ Show that QI is a congruence in Fm
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The Lindenbaum-Tarski process

FI—@[90<:>F|—2<,9

© Suppose I Fer

@ Show that there is a maximally consistent theory " such that I C I/
and ¢ € " (Lindenbaum Lema)

© Define the relation Q" in Fm as: ¢ = (Q) if and only if
el

@ Show that QI is a congruence in Fm

© Show that for any ¢ € Fm, p € " if and only if p/QI" € T"/QI"

@ Show that Fm/QI" is a boolean algebra
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The Leibniz operator

Definition
A congruence 0 in an algebra A is said to be compatible with a set F C A
when any of the following properties hold:

Q Foranya,be A, ifac F and a= b(), then b € F

@ Foranyac A ac F ifandonlyifa/f € F/0

Q F= UaeFa/H
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The Leibniz operator

Definition
A congruence 0 in an algebra A is said to be compatible with a set F C A
when any of the following properties hold:

Q Foranya,be A, ifac F and a= b(), then b € F

@ Foranyac A ac F ifandonlyifa/f € F/0

Q F =Uscra/b

Definition (The Leibniz operator)

The Leibniz operator in an algebra A is the function
Q7 P(A) — ConA that associates to each F C A the largest
congruence on A compatible with F.
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The Leibniz operator

Lis... if and only if over every A, 24 is ..,
(equivalently: over F'm, £21is...)

Protoalgebraic monotone

Equivalential monotone and commutes with endomorphisms

Finitely equivalential continuous

Truth-equational completely order-reflecting

Weakly algebraizable monotone and injective (i.e., an isomorphism)

Algebraizable an isomorphism that commutes with
endomorphisms

Finitely algebraizable a continuous isomorphism
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The Leibniz hierarchy

implicative
|
|
i
Y
finitely regularly
algebraizable
finitely regularly
algebraizable algebraizable
finitel}; \ ; regularly weakly
eqmvalenhal algebralzable algebraizable
weakly \\
equlvalentlal algeb ralzable assertional
protoalgebralc truth cquat‘lonal

¥
have an algebraic
semantics
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