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What algebra comes out of 4dtopology ?

3 d topology : braided monoidal cat
,
associators

,
KZ

,

modular categories, fusion algebras ...
ForgetRep quantum go Vect is monoidal

,
not braided

R-mat : VQWWQv
9999

braid group BnGV ..... Knot invariants (Reshatikhin-Turaev)

4d 2-Repg - Cat not monoidal

v +w ,+ v +w

~Complicated algebras from simple ones



Crane-Frenkel : 7 ? monoidal cat U(g)
,
K(u()) =U(g) ,

U(g)-Mod gives invariantsof 4 manifolds
"2-rep - ofg"

Chuang-R , Khovanov-Lauda : construction ofM(g) , g KacMoody

R : constructionof braiding .



4d Topological field theories

4d 34d 2
,
3
,
4d

&

Donaldson - Seiberg-Witten ~ Heegaard-Floer

Yang-Mills instanton Kronheimer-Drowka Ozsvath-Szab

ASD equations monopole Floer Lipshitz-Ozsvath-Thursten

HF : I -FoK(SI)

Douglas-Lipshitz-Maneescu,Manian-R : extension to dim 1 :

· 2-rep gl(1/1)
+



gl(1/1)
g) (1/1) = Dha+,e- ,h ,hab , super he alg, et odd

U (ge(1(1)) =4(+ ,e- ,h,hz)/e+2+22+ = h ,+z, =0 super-algebra

hiereih=E
· ei ,

hinnzhah , Ei =E

Va(g)(1(1)) = 4(a)(+ ,e, /e+e - +eexWekiki , e =0 ,a- g
-

#Ei

kiet = 9 eKi , ,K =Kak,

g) (111)
*

(e
+ , 0(g)(iv)t) = k[c+]/ez)Y(g)(iv)t) = ((q)[e+]/e

Put f = e+ye= (-q)kkie_. ef + fe = 1- ( ,k)" (Tian, contactgeometry)

Irr
. rep Uq(ge(1)1) : / or 2 dimensional ·

↓



uT = u(g)(i)1)
*) := monoidal cat with object 1 F , FFOF=o , End (1)=End (f)= k . id

2-rep of gl(111) on U : = actionofUtonV= data of FV-V , Fo

Examples : ·V=R-mod , F=0 (trivial rep .)
·v =VoV

,

F:, .

· Vector 2-rep : take V=RT)/g"-mod,E= k-mod ,Fores

i triangulated car · Not rigid enough . Replace by As-cat : FG V
,
F homotopin to 0 .

Ug(g()) = 4(9) < E .WE -U(g)( , / 1)) : add In to ut

integral V = Va
.,
da
,
a V= ,d grada

weight rep. d
,
272

2/2 parity deZ

f
V
..Ja, Val

,
bett

,
+ Voida, EnoWJ ,

-1
,
butt
,
d+



Rep (1+) is a 2-category :

V
,
U
. 2-rep From

+ (5.,2) : cat with obj( :Vot ,:F
Internal Hom :

Fom (V .52) : cat with obj( :Vot ,< :F-EE)
action of Ut : F(, := (core(d) , coun()FeFrEF, to Encore (a) (

Jon Home( ,va) , fact by F2-F1)

"Duals"
:
V

=
-P Functori (5

,
set) ve V+ Ve =Esom(VV) (Wi not

too big)

Existence of leftand right duals : require E,F biadjoint

Thm (Manion-R .) E surface, S'05 v 2-rep on HF(E)

*
C XI &



V = Ai-mod
,
Fi : (ti , Ail-bimod .

Assume Fo -ha a leftadjoint E,A

V
,
V = A-mod

,
A := A

, ADE, F
2,
Did

-

leftaction ofE FA,goFEQEDFote right action of E ,Ea
E

E
,

Double construction of U (g) ( (1)

Braiding V
,
x V =x vI

/ Swa
I

A-mod
V

,
E

- >

A-mod A
:= A,ADFEz1

(A ,xA2)Q-
A

Map Wove : C, oF-FoCN
S

Def I is a 2-rep of gl(11) if Urin is an isomorphism for all I



Same as a rep of a graded monoidal by cat

& (g)(1(1)) = <E, F, k*[ , adjunctions (E,F) and (F, EKE[T]) <
module relations
22

E = F=0
,
K
,
/z
,
[ commute

,
IF=FIT]

,
K
,Eg Fk, KnF=qFkz ,

dist
.

Ur
. E

*

-DEFTD- [DOFE-D (Recall effe = 1- ( ,k)")

V

2 = Rok[E)/2 defining rep .

Use tensor products of 2 ,2

-> invariantsof tangles andKnots

Conj This is Heegaard-Floer Knot homology (Omsvth-Szab, Rasmussen)



Partial structure of braided monoidal (0,2) -category

Rigidify : notion of 2-rep on an abeliancat .

Fron exact functor , Earlyon derivedcat

have for abelian 2-rep

Next steps : · 3-manifolds invariants /recovering Heegaard-Floerhomology)
· deformed versions (HFF , necessary for 4 topology (


