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Unitary TQFT

@ State spaces have a Hilbert space structure

@ Hilbert spaces form a f{-category A ¢
1Y gy

Definition
A f-category is & &Teoory &) (017{‘\1\41« wth o enlauastat
(-)T«‘ C—-c? si ((,)‘L)2_~_ de R xt=x Fxedb P

A j-functor F : D1 — D> between f-categories D1, D, is a functor

such that ... F(SU _ FG)‘T

A -t
ldea: a unitary TQFT is & (T/M me‘n) T - Ferclor

Gdfo(d — H”D



Hermitian pairings on vector spaces

/—:g\T: vV JAT R Sj -
Consider the functor - o Tnebyrenae
=
7 T
Vect — Vect®”? V — V
C

Observation

A nondegenerate Hermitian form on V' is equivalent to an
. . Wi
iIsomorphism h: V — V' such that

(VWY < l\(\r)(w)

(NN = LY 2= l///”

commutes.




Hermitian pairings on categories

Definition
An anti-involution on a category C is a fixed point for the

Z./2-action C — C°P on Cat.
A Hermitian pairing is a fixed point for the Z/2-action on C= given
/|

by composing the anti-involution with the inverse. )
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The Hermitian completion

crie S
If (d,n) is an anti-involution on C, C \/7% V
Herm C is the category with xe .

o objects: Hermitian pairings (X, h: 3(_‘”(7()

@ morphisms: morphisms in C AW CL A (
(/ Xz/ 2

This is a T category: HW (X )

CS A (Izj‘»))_j.: h, Ay [,]{‘l
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Positivity structures

If P C ob(Herm () is a collection of Hermitian pairings, let
Cp C Herm C denote the full subcategory on P.

Definition heftion
The transfer of the pairing h : x — dx under the isomorphism
f.y—xis

A sl
>/ _LI —/“O(X -——o-a(/

We say P, P’ are equivalent if they have the same closure under
transfer.

Definition
A positivity structure on C is an equivalence class of Hermitian
pairings P C ob(Herm C) which surjects onto ob(C).




Non-evil -categories
Ca

- HL(»« C
Example

Let D be a f-category. Define %:2]}0/ fr 9 Xy (Yo

Pos(D) := {f : x — x|iso-positive}
b P = (€L, 75) Hw{% > (XA hixadiox f"fﬁ"”
Qﬁfos (» (G‘ N A>> K
Theorem ([2]) - A irayor opuete

There is an equivalence of 2-categories

(Cap)'_)CP

/\
alCatP®® T Cat.

N~

(D,Pos(D))«D




From now on C symmetric monoidal. Recall duals: ...
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Duality

From now on C symmetric monoidal. Recall duals: ...

Definition
A dual functor is called un[’tary iIf it is a symmetric monoidal dagger
functor. (,)*: e —~C°f

y

Fd o dF
Lemma

If d : C — C°P is an anti-involution, (.)* : C — C°P has canonical
commutation data with d. s 7o qen =5 ROR( RS e




Dagger compactness

Definition
The standard unitary dual functor O%)IS thf symmetric monoidal

dagger functor
()" : HermC — Herm CoP

induced by the commutation data in the previous lemma.
A dagger category Cp is t-compact if (.)* restricts to Cp.

H([WC\UC A )
Explicitly, (x, h) — -LI*] I*Nﬂr (OLX)X QJX* ) e
4‘; \/( i\ p/avey duee (5
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Fermions, spin and TQFTs




Statistics: super vector spaces

= V8V Yot Yo VY
Physically: - é 1)
:_C)(\
SVcJ r‘L‘ State spaces are graded by (—1)F [omie Wﬂ(/ o ! @(97/@

@ Bose statistics @192 = P01 (+f [}
o Fermi statistics 1h11hp = —hothy V@ W I+ &( Waé U

Mathematically:

@ symmetric monoidal category sVect of super vector spaces



Spin and the spin group

(\

o for d = 3, irreps of Spin(d) are given by spins s € %Zzo

Lcb integer spin < lift to SO(d)

o for arbitrary d, the kernel Spin(d) — SO(d) is generated by an
element (—1)%° € Spin(d)

o if (V,R) is an irrep of Spin(d), we say v € V has half-integer
spin if... R{cy®) -y = - v
and integer spinif ... p(()" v =T



Spin and statistics for TQFTs

Spin structures on spacetime allow for definitions of spinors in QFT.

Definition >
A fermionic TQFT is a symmetric monoidal functor (Y
| p—F
/ Bordgp'" — sVect. Yo (}/i/\dpc.\ )

/050(&)
o (—1)% € Spin(d) induces an involution (—1)3% of every time
slice Y'& Bord>P"
@ The involution Z((—1)%%) on the state space Z(Y)
determines. Whih s15e hade half < Sgv Tpia

@ The involution (—1)§(Y) on the state space Z(Y') determines...

\NL'OJ\ sfa“‘ﬂ' A/ Fﬂm‘o\\‘C

< o K et 2pn &STq*fdc'(S
Lo 2((_\>27> _ (,l%&() =) e P



Super Hilbert spaces

@ [here is an anti-involution

d :sVect — sVect®® dV =V

@ Herm(sVect) is the dagger category of super Hermitian vector

spaces ;.. < _ ﬁvf wl
AADIEN | W) = 43, Ny =) 4y,xr>
LN,y € (R
@ sHilb C Herm(sVect) given by the positivity structure...

Z\f/ \r>e :K%O l‘lL\ ~© lei



BZ./2-actions

Definition L\{)F
A BZ./2-action on a category C is a.nd M@ =) ‘xe
A &;()ZF) taid, ¥x

Qe —&ueniomee =7 2 pn Tatols compecs,

Spin BZ/2 Statistics BZ/2

Yo (1) Vi—(-1)4,

Bord”" ——~—— sHilb.




Formulating the spin-statistics theorem

Theorem

[1, Theorem 3.23.] Every symmetric monoidal dagger functor

Z: Bordi,piln — sHilb

is BZ /2-equivariant. f
(
T)yp\ <




Fermionic j-compact categories

Lemma

The standard unitary dual functor maps V € sHilb to a super
Hermitian vector space that is negative definite on Vyqqy.

Definition

Let Cp be a f-category with unitary BZ/2-action (—1)F.

Then Cp is called fermionically -compact if the standard unitary
dual functor restricts to

* . op
() ) CP — CP(_l)F.




Fermionic j-compactness geometrically

Lemma
A j-category D is fermionically 1-compact if and only if every object

x € D admits a dual ev : x* ® x — 1,coev : 1 — x ® x* such that
the diagram

evl

1 > X*® X
J/COGV J/O-X* , X ( ]‘)
. ()i ®id,« .
X X > X @ X

commutes.




Proof of the spin-statistics theorem

Theorem " _(\ " (');(\T ;
[1, Theorem 3.19.] Let < —»d2 P Ve -:;v‘ op Vet

J oV
FZDl%DQ

be a symmetric monoidal 7-functor between fermionically 1-compact
categories. Suppose the only iso-positive involution in D> is the
identity. Then F is BZ/2-equivariant.

ldea
@ prove Bordf,p'n is fermionically T-compact
@ the only iso-positive involution in sHilb is the identity

© prove the above



Proof of the spin-statistics theorem

If F:C1 — C» is a functor between categories with anti-involutions,
uniqueness of duals gives a 2-cell in alCat

l()*/ l()*

(C1)°P —L— (Cp)oP




Proof of the spin-statistics theorem

If F:C1 — C» is a functor between categories with anti-involutions,
uniqueness of duals gives a 2-cell in alCat

l()*/ l()*

Cl )Op —> (CQ)Op

If P, Q are positivity structures on C1,C> respectively and
F:(C1)p — (C2)q is a T-functor, we get F(P_1)r) C Q_1)F.



Proof of the spin-statistics theorem

If F:C1 — C» is a functor between categories with anti-involutions,
uniqueness of duals gives a 2-cell in alCat

yﬁ%//\b*

Cl )Op —> (CQ)Op

If P, Q are positivity structures on C1,C> respectively and
F:(C1)p — (C2)q is a T-functor, we get F(P_1)r) C Q_1)F.
Concretely, if (h: x — dx) € P, then

(=D Fh),

(F(x) 2D, Fo s F(x) 2 Fldx) = dF (x)) € Q

T t50 -poritive indoltion = F((")ﬁ) : ('"Fon)
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