
Factorization 
algebras in 
quite a lot of 
generality



Today’s goal:
to motivate and describe
a formalism for factorization algebras
in very general geometric contexts.



Spec Z, as seen through the lens of the Zariski topology:
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Motivation.
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Spec Z, as seen through the lens of the étale topology:

Motivation.



Why are primes knots?

Étale homotopy groups:

Étale homotopy type:

Motivation.



Why is the ambient space 3-dimensional?

Global duality: a perfect pairing

… a consequence of global class field theory!
Motivation.



What happens if we thicken one of our knots …

Motivation.



… and then delete the interior?

Local duality: a perfect pairing

… a consequence of local class field theory!
Motivation.



Arithmetic topology
Number ring

Prime

Archimedean places

Global duality

Completion of number ring

Completion of number field

Local duality

Open 3-manifold

Embedded knot

Points at infinity 

3-dimensional Poincaré duality

Tubular neighborhood

Boundary of tubular neighborhood 

2-dimensional Poincaré duality

Motivation.



Motivation.

How do we ‘do geometry’ with arithmetic objects?

The geometry of arithmetic objects is controlled by categories of sheaves on them.

Arithmetic topology reflects the cohomological (or homotopical) properties of these sheaves.



Motivation.

What about more 
serious number theory, 
like Langlands?



Motivation.

Geometric Langlands

Riemann surface

Theorem: geometric Satake

Conjecture: compatible global equivalence



Derived geometric Satake and geometric Langlands
Campbell & Raskin:

equivalence of factorization monoidal categories on X

‘spherical’ D-modules on 
the Beilinson-Drinfeld 
Grassmannian

‘renormalized’ 
factorization modules

Campbell, Chen, Gaitsgory, Raskin:
factorization homology of this equivalence gives geometric Langlands

Motivation.



Motivation.

Fargues & Scholze:
local Langlands = geometric Langlands on the Fargues-Fontaine curve

points = 



Description.

Factorization algebras in new geometric contexts

category of ‘geometric objects’

symmetric monoidal categories of sheaves

… What else do we need?



Answer: a notion of distant or distinct points

Locality, cluster decomposition (Haag-Kästler, Weinberg, …)

physicist

homotopy 
theorist

Description.



= the category of finite sets with apartness relations

Isolability objects: 

Examples:

Description.



Factorization algebras in quite a lot of generality:

Description.



Examples:

Description.



Thank you.


