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Main objects

∆g : Laplace-Beltrami operator on a compact Riemannian manifold
M

1rλ´1,λ`1sp
a

´∆g q: Spectral projection

φλ: Eigenfunction of ∆g such that ´∆gφλ “ λ2φλ

Problem (Eigenfunction restriction estimate)

Let H be a submanifold of M. Determine δpH, pq satisfying

}φλ}LppHq À λδpH,pq}φλ}L2pMq

for p ě 2.
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Pphq: semiclassical pseudodifferential operator with a symbol
ppx , ξ, hq, in that,

Pphqf “ ppx , hD, hqf pxq “ p2πhq´n

ż

e
i
h px´yq¨ξppx , ξ, hqf pyqdydξ.

We call a family of functions f “ f phq an Ophq quasimode if f phq is
a L2 normalized function such that

Pphqf “ OL2phq.

1rh´1´1,h´1`1sp
a

´∆g qf is a quasimode when Pphq “ ´h2∆g ´ 1.

Problem

Let H be a submanifold of M. For p ě 2, determine δpH, pq satisfying

}f }LppHq À h´δpH,pq,

for a quasimode f .
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When H “ M

Theorem (Sogge)

Let dimM “: n ě 2. Then

}1rλ´1,λ`1sp
a

´∆g q}L2pMqÑLppMq À λδppq

where

δppq “

#

n´1
4 ´ n´1

2p , 2 ď p ď
2pn`1q

n´1 ,
n´1
2 ´ n

p ,
2pn`1q

n´1 ď p ď 8.

Corollary

}φλ}LppMq À λδppq}φλ}L2pMq
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When dimH “: k ă n

}1rλ´1,λ`1sp
a

´∆g q}L2pMqÑLppHq À λδpH,pq

By Burq-Gerard-Tzvetkov and Hu, the above holds:

When k ď n ´ 2, with δpH, pq “ n´1
2 ´ k

p except for

k “ n ´ 2, p “ 2 (in this case, log loss remains)

When k “ n ´ 1, with

δpH, pq “

#

n´1
4 ´ n´2

2p , 2 ď p ď 2n
n´1 ,

n´1
2 ´ n´1

p , 2n
n´1 ď p ď 8.

When k “ n ´ 1 and H is well-curved w.r.t. geodesics, with

δpH, pq “

#

n´1
3 ´ 2n´3

3p , 2 ď p ď 2n
n´1 ,

n´1
2 ´ n´1

p , 2n
n´1 ď p ď 8.
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Curved w.r.t. geodesics

When n “ 2, we say that H is well-curved w.r.t. geodesics, if a curve H
has nonvanishing geodesic curvature.
Roughly speaking, for all s0, there exists a geodesic zs0 s.t.

|γpsq ´ zs0psq| „ |s ´ s0|2

where H is given by a curve s ÞÑ γpsq.

Question

What happens if
|γpsq ´ zs0psq| „ |s ´ s0|k

for some s0 and k ě 3?
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When M “ T

Theorem (Hu)

Let M “ T and 2 ď p ď 4. Assume that γpsq “ ps, skq. Then

}1rλ´1,λ`1sp
a

´∆g q}L2pTqÑLppγq À λδpk,pq,

where

δpk, pq “
k

2p2k ´ 1q
´

1

p2k ´ 1qp
.
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Main result

Set
s ÞÑ zpγps0q, 9γps0qqpsq

is the geodesic satisfying zpγps0q, 9γps0qqp0q “ γps0q and
9zpγps0q, 9γps0qqp0q “ 9γps0q.

We say that γ and the geodesics have the maximal order of contact k ´ 1
if for all s0

k
ÿ

j“2

|γpjqps0q ´ z
pjq
pγps0q, 9γps0qq

p0q| ‰ 0

and there exist s1 s.t. for j P t0, ¨ ¨ ¨ , k ´ 1u,

γpjqps1q “ z
pjq
pγps1q, 9γps1qq

p0q and γpkqps1q ‰ z
pkq

pγps1q, 9γps1qq
p0q.

|γpsq ´ zs0psq| Á |s ´ s0|k and |γpsq ´ zs1psq| „ |s ´ s1|k .
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Main result

Theorem (O.-Ryu)

Let n “ 2 and 2 ď p ď 4. Assume that γ and the geodesics have the
maximal order of contact k ´ 1. Then

}1rλ´1,λ`1sp
a

´∆g q}L2pMqÑLppγq À λδpk,pq,

where

δpk, pq “
k

2p2k ´ 1q
´

1

p2k ´ 1qp
.

Corollary

}φλ}Lppγq À λδpk,pq}φλ}L2pMq
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Idea of proof

Reduction to oscillatory integrals

Dyadic decomposition

Maximal order of contact
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Basic reduction

It is enough to show ...

By interpolation with the known L4 estimate,

}1rλ´1,λ`1sp
a

´∆g q}L2pMqÑL2pγq À λ
k´1

2p2k´1q “ λδpk,2q.

Using resolvent pλP ` iq´1 with P “ ´λ´2∆g ´ 1,

}χ̌pλPqf }L2pγq À λδpk,2q}f }2.

for every χ P C8pRzt0uq such that |χpmqpsq| À p1 ` |s|q´N .

By TT˚-argument,

}χ̌pλPq}L2pγqÑL2pγq À λ2δpk,2q.
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Up to small error,

χ̌pλPqf puq “ λ2

ż

χpsqe iλpϕps,γpuq,ηq´γpvq¨ηqbps, γpuq, ηqf pvqdηdsdv ,

where ϕ is a solution to

Bsϕps, x , ηq ` ppx , Bxϕps, x , ηqq “ 0, ϕp0, x , ηq “ x ¨ η,

b P C8
c pR ˆ T˚R2q, and p is a symbol satisfying ppx , ξq “ |ξ|2g ´ 1.

zpx,Bxϕqp´sq “ Bηϕ
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Main part: |s| „ 2´j Á λ´1 and |u ´ v | „ 2´j

Using stationary phase method w.r.t. s, η, it is enough to show that
ÿ

j

}Tj}L2pRqÞÑL2pRq À λ2δpk,pq

where

Tj f puq :“ λ
1
2 2

j
2

ż

Bjpu, vqe iλΦpu,vqf pvqdv ,

Φpu, vq “ ϕpspu, vq, γpuq, ηpu, vqq ´ γpvq ¨ ηpu, vq,

pspu, vq, ηpu, vqq is a critical point of
ps, ηq ÞÑ ϕps, γpuq, ηq ´ γpvq ¨ η, and | suppBjpu, ¨q| À 2´j .
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Estimates on Φ

By the L2-method, the matter is reduced to

Proposition

Assume that |u0| À 2´j , |u ´ u0|, |v ´ v0|, |w ´ v0| ď ε2´j for small
ε ą 0. Then the following estimates hold.

i) Upper bounds of the phase difference. For m ě 1,

ˇ

ˇBm
u pΦpu, vq ´ Φpu,wqq

ˇ

ˇ À 2´p2k´2´mqj |v ´ w |.

ii) Lower bounds of the phase difference.

2j
ˇ

ˇBupΦpu, vq´Φpu,wqq
ˇ

ˇ`
ˇ

ˇB2
upΦpu, vq´Φpu,wqq

ˇ

ˇ Á 2´p2k´4qj |v´w |.
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Relation between BuBvΦ and geodesic

Recall that Φpu, vq “ ϕpspu, vq, γpuq, ηpu, vqq ´ γpvq ¨ ηpu, vq,
s ÞÑ zpx,ξqpsq is geodesic, and

Bsϕps, x , ηq ` ppx , Bxϕps, x , ηqq “ 0, zpx,Bxϕqp´sq “ Bηϕ,

BuΦ “ 9γpuq ¨ kpu, vq where kpu, vq “ Bxϕpspu, vq, γpuq, ηpu, vqq.

|kpu, ¨q| ” 1
|BuBvΦ| “ | 9γ ¨ Bvk| „ |p 9γ ´ kq ¨ Bvk| „ |Bv | 9γ ´ k|

2
|

Bηϕpspu, vq, γpuq, ηpu, vqq “ γpvq.

γpvq “ zpγpuq,kpu,vqqp´spu, vqq

|zpγpuq, 9γpuqqpv ´ uq ´ γpvq| „ |u ´ v || 9γpuq ´ kpu, vq|

BuBvΦpu, vq „
ˇ

ˇBv |
zpγpuq, 9γpuqqpv ´ uq ´ γpvq

v ´ u
|2

ˇ

ˇ “ Op2´p2k´3qjq.
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Thank you for your attention!
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