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Hardy spaces corresponding to the Laplacian

O letA=->", 88—; be the standard Laplacian on R".
j

@ The Hardy space HP(R") is defined as the space of tempered
distributions for which supg_;.. e *2f] € LP(R™),0 < p < oo.

© In the seminal work of C. Fefferman and E.M. Stein in 1970’s, the
real variable theory of HP(R") was developed involving equivalent
characterisations of HP(R") in terms of maximal functions, boundary
values of harmonic functions.
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For every tempered distribution f on R", the following conditions are
equivalent.

Q supgoio |€TTAF| € LP(RM).

(2) sup0<,_,<oo |f * @¢| € LP(R") where @¢(x) = t_"go(t_lx), v € S(R")
and [z, o(x)dx # 0.

© f =3, ¢fj, wheref; C Q(x;, ;)

filloo < (2r)7"/P

/ fi(x)x“ dx =0,

forall |a] < N'with N'> |n(1/p —1)|, and 3_;[c;|P < oc.
Moreover

1
[ fllHe ~ inf{(Zj |cj]P) /P f = Z i C’s are as in (2) above }

and

v
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@ All the characterisations are very useful to study many problems in
harmonic analysis including singular integral operators and Fourier
multipliers on HP(R") when 0 < p < 1.
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harmonic analysis including singular integral operators and Fourier
multipliers on HP(R") when 0 < p < 1.

@ HP(R") are more suitable spaces to do harmonic analysis when p < 1.

(Jotsaroop Kaur, IISER Mohali(jointly with On Hardy Spaces associated with the twist( July 23, 2024 4 /38



@ All the characterisations are very useful to study many problems in
harmonic analysis including singular integral operators and Fourier
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@ HP(R") are more suitable spaces to do harmonic analysis when p < 1.

© In the non-Euclidean setting G.B. Folland and E.M. Stein developed
the analogous theory in the book titled Hardy spaces on homogeneous
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harmonic analysis including singular integral operators and Fourier
multipliers on HP(R") when 0 < p < 1.

@ HP(R") are more suitable spaces to do harmonic analysis when p < 1.

© In the non-Euclidean setting G.B. Folland and E.M. Stein developed
the analogous theory in the book titled Hardy spaces on homogeneous
groups.

@ Hardy spaces corresponding to a non negative, self adjoint operator A
on L2(R") are defined via heat semigroup e~*A, t > 0.
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@ All the characterisations are very useful to study many problems in
harmonic analysis including singular integral operators and Fourier
multipliers on HP(R") when 0 < p < 1.

@ HP(R") are more suitable spaces to do harmonic analysis when p < 1.

© In the non-Euclidean setting G.B. Folland and E.M. Stein developed
the analogous theory in the book titled Hardy spaces on homogeneous
groups.

@ Hardy spaces corresponding to a non negative, self adjoint operator A
on L2(R") are defined via heat semigroup e~*A, t > 0.

© A suitable atomic characterisation is known if the heat kernel
corresponding to e~ A satisfies Gaussian estimates by L. Song and L.
Yan in 2016.
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Twisted Laplacian
We define the twisted Laplacian on C" as

1< -
L=-3>(22+22)
j=1
0 1= 7 o]
Whererza—zj—§J,Zj=a—2j
o _ 0 _ ;0
0z; = 0x; ay;

Here
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Twisted Laplacian

We define the twisted Laplacian on C" as

j=1
wherer:a‘Z 2zJ,Z*62 + zJ j=1,2,...,n. Here

9 _ 0 _ ;o
9z = Ox /ayj.We can explicitly write

_ Lo ~~(_0 0
L——A+Z|z|+/;<xjayj yJan>,

where z = (21, 23, ....z5) and z; = x; + iy;. Here A is the standard
Laplacian in R?",
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© The operator L is a positive self-adjoint second-order elliptic
differential operator.
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© The operator L is a positive self-adjoint second-order elliptic
differential operator.

@ The spectrum of L is explicitly known. More precisely it is the set
M:={(2k+n): ke NU{0}}.
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functions of order n — 1.
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© The operator L is a positive self-adjoint second-order elliptic
differential operator.

@ The spectrum of L is explicitly known. More precisely it is the set
M:={(2k+n): ke NU{0}}.

© It is known that Lo, = (2k 4+ n)py for k > 0 where @y are Laguerre
functions of order n — 1.

© The heat kernel corresponding to et~ t > 0 also satisfies Gaussian
estimates.

© The differential operator L is related to the sub-Laplacian Ly~ (left
invariant) on the Heisenberg group.

O In fact Lyn(f(2)e™) = LF(z)e'.
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Twisted convolution
Let w(z,w) := e2!m
functions f and g is defined by

zW) on C" x C". The twisted convolution of two
(7)) = |

n

f(w)g(z — w)w(z,w) dw.
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Twisted convolution

Let w(z,w) := e2!m(z#) on C" x C". The twisted convolution of two
functions f and g is defined by

(f x g)(z) = . f(w)g(z — w)w(z,w) dw.

Using the connection on £ and Ly we have L(f x g)(z) = f x Lg(z) for
all f,g in Schwartz class on R?".
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Functional Calculus corresponding to £

The spectral resolution of identity of L is given by
f=2m) "> s f X for f € L2(C™). We also know that

/C" () dz = (2@*2/@ | % pk(2) dz (0.1)

k>0

where with abuse of notation dz is the usual Lebesgue measure on R2".
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Functional Calculus corresponding to £

The spectral resolution of identity of L is given by
f=2m) "> s f X for f € L2(C™). We also know that

[ IF(2)P dz = (2@*2/@ | % pk(2) dz (0.1)

k>0

where with abuse of notation dz is the usual Lebesgue measure on R2".
Let m be a bounded measurable function on [0, c0). We define the
corresponding multiplier operator m(L)f = (2m)™" >, <o M(2k + n)f X i
for f € L2(C").
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We define the Hardy space

HP(C") = {f € S'(C"): Mcf(z) = sup ‘e_tzﬁf(z)’ € Lp((C”)}.

0<t<oo

HP(C") is equipped with the norm ||f||3p(cry = | M.
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We define the Hardy space

HP(C") = {f € S'(C"): Mcf(z) = sup ‘e_tzﬁf(z)’ € LP(C”)}.

0<t<oo

HP(C") is equipped with the norm ||f||3p(cry = | M.

We are interested to do the atomic space characterisation of HP(C") for
0 < p < 1 in terms of atoms compatible with the inherent twisted
convolution structure associated to L.
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Definition
We define the Hardy space

HP(C") = {f € S'(C"): Mcf(z) = sup ‘e_tzﬁf(z)’ € LP(C”)}.

0<t<oo

HP(C") is equipped with the norm ||f||3p(cry = | M.

We are interested to do the atomic space characterisation of HP(C") for
0 < p < 1 in terms of atoms compatible with the inherent twisted
convolution structure associated to L.

When p = 1 such an atomic decomposition of H!(C") was done by
Mauceri, Ricci and Michele.
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Let us now define atoms associated to L.

Let 0 < p<1and0< o< oco. We call a measurable function f a
(p, o)-atom if there exists a cube Q = Q(zp, r) center at zp and length 2r
such that
Q supp f CQ,
@ | fllo < (2r)727/P,
© [ f(2)z%z°w(zp,z) dz = 0 for all
la| + 8] < N,with N > |2n(1/p — 1)] = Np, whenever r < o.
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Let us define the atomic Hardy space HZ C") as follows

at,tr(

Hcp,at,a((C") =<(f= Z cjaj : a;-s are (p,o) — atomand Z P < o0
J j

and the "norm” in this space is defined by

1/p

£z, () = inf > glP f=) caje HR,, (C")
J J
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Let us define the atomic Hardy space HZ C") as follows

at,tr(

Hp to(C) =< f = Z cjaj : ajs are (p, o) — atomand Z I¢i|P < o0
Jj J
and the "norm” in this space is defined by
1/p
£z, () = inf > glP f=) caje HR,, (C")
J J

Again when o = 1, we just write the above space as H? ,,(C").
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We prove the following theorem:

Forany 0 < p <1, f € HP(C") if and only if f € HZat((C").
Moreover Hf”;)-lP(C”) = ”fHHZ,at((C")'
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Oscillatory multipliers
For 8 > 0, we define
ma(\) = AP e,

(0.2)

(Jotsaroop Kaur, IISER Mohali(jointly with On Hardy Spaces associated with the twist(

July 23, 2024

13/ 38



Oscillatory multipliers

For 8 > 0, we define
ma(\) = AP e, (0.2)

We prove the following sharp result concerning the boundedness of
mg(v/L) on HP(C"),0 < p < 1 by using the above atomic charaterisation.

Theorem 4.

The operator mg(v/L) is bounded on HP(C") for 0 < p < 1 with
8> (2n—1)(1/p— 1/2).

(Jotsaroop Kaur, IISER Mohali(jointly with On Hardy Spaces associated with the twist( July 23, 2024 13 /38



Oscillatory multipliers

For 8 > 0, we define
ma(\) = AP e, (0.2)

We prove the following sharp result concerning the boundedness of
mg(v/L) on HP(C"),0 < p < 1 by using the above atomic charaterisation.

Theorem 4.

The operator mg(v/L) is bounded on HP(C") for 0 < p < 1 with
8> (2n—1)(1/p— 1/2).

B =1 is related to the solution of wave equation corresponding to L.
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Sketch of proof of Theorem 3
Let us consider a collection
Sy = {p € CZ(R®") : supp ¢ € Q(0,1)and|0%p| < 1forall|a| < N}.
Here Q(0,1) = [-1,1]".
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Sketch of proof of Theorem 3

Let us consider a collection
Sy = {p € CZ(R®") : supp ¢ € Q(0,1)and|0%p| < 1forall|a| < N}.

Here Q(0,1) = [-1,1]?".
Let ¢(z) = t=2"p(z/t). For given 0 < o < o0, let us define a grand
maximal function

MNF(z) = sup sup |f x pi(2)].
PESN 0<t<o
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Sketch of proof of Theorem 3

Let us consider a collection
Sy = {p € CZ(R®") : supp ¢ € Q(0,1)and|0%p| < 1forall|a| < N}.

Here Q(0,1) = [-1,1]?".
Let p:(z) = t=2"p(z/t). For given 0 < o < oo, let us define a grand
maximal function

MNF(z) = sup sup |f x pi(2)].
PESN 0<t<o

We take N sufficiently large (depends on n and p) and fix it.
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For 0 < 0 < oo and 0 < p < 1, we define the twisted Hardy space HEP(C")
as

HE (€)= { £ € SR, |Ifllup_(cr) = IMoFllir < o0}
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For 0 < 0 < oo and 0 < p < 1, we define the twisted Hardy space HEP(C")
as

HE (€)= { £ € SR, |Ifllup_(cr) = IMoFllir < o0}

For o =1, we write the Hardy space H7 ;(C") as HZ(C").One of the first
characterisation theorem is:

For 0 < p < 1, the twisted Hardy space HZ(C") coincides with the atomic
Hardy space Hy. ,,(C") with norm equivalence.
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For a fixed sufficiently large N, and 0 < ¢ < oo, we define the Euclidean
grand maximal function using the usual Euclidean convolution as follows

M f(z) = sup sup |f *¢(2)].
pESy 0<t<o
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For a fixed sufficiently large N, and 0 < ¢ < oo, we define the Euclidean
grand maximal function using the usual Euclidean convolution as follows

M f(z) = sup sup |f *¢(2)].
pESy 0<t<o

Let hB(C") := {f € S'(C") : || M|, < o0}
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For a fixed sufficiently large N, and 0 < ¢ < oo, we define the Euclidean
grand maximal function using the usual Euclidean convolution as follows

M f(z) = sup sup |f *¢(2)].
pESy 0<t<o

Let hB(C") := {f € S'(C") : || M|, < o0}
Define [|f]lpe = [Mof|lp.
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Goldberg proved the following characterization of local hardy spaces
h5(C"), 0 < p<1.
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Goldberg proved the following characterization of local hardy spaces
h5(C"), 0 < p<1.

For every tempered distribution f on C" and fixed positive o, the following
conditions are equivalent.

@ M,f e LP(C")
@ f =Y cf;, wheresupp f; C Q(z,r;)

Ifilloo < (2r7)72"P

and
/ fi(2)2°2" dz =0,
forall || + |B] < N with N> |2n(1/p — 1)], whenever r; < o and
Moreover
. 1/p ]
[[£1lpe ~ inf (ZJ |Cj|p) 1 f =3 ¢f, f/s are as in (2) above
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We first prove the following lemma.

Lemma 7.

Let f be a function such that f C Q(zp,0). Then there is a positive
constant C(o) depending on o but independent of zy such that

C(@) HIMofllp < IF(Jw(20, kg < C(@)IMoF]l,

for every 0 < p < 1.
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Let f be a function such that f C Q(zp,0). Then there is a positive
constant C(o) depending on o but independent of zy such that

C(@) HIMofllp < IF(Jw(20, kg < C(@)IMoF]l,

for every 0 < p < 1. )

Let us consider a partition of C" into family of cubes Q; = Q(zj,0/2) and
construct a C* partition of unity {(;} such that ¢; is supported on

QF = Q(zj,0) and [0207¢j(2)| Sap 2071917171 for all o, 8.
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We first prove the following lemma.

Lemma 7.

Let f be a function such that f C Q(zp,0). Then there is a positive
constant C(o) depending on o but independent of zy such that

C(@) HIMofllp < IF(Jw(20, kg < C(@)IMoF]l,

for every 0 < p < 1.

v

Let us consider a partition of C" into family of cubes Q; = Q(zj,0/2) and
construct a C* partition of unity {(;} such that ¢; is supported on

QR = Q(z,0) and \8?8?@-(2” Sap 20719718 for all o, 8.

Lemma 8.

Let f be such that M,f € LP(C"). Then gj(z) = f(2)(j(z)w(z;,z) is in
he and | Mofllp ~ 32 llgjllfs
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By Lemma 8, given f € Hy (C") we first decompose
f=>8w(z z)
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By Lemma 8, given f € Hy (C") we first decompose
f=3_,8w(z,2z).We know that g;(-) € h5(C") for each j.
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By Lemma 8, given f € HZ _(C") we first decompose
f =3";8w(z,2z).We know that g;(-) € h5(C") for each j.We can write
the atomic decomposition of gj(-) in h5(C").
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By Lemma 8, given f € HZ _(C") we first decompose
f =3";8w(z,2z).We know that g;(-) € h5(C") for each j.We can write
the atomic decomposition of gj(-) in h5(C").Therefore we conclude that
for every f € HZ we can write f = Z njh;, where

ZI??J!” Snp C@IFllke i Q(wj, r7) and || hjl|c < (277) 7377, (0.3)

and
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By Lemma 8, given f € HZ _(C") we first decompose
f =3";8w(z,2z).We know that g;(-) € h5(C") for each j.We can write
the atomic decomposition of gj(-) in h5(C").Therefore we conclude that
for every f € HZ we can write f = Z njh;, where

ZI??J!” Snp C@IFllke i Q(wj, r7) and || hjl|c < (277) 7377, (0.3)

and
whenever r; < o, thereexists 6;suchthat |f; — w;| < 20 and (0.4)

/hj(z)zafﬁeé’m(ef'z) dz = Oforall |a| + |3] < N, where N > Np.
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By Lemma 8, given f € HZ _(C") we first decompose
f =3";8w(z,2z).We know that g;(-) € h5(C") for each j.We can write
the atomic decomposition of gj(-) in h5(C").Therefore we conclude that
for every f € HZU, we can write f = ZJ- njh;, where

ZI??J!” Snp C@IFllke i Q(wj, r7) and || hjl|c < (277) 7377, (0.3)

and
whenever r; < o, thereexists 6;suchthat |f; — w;| < 20 and (0.4)

/hj(z)zafﬁeé’m(ef'z) dz = Oforall |a| + |3] < N, where N > Np.

Also, conversely given a sequence {h;} of functions satisfying (0.3) and
(0.4) and a sequence {7} satisfying > [n;|P < oo, the function
f(z) = > ;mjhj is in Hg,a(cn) and ||f||‘;,ZU < C(o) ) InjlP-
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This is the not the exact atomic decomposition we want for Hf _(C").
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This is the not the exact atomic decomposition we want for Hf _(C").
We need to replace 6 in the cancellation condition (0.4) with the center of
the cube on which the atom is supported.
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Let f be a function supported on Q = Q(zo,r),r < o such that
Iflloe < (2r)727/P
and

/f(w)wawﬂeé'm(e-m dw =0, forallla| + 8| <N,  (0.5)
with N > 2Ny and for some ¥ with |0 — z| < 20.

Let o be small enough (depending on n, p). Then f can be decomposed
as f =) _;njgj, where
© Yhnlr<c
@ g C Qz, 1) lgllo < (25)727/P,
0 [g(w)wwler™& W) dw =0, for all |a| + |B] < N, with N >
No, whenever r; < o.

v
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Proof

Let us fix a positive natural number N such that N > Aj.
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Let us fix a positive natural number N such that N > Nj.Let L?(Q) be
the Hilbert space of square integrable functions on @ with the norm

1
f2:—/f 2 dz.
Iflle Q] Q\(Z)! dz
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Let us fix a positive natural number N such that N > Nj.Let L?(Q) be
the Hilbert space of square integrable functions on @ with the norm

1
f2:—/f 2 dz.
(EdlFe Q] Q\(Z)! dz

Let Py be the vector space of all polynomial of degree upto N.
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Let us fix a positive natural number N such that N > Nj.Let L?(Q) be
the Hilbert space of square integrable functions on @ with the norm

1
f2:—/f 2 dz.
(EdlFe Q] Q\(Z)I dz

Let Py be the vector space of all polynomial of degree upto N.We equip
the space Py with the Hilbert space norm || - || defined above.
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Let us fix a positive natural number N such that N > Nj.Let L?(Q) be
the Hilbert space of square integrable functions on @ with the norm

1
f2:—/f 2 dz.
Iflle Q] Q\(Z)I dz

Let Py be the vector space of all polynomial of degree upto N.We equip
the space Py with the Hilbert space norm || - || defined above.Let us
denote {P, | - lo} by Pn,e-

We fix an orthonormal basis {e1, ... en;} of Pu g, where dim(Py) = N;.
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Let us fix a positive natural number N such that N > Nj.Let L?(Q) be
the Hilbert space of square integrable functions on @ with the norm

1
f2:—/f 2 dz.
Iflle Q] Q\(Z)I dz

Let Py be the vector space of all polynomial of degree upto N.We equip
the space Py with the Hilbert space norm || - || defined above.Let us
denote {Pn, || - [l@} by Pwn,q.

We fix an orthonormal basis {e1, ... en; } of Py g, where dim(Py) = Ni.If
Q@ = Q(0,1), then by equivalance of any two norms on a finite dimensional
vector space we get

sup [P(w)| < Cl|Pllo0,1)-
weQ(0,1)
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Let us fix a positive natural number N such that N > Nj.Let L?(Q) be
the Hilbert space of square integrable functions on @ with the norm

1
f2:—/f 2 dz.
Iflle Q] Q\(Z)I dz

Let Py be the vector space of all polynomial of degree upto N.We equip
the space Py with the Hilbert space norm || - || defined above.Let us
denote {Pn, || - [l@} by Pwn,q.

We fix an orthonormal basis {e1, ... en; } of Py g, where dim(Py) = Ni.If
Q@ = Q(0,1), then by equivalance of any two norms on a finite dimensional
vector space we get

sup [P(w)| < Cl|Pllo0,1)-
weQ(0,1)

Let Q = Q(z,r) define Tf(x) = f(rx+ z),x € Q(0,1). Note that T is an
isometry onto from Py q(z,r) t0 Pn,q(0,1)-
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Let us fix a positive natural number N such that N > Nj.Let L?(Q) be
the Hilbert space of square integrable functions on @ with the norm

1
f2:—/f 2 dz.
Iflle Q] Q\(Z)I dz

Let Py be the vector space of all polynomial of degree upto N.We equip
the space Py with the Hilbert space norm || - || defined above.Let us
denote {Pn, || - [l@} by Pwn,q.

We fix an orthonormal basis {e1, ... en; } of Py g, where dim(Py) = Ni.If
Q@ = Q(0,1), then by equivalance of any two norms on a finite dimensional
vector space we get

sup [P(w)| < Cl|P[lq,1)-
weQ(0,1)
Let Q = Q(z,r) define Tf(x) = f(rx+ z),x € Q(0,1). Note that T is an
isometry onto from Py q(z,r) to Pn,q(o,1)-For a general Q we get the
above equivalence of norms by using the map T.
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Therefore we get for all @ the inequality

sup |[P(w)| < C|[P|q,
weQ

where C in the above inequality is independent of Q.
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Therefore we get for all @ the inequality

sup |[P(w)| < C|[P|q,
weQ

where C in the above inequality is independent of Q.This implies, for all
1<j <M,

sup |ej(z)] < C. (0.6)
zeQ
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Therefore we get for all @ the inequality

sup |[P(w)| < C|[P|q,
weQ

where C in the above inequality is independent of Q.This implies, for all
1<j <M,

sup |ej(z)] < C. (0.6)
zeQ

Define hj(w) = ej(W)e_élm(ZO'W) for j =1,2,..Ni. Note that
(hj, hi)e = (&, e
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Therefore we get for all @ the inequality

sup |[P(w)| < C|[P|q,
weQ

where C in the above inequality is independent of Q.This implies, for all
1<j <M,

sup |ej(z)] < C. (0.6)
zeQ
Define hj(w) = ej(w)e_élm(ZO'W) for j =1,2,..N7. Note that
(hj, h)q = (ej, e1)@-Let Ho n be the linear span of the elements {hj}j\[:ll.
Clearly Hon C L?(Q).
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Therefore we get for all @ the inequality

sup [P(w)| < C||Pllq,

we
where C in the above inequality is independent of Q.This implies, for all
1<j <M,

sup |ej(z)] < C. (0.6)
zeQ

Define hj(w) = ej(w)e_élm(ZO'W) for j =1,2,..N7. Note that

(hj, h)q = (ej, e1)@-Let Ho n be the linear span of the elements {hj}j\[:ll.

Clearly Ho.n C L?(Q).Since {hj}j\/:ll are linearly independent, they also
form an orthonormal basis for the space Hq n.
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Let us consider a projection operator Pg y from L?(Q) onto the space
Hao,n as follows
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Let us consider a projection operator Pg y from L?(Q) onto the space
Ha,n as follows

(Powf) (z Z(f h)q e(z)e 2 M@y q(2).
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Let us consider a projection operator Pg y from L?(Q) onto the space
Ha,n as follows

M ,
(Ponf)(2) = Z(f» h)a e(z)e 2" xq(2).

Now, we write f(z) = a)(z) + b()(z), where

b(z) = Pou(f)(z). aD(2) = f(2) — Pon(f)(2)-
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Let us consider a projection operator Pg y from L?(Q) onto the space
Ha,n as follows

(Ponf)( Z(f he e(z)e ey (2).
Now, we write f(z) = a)(z) + b()(z), where
D(z2) = Pon(f)(2), aM(z) = f(z) — Pou(F)(2).

By the definition of the projection Pg p, it is clear that NllJr—la(l)(z)
satisfies the conditions (ii) and (iii).

(Jotsaroop Kaur, IISER Mohali(jointly with On Hardy Spaces associated with the twist( July 23, 2024



For b(1)(z), using the estimate (0.6), we get

6 (z)| <

\Q| / f(w)ej(w)ezm= ") gy (0.7)

for z € Q.
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For b(1)(z), using the estimate (0.6), we get

bW (2) /f(w & (w)es! ™) gy, (0.7)

for z € Q@.We shall con5|der each term of the sum on the right side of
(0.7) separately.
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For b(1)(z), using the estimate (0.6), we get

bW (2) /f(w & (w)es! ™) gy, (0.7)

for z € Q@.We shall conS|der each term of the sum on the right side of
(0.7) separately.Using the cancellation condition on f and the fact
|0 — zo|o we get

|b(1)(z)| < CNO’NIO-NO‘F]- ANo+1-2n/p
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For b(1)(z), using the estimate (0.6), we get

bW (2) /f(w & (w)es! ™) gy, (0.7)

for z € Q@.We shall con5|der each term of the sum on the right side of
(0.7) separately.Using the cancellation condition on f and the fact
|0 — zo|o we get

\b(l)(z)| < Cr, N.O-No-l—l ANo+1-2n/p
7 N , then |6, < CoMNotl. Recall that

No=1[2n(1/p — l)J whlch further implies that g > 1.
Since b)) € Q(zo,), by Holder's inequality and boundedness of M, on
L9(C"),q > 1 we get

lw(z0, )bD ()l =l Mo (w20, )bD ()]
Mot (1)
<Co 2 [w(z0,-)b""(")llq
<C0N3:10N0+1.
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If we choose g =



- Np+1
Now, we choose ¢ sufficiently small such that Co 2n oMot < %
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Np+1
Now, we choose ¢ sufficiently small such that Co b oMo+l < %.Note
that the choice of o only depends on n, p and is independent of f.
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- Mot Ao+l o 1
Now, we choose o sufficiently small such that Co ™27 070"+ < 5.Note
that the choice of o only depends on n, p and is independent of f.
Since w(zo, -)bY) € hE, we can again write

bM(z) = >~ v h(z2)
J
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- Mot Ao+l o 1
Now, we choose o sufficiently small such that Co ™27 070"+ < 5.Note
that the choice of o only depends on n, p and is independent of f.
Since w(zo, -)bY) € hE, we can again write

bM(z) = >~ v h(z2)

where \1/ ] <np 3 and the functions h( )( ) satisfy the conditions

(0.3) and (0.4).

July 23, 2024 26 / 38
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i Mot Ao+l o 1
Now, we choose o sufficiently small such that Co ™27 070"+ < 5.Note
that the choice of o only depends on n, p and is independent of f.
Since w(zo, -)bY) € hE, we can again write

bM(z) = >~ v h(z2)

where \1/ ] <np 3 and the functions h( )( ) satisfy the conditions

(0.3) and (0.4).We can now again decompose the functions hJ(.l) using the
projection operator whose support is contained in a cube Q(zj, r;) with
r<o.
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Thus we can write

bM(z) = a@(2) + bP(2)
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Thus we can write
bV (z2) = a®(2) + b3 (2)
Using the similar analysis as we did for b(1) we can write

b(2) = > vPh?(2)
J
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Thus we can write
bV (z2) = a®(2) + b3 (2)
Using the similar analysis as we did for b(1) we can write

b(2) = > vPh?(2)

Jj

where h( ) above satisfy the conditions (0.3) and (0.4) and
5 e <
~ 4P
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Thus we can write

bV (z2) = a®(2) + b3 (2)
Using the similar analysis as we did for b(1) we can write
b(2) = > vPh?(2)
J
where hJ(-2) above satisfy the conditions (0.3) and (0.4) and
2
S < .

Note that a®)(z) = > nj(z)grj(2)(z) with gj(2) satisfy (ii) and (iii) and
2
Sl <L
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Using an iterative process we can write
h(z) = a(2)
k

where ax € H? . (C")andy", ax converges in H? .. _(C") with

<
Vel < Ale
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Using an iterative process we can write
h(z) = a(2)
k

where ax € H? . (C")andy", ax converges in H? .. _(C") with

<
Vel < Ale

This gives the required atomic decomposition of h.
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We will prove the other way inclusion H? ,, (C") C HZ (C").

at,o
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We will prove the other way inclusion HZ ;. _(C") C HZ (C").Let
f € H7 ,; ,(C") Then we can write f = 3. ¢;f;, where f;'s are (p,0)
atoms and ) _;[cj|P < oco. First we shall show that for all j,

/ (MoF(2))P dz < C. (0.8)
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We will prove the other way inclusion HZ ;. _(C") C HZ (C").Let
f € H7 ,; ,(C") Then we can write f = 3. ¢;f;, where f;'s are (p,0)
atoms and ) _;[cj|P < oco. First we shall show that for all j,

/(Mgﬂ-(z))p dz < C. (0.8)
Let us assume f C B = B(zp,r) and B = 4B. We write

/(/\/lgf(z))p dz:/é(/\/lgf(z))p dz+/~ (M,f(2))P dz

C

= + b.
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We will prove the other way inclusion HZ ;. _(C") C HZ (C").Let
f € H7 ,; ,(C") Then we can write f = 3. ¢;f;, where f;'s are (p,0)
atoms and ) _;[cj|P < oco. First we shall show that for all j,

/(Mgﬂ-(z))p dz < C. (0.8)
Let us assume f C B = B(zp,r) and B = 4B. We write

/ (M F(2)) dz = /B (M F(2))P dz + / (M F(2)) dz

C

= + b.

Since || < r=2"/P, we have M, f(z) < r=2"/P. This implies

L <r2MBl<C.
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Now, we consider J,. Let z ¢ B. When r >g, for0< t <o, c:bserve that
(f X ¢¢) is contained in 3B. Therefore, M,f(z) =0, for z € B and the
inequality (0.8) holds.
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Now, we consider J,. Let z ¢ B. When r > g, for 0 < t < o, observe that
(f x ;) is contained in 3B. Therefore, M,f(z) =0, for z € B and the
inequality (0.8) holds.

Let us now consider the case when r < o.
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Now, we consider J,. Let z ¢ B. When r >g, for0< t <o, c:bserve that
(f X ¢¢) is contained in 3B. Therefore, M,f(z) =0, for z € B and the

inequality (0.8) holds.
Let us now consider the case when r < o.We will use cancellation

condition on f.

30 / 38
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Now, we consider J,. Let z ¢ B. When r > g, for 0 < t < o, observe that
(f x ;) is contained in 3B. Therefore, M,f(z) =0, for z € B and the
inequality (0.8) holds.

Let us now consider the case when r < o.We will use cancellation
condition on f.Using the Taylor's series expansion for twisted translation
for the function () at z = z — zg about w = w — zp we get

oi(z — w)er!ma—wz=2)
(_1)Ia\+|ﬁ| -~
= Y = (Re(w — 20))*(Im(w — 2))° X*VPu(z - 2)
aimens, el 18!

+d(w)
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Now, we consider J,. Let z ¢ B. When r > g, for 0 < t < o, observe that
(f x ;) is contained in 3B. Therefore, M,f(z) =0, for z € B and the
inequality (0.8) holds.

Let us now consider the case when r < o.We will use cancellation
condition on f.Using the Taylor's series expansion for twisted translation
for the function () at z = z — zg about w = w — zp we get

oi(z — w)er!ma—wz=2)
(—1)lel+18l . s
= s (Re(w — I - XYBpu(z —
la+%|:§/\/o(|a|+lﬂl)!( e(w — 20))(Im(w — 20))" XY pe(z — 20)
+d(w)

where

B (—1)lel+I8l 1 N
¢(W)_|a+|x;/\/o+1m/s:o(l_s) XY ez = 20+ ol20 = w))

(Re(w — z9))*(Im(w — zo))ﬂeés Im(z0—w-2=70) g4
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Using the moment condition of the atom f; and the above Taylor's
expansion, we write

fxopi(z) = / oi(z — W)f(W)eélm(z'W) dw
RQn

— e @) [ flw)o(w)edme™ o
R2n
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Using the moment condition of the atom f; and the above Taylor's
expansion, we write

fxopi(z) = / oi(z — W)f(W)eélm(z"’_") dw
]RQn
— e‘%’m(zo'z)/ f(w)cb(w) m(20W) gy,
R2n

When 0 < t < o and ¢ € CZ°(C"), one can check that

—2n—Np—

2220z~ 20+ s(z0 — )| Son 270 plagin

. Using the above estimate we get

No+1
r
[®(w)| So 2N+
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We know that z ¢ B, w € B and z — w € supp ;. This implies that
|z — 79| < ct.
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We know that z ¢ B, w € B and z — w € supp ;. This implies that
|z — zp| < ct.This implies

r2n+/\fo+1

—2n/
£ X pi(z)] So r2" pww-
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We know that z ¢ B, w € B and z — w € supp ;. This implies that
|z — zp| < ct.This implies

2n+Np+1
[ x pe(2)] o 2P
~ |z _ zO|2n+No+1
Therefore, for all z ¢ B, we get
r2n+No+1

Mof(z) S r727/P

]z _ ZO|2n+No+1'
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We know that z ¢ B, w € B and z — w € supp ;. This implies that
|z — zp| < ct.This implies

2n+Np+1
[ x pe(2)] o 2P
~ |z _ zO|2n+No+1
Therefore, for all z ¢ B, we get
r2n+No+1

—2n/p
Mof(2) So |z — zo2r+NoH L

Since (2n+ Np + 1)p > 2n, we get

) r2n+No+1 P ) )
< p2n S — < P2
b Ser /gc T s dz <, r"r C,.

This proves the estimate (0.8).
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When f € H? _(C"). It follows from the following observation,

/(Maf(z))” i<y |CJ-|P/(ij(z))p iz <Y |glP < oo,
: .

J

This proves Hy _, (C") C Hy (C") for any o > 0.

at,o
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When f € H? _(C"). It follows from the following observation,

/(Maf(z))" i<y |CJ-|P/(ij(z))p iz <Y |glP < oo,
: .

J

This proves Hy. _, .(C") C Hy (C") for any ¢ > 0.When & > 0 is small

enough depending on n and p we have that H? ., _(C") coincides with

H} ,(C") with norm equivalence.
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When f € H? _(C"). It follows from the following observation,

/(Maf(z))" i<y |cj|P/(M1§-(z))p iz <Y |glP < oo,
J J
This proves Hy. _, .(C") C Hy (C") for any ¢ > 0.When & > 0 is small
enough depending on n and p we have that HZ C™) coincides with

H? _(C") with norm equivalence.
With a slight modification we can also prove it for 0 = 1.

at,o(
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Recall that

HP(C™) = {f: Mcf(2) = sup ‘e‘t2£f(z)’€Lp((C")}.

0<t<oo
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Recall that

HP(C™) = {f: Mcf(2) = sup ‘e‘t2£f(z)’€Lp((C")}.

0<t<oo

We know that e_t2£f(z) = f X pp2(z) where
pi2(z) = (A7)~ "(sinh t2)~ne—a(coth £)zl*
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Recall that

HP(C™) = {f: Mcf(2) = sup ‘e_t2£f(z)’ e LP(C™)}.
0<t<oo
We know that e *£f(z) = f x p;2(z) where
pi2(z) = (47)~"(sinh t2) e~ 1 («th )1 Using the above arguments for
proving HE .t5(C") € HE (C") for any o > 0, we can also show that
HE 0 ,(C) C HP(CP).
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Recall that

HP(C") = {f : Mcf(z) = sup ‘e_t2£f(z)’ e LP(CM)}.
0<t<oo

We know that e *£f(z) = f x p;2(z) where
pi2(z) = (47)~"(sinh t2) e~ 1 («th )1 Using the above arguments for
proving Hf. . ,(C") C HE (C") for any o > 0, we can also show that
Hf .:,(C") C HP(CN).
We also need to prove atomic decomposition for f € HP(C") for a
complete characterisation of HP(C").
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Theorem 10.

For 0 < p < oo HP(C") C HZ(C") and there exists C > 0 such that
Il <l

where C only depends on n, p.
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Theorem 10.

For 0 < p < oo HP(C") C HZ(C") and there exists C > 0 such that

1Flluz < CliFler,

where C only depends on n, p.

To prove Theorem 10, we need to study various maximal functions related
. 2 .
to the heat semigroup e~ ** and relations between them.
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Theorem 10.

For 0 < p < oo HP(C") C HZ(C") and there exists C > 0 such that

1Flluz < CliFler,

where C only depends on n, p.

To prove Theorem 10, we need to study various maximal functions related
to the heat semigroup e~ £ and relations between them.

One of the key things in the above theorem is to be able to realise a
distribution on C" as a distribution on H" via the map f — f(z)e'.
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Theorem 10.

For 0 < p < oo HP(C") C HZ(C") and there exists C > 0 such that
Il <l

where C only depends on n, p.

To prove Theorem 10, we need to study various maximal functions related
to the heat semigroup e~ £ and relations between them.

One of the key things in the above theorem is to be able to realise a
distribution on C" as a distribution on H" via the map f — f(z)e'.

After this realisation many techniques developed by Folland and Stein for
Hardy spaces on homogeneous groups go through with appropriate
modifications.
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Thanks for your attention!
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