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Outline

SL2 skeins: skein algebra, skein module, skein category
SLN skeins
dim SkModSLN

pT 3q
Hochschild homology HH0 of skein category for T 2, Morita
equivalences
role of DAHA and elliptic Schur-Weyl duality
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Skeins

where skeins arise:
quantum topology
Witten-Reshetikhin-Turaev TQFT
deformation of G-character stacks, coordinate ring of character variety
HOMFLYPT invariant of knots and links
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A-Skein algebra of (oriented) surface ⌃
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skein picture
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SL2 A “ Repq SL2

V “ 2-dimensional irrep of SL2 labels all ribbons
Recall V » V ˚ and any fin. dim. irrep is a summand of some V bd

SL2 skein relations

sign idempotent
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SLN A “ Repq SLN

V “ N-dimensional irrep of SLN

Recall any fin. dim. irrep is a summand of some V bd

SLN skein relations

sign idempotent
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SkAlg
SL2

p⌃q

⌃ I ˆ I S1 ˆ I S1 ˆ S1

dim
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SkAlg
SL2

p⌃q

⌃ I ˆ I S1 ˆ I S1 ˆ S1

dim
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SL2

p⌃q

⌃ I ˆ I S1 ˆ I S1 ˆ S1
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relative skein algebra SkAlg
SL2,dp⌃q, d “ 1

d points/disks in ⌃ ˆ t0u and ⌃ ˆ t1u that ribbons (all labeled V ) can
end on.
⌃ I ˆ I S1 ˆ I S1 ˆ S1

dim
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relative skein algebra SkAlg
SL2,dp⌃q, d “ 1

d points/disks in ⌃ ˆ t0u and ⌃ ˆ t1u that ribbons (all labeled V ) can
end on.
⌃ I ˆ I S1 ˆ I S1 ˆ S1

dim
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relative skein algebra SkAlg
SL2,dp⌃q, d “ 1

d points/disks in ⌃ ˆ t0u and ⌃ ˆ t1u that ribbons (all labeled V ) can
end on.
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skein relation

surprising skein relation for d “ 1, ⌃ “ T 2 “ S1 ˆ S1

SkAlgSL2,1p⌃q » Krx , ys{px2 ´ 1, y2 ´ 1q
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the G-skein module of a closed oriented 3-manifold M

is finite-dimensional

Conjecture of Witten:

Theorem (Gunningham-Jordan-Safronov)
Let q be generic, M be a closed oriented 3-manifold, and G a

connected reductive algebraic group. Then

dim SkModGpMq † 8.

Let’s compute these dimensions for G “ SLN , M “ S1 ˆ S1 ˆ S1.
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dim skein module of 3-torus T 3 “ S1 ˆ S1 ˆ S1

For N “ 2, 3, 4, . . . we compute
dim SkModSLN

pT 3q “ 9, 29, 75, 131, 266, 357, 617, 810, 1207, 1386,
2272, ...

Theorem (Gunningham-Jordan-V-Yang)
The SLN-skein module of the 3-torus T 3 has dimension

dim SkModSLN
pT 3q “

ÿ

�$N

gcdp�q3 “
ÿ

vPp {N q‘3

Ppgcdpv ,Nqq

where Ppdq “ the number of partitions of d
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HH0 for 2-torus, i.e. M “ T 2 ˆ I

For N “ 2, 3, 4, . . . we compute
dimHH0pSkAlgSLN

pT 2qq “
5, 11, 23, 31, 60, 63, 109, 126, 183, 176, 330, 269, . . .

Theorem (Gunningham-Jordan-V-Yang)
The dimensions of the zeroeth Hochschild homology of the skein

algebras of the 2-torus T 2 for G “ SLN is given by

dimHH0pSkAlgSLN
pT 2qq “

ÿ

�$N

gcdp�q2 “
ÿ

vPp {N q‘2

Ppgcdpv ,Nqq
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compare formulas

Theorem (Gunningham-Jordan-V-Yang)
(1) The SLN-skein module of the 3-torus T 3 has dimension

dim SkModSLN
pT 3q “

ÿ

�$N

gcdp�q3

“
ÿ

pv1,v2,v3qPp {N q‘3

Ppgcdpv1, v2, v3,Nqq

(2) The dimensions of the zeroeth Hochschild homology of the skein

algebras of the 2-torus T 2 for G “ SLN is given by

dimHH0pSkAlgSLN
pT 2qq “

ÿ

�$N

gcdp�q2

“
ÿ

pv1,v2qPp {N q‘2

Ppgcdpv1, v2,Nqq
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N “ 2

Ppgcdpv1, v2, 2qq
1 2

1 1 1
2 1 2

dimHH0pSkAlgpT 2qq “ 5

Ppgcdpv1, v2, v3, 2qq
v3 “ 1 1 2

1 1 1
2 1 1

v3 “ 2 1 2
1 1 1
2 1 2

dimHH0pSkAlgpT 3qq “ 9

4 + 5

same 4 as before
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N “ 6

gcdpv, 6q 1 2 3 4 5 6

1 1 1 1 1 1 1
2 1 2 1 2 1 2
3 1 1 3 1 1 3
4 1 2 1 2 1 2
5 1 1 1 1 1 1
6 1 2 3 2 1 6

Ppgcdpv, 6qq 1 2 3 4 5 6

1 1 1 1 1 1 1
2 1 2 1 2 1 2
3 1 1 3 1 1 3
4 1 2 1 2 1 2
5 1 1 1 1 1 1
6 1 2 3 2 1 11

k “ 2,
∞ “ 60 k “ 3,

∞ “ 266
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HH0pSkAlgpT 2qq versus SkModpT 3q

grading by H1pT 2
; {N q “ p {N q‘2

grading by H1pT 3
; {N q “ p {N q‘3

contribution from HH0pSkAlgpT 2qq lives in degree p˚, ˚, 0q piece

Monica Vazirani (UC Davis ) Skeins on Tori July 17, 2024 19 / 28

Mobile User



elliptic Schur-Weyl duality

SkAlgSLN
pT 2q Morita equivalent to antispherical DAHA e´

He´

shift isomorphism ùñ Morita equivalent to e`pK!r⇤ ‘ ⇤s#KrSNsqe`

“ K!r⇤ ‘ ⇤sSN

Morita equivalent to K!r⇤ ‘ ⇤s#KrSNs

compute HH0pK!r⇤ ‘ ⇤s#KrSNsq by hand.

dim “ ∞
�$N

gcdp�q2
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extras

Proposition (GJV)
e´ P H is a full idempotent
e´ P SkAlgSLN ,N

pT 2q is a full idempotent

Corollary
HN » SkAlgSLN ,N

pT 2q

Corollary
can use braids instead of tangles
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