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@ Sl skeins: skein algebra, skein module, skein category
@ SLp skeins
@ dim SkMods ,(T3)

@ Hochschild homology HH, of skein category for T2, Morita
equivalences

@ role of DAHA and elliptic Schur-Weyl duality
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where skeins arise:

quantum topology

Witten-Reshetikhin-Turaev TQFT

deformation of G-character stacks, coordinate ring of character variety
HOMFLYPT invariant of knots and links
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FIGURE 2. An example of a ribbon graph and its colouring. Image from [Coo019, Section 4.2
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FIGURE 2. An example of a ribbon graph and its colouring. Image from [Coo019, Section 4.2
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Sla A= Repg Stz

V = 2-dimensional irrep of SL, labels all ribbons
Recall V ~ V* and any fin. dim. irrep is a summand of some V®4

SL, skein relations (\ecad))
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V = N-dimensional irrep of SLy
Recall any fin. dim. irrep is a summand of some V&

SLy skein relations
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d points/disks in © x {0} and X x {1} that ribbons (all labeled V) can
end on.
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d points/disks in © x {0} and X x {1} that ribbons (all labeled V) can
end on.
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d points/disks in © x {0} and X x {1} that ribbons (all labeled V) can
end on.
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surprising skein relationford =1, = 72 = §' x &'

= AT

SkAlgg, 1(X) ~ K[x,y]/(x? —1,y2 - 1)
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Conjecture of Witten:

Theorem (Gunningham-Jordan-Safronov)

Let g be generic, M be a closed oriented 3-manifold, and G a
connected reductive algebraic group. Then

dim SkModg(M) < .

Let's compute these dimensions for G = SLy, M = S x S' x S'.
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PR
(_w"a‘ g

{
For N =2,3,4,... we compute
dim SkModSLN(T3) =9, 29,75, 131, 266, 357,617, 810, 1207, 1386,
2272, ...
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 dim skein module of 30T

For N =2,3,4,... we compute
dim SkModSLN(T3) =9, 29,75, 131, 266, 357,617, 810, 1207, 1386,
2272, ...

Theorem (Gunningham-Jordan-V-Yang)
The SLy-skein module of the 3-torus T2 has dimension

dim SkMods, ( (T3 = Z ged (A Z P(ged(v, N))
A=N ve(Z/NZ)®3

where P(d) = the number of partitions of d
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 HHo for 2-torus, i.e. M

For N =2,3,4,... we compute

dim HHo(SkAlgg , (T?)) =

5,11,23,31,60, 63,109, 126, 183,176,330, 269, . ..
Theorem (Gunningham-Jordan-V-Yang)

The dimensions of the zeroeth Hochschild homology of the skein
algebras of the 2-torus T? for G = SLy is given by

dim HHo(SKAlgg;, (T?)) = > ged(M)2 = Y. P(ged(v,N))
AN ve(Z/NZ)&2
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comp

Theorem (Gunningham-Jordan-V-Yang)
(1) The SLy-skein module of the 3-torus T® has dimension

dim SkModsy , (T°) = > ged(M)?
AN

= Z P(ng(V1,V2,V3,N))
(v1,v2,v3)€(7Z/NZ)®3

(2) The dimensions of the zeroeth Hochschild homology of the skein
algebras of the 2-torus T? for G = SLy is given by

dim HHo (SkAlgg; , (T?)) = ) ged())?
AN

= > P(ged(vq, va, N))
(vi,v2)€(Z/NZ)®2

V.
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=1

P(ged(v1,V2,2)) D) =2  Hl
1 2
11 1 dim HHo (SkAIg(T?)) = 5
2|11 2
P(ged(V1,V2,V3,2))
v3=1[1 2 vz=2|1 2 o
211 1 211 2

4 + 5

same 4 as before

Y= Lim L{[x‘\a—}/[*'l—_\ 131—0
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grading by Hy(T3; Z/N7) = (Z/NZ)®3

contribution from HHo (SkAlg(T2)) lives in degree (x, *, 0) piece
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