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The Toën-Apollonius Example



What is derived geometry?
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Algebraic Geometry

The Apollonius Problem: How many circles simultaneously tangent to
three fixed circles?

8



Algebraic Geometry

The Apollonius Problem: How many circles simultaneously tangent to
three fixed circles?

8
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What happens when the radius go to zero?
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Algebraic Geometry
Example

Always 2 (complex points) except when they collide!

What happens at the collision?



Example
Use algebra to track the collision.

Before collision:

(Y = X 2) ∩ (Y = 1)

C[X , Y ]/(Y − X 2) ⊗C[X ,Y ] C[X , Y ]/(Y − 1) ≃ C[X ]/(X 2 − 1) = C[X ]/(X − 1) × C[X ]/(X + 1) = C × C︸ ︷︷ ︸
2 rings

At collision:

(Y = X 2) ∩ (Y = 0)

C[X , Y ]/(Y − X 2) ⊗C[X ,Y ] C[X , Y ]/(Y − 0) ≃ C[X ]/(X 2) = C ⊕ C.ϵX︸ ︷︷ ︸
2

Conclusion: The second became an algebraic infinitesimal
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Algebraic Geometry
A circle is determined by three parameters (center(a, b), r).
To fix a circle C is to fix a point in P3.

Every circle C , determines a subspace ZC ⊆ P3 of all circles tangent to C .

Apollonius: Fix three circles C1, C2, C3. Understand the intersection
ZC1 ∩ ZC2 ∩ ZC3 inside P3



Algebraic Geometry

A circle is determined by three parameters (center(a, b), r).

To fix a circle C is to fix a point in P3.

Every circle C , determines a subspace ZC ⊆ P3 of all circles tangent to C .

Apollonius: Fix three circles C1, C2, C3. Understand the intersection

ZC1 ∩ ZC2 ∩ ZC3 inside P3



Algebraic Geometry

A circle is determined by three parameters (center(a, b), r).

To fix a circle C is to fix a point in P3.

Every circle C , determines a subspace ZC ⊆ P3 of all circles tangent to C .

Apollonius: Fix three circles C1, C2, C3. Understand the intersection

ZC1 ∩ ZC2 ∩ ZC3 inside P3



Algebraic Geometry
7 became algebra:

C[ϵx , ϵy , ϵz ] = C ⊕ C.ϵx ⊕ C.ϵy ⊕ C.ϵz ⊕ C.ϵxϵy ⊕ C.ϵxϵz ⊕ C.ϵy ϵz ⊕ Cϵx .ϵy .ϵz︸ ︷︷ ︸
algebraic infinitesimals

(Grothendieck, 1960’s) Every commutative ring A has a geometric inter-
pretation as the ring of functions of a space, the affine scheme Spec(A).

ZC1 ∩Sch ZC2 ∩Sch ZC3 = Spec(C[ϵx , ϵy , ϵz ])
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Algebraic Geometry

The Toën-Appolonius case: what if we collapse all to one point?
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Infinitely many tangent circles!

How did 8 became infinitely many?

Answer
Redundancies!
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Interlude I: Serre’s formula (1957)



Example
Intersect the axis in 4-dimensions R = C[x , y , z , w ], with the diagonal

Axis :=


xz = 0
xw = 0
yz = 0
yw = 0

Diag :=
{

x − z = 0
y − w = 0

R/(xz , xw , yz , yw) ⊗R R/(x − z , y − w) ≃ C[x , y ]/(x2, xy , y2)

= C ⊕ C.ϵx ⊕ C.ϵy︸ ︷︷ ︸
3̸=2

too many!
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Example
Problem:

room for redundancies!

f := xw − yz = w(x − z) − z(y − w)

vanishes for two reasons.

f ∈ (x − z , y − w)︸ ︷︷ ︸
IDiag

∩ (xz , xz , yz , yw)︸ ︷︷ ︸
IAxis

but the two reasons are different:

f /∈ IDiag .IAxis

IDiag ∩ IAxis
IDiag .IAxis

≃ C.[f ]

Correct counting: C ⊕ C.ϵx ⊕ C.ϵy − C.[f ]︸ ︷︷ ︸
3−1=2



Example
Problem: room for redundancies!

f := xw − yz = w(x − z) − z(y − w)

vanishes for two reasons.

f ∈ (x − z , y − w)︸ ︷︷ ︸
IDiag

∩ (xz , xz , yz , yw)︸ ︷︷ ︸
IAxis

but the two reasons are different:

f /∈ IDiag .IAxis

IDiag ∩ IAxis
IDiag .IAxis

≃ C.[f ]

Correct counting: C ⊕ C.ϵx ⊕ C.ϵy − C.[f ]︸ ︷︷ ︸
3−1=2



Example
Problem: room for redundancies!

f := xw − yz = w(x − z) − z(y − w)

vanishes for two reasons.

f ∈ (x − z , y − w)︸ ︷︷ ︸
IDiag

∩ (xz , xz , yz , yw)︸ ︷︷ ︸
IAxis

but the two reasons are different:

f /∈ IDiag .IAxis

IDiag ∩ IAxis
IDiag .IAxis

≃ C.[f ]

Correct counting: C ⊕ C.ϵx ⊕ C.ϵy − C.[f ]︸ ︷︷ ︸
3−1=2



Example
Problem: room for redundancies!

f := xw − yz = w(x − z) − z(y − w)

vanishes for two reasons.

f ∈ (x − z , y − w)︸ ︷︷ ︸
IDiag

∩ (xz , xz , yz , yw)︸ ︷︷ ︸
IAxis

but the two reasons are different:

f /∈ IDiag .IAxis

IDiag ∩ IAxis
IDiag .IAxis

≃ C.[f ]

Correct counting: C ⊕ C.ϵx ⊕ C.ϵy − C.[f ]︸ ︷︷ ︸
3−1=2



Example
Problem: room for redundancies!

f := xw − yz = w(x − z) − z(y − w)

vanishes for two reasons.

f ∈ (x − z , y − w)︸ ︷︷ ︸
IDiag

∩ (xz , xz , yz , yw)︸ ︷︷ ︸
IAxis

but the two reasons are different:

f /∈ IDiag .IAxis

IDiag ∩ IAxis
IDiag .IAxis

≃ C.[f ]

Correct counting: C ⊕ C.ϵx ⊕ C.ϵy − C.[f ]︸ ︷︷ ︸
3−1=2



Example
Problem: room for redundancies!

f := xw − yz = w(x − z) − z(y − w)

vanishes for two reasons.

f ∈ (x − z , y − w)︸ ︷︷ ︸
IDiag

∩ (xz , xz , yz , yw)︸ ︷︷ ︸
IAxis

but the two reasons are different:

f /∈ IDiag .IAxis

IDiag ∩ IAxis
IDiag .IAxis

≃ C.[f ]

Correct counting: C ⊕ C.ϵx ⊕ C.ϵy − C.[f ]︸ ︷︷ ︸
3−1=2



Example
Problem: room for redundancies!

f := xw − yz = w(x − z) − z(y − w)

vanishes for two reasons.

f ∈ (x − z , y − w)︸ ︷︷ ︸
IDiag

∩ (xz , xz , yz , yw)︸ ︷︷ ︸
IAxis

but the two reasons are different:

f /∈ IDiag .IAxis

IDiag ∩ IAxis
IDiag .IAxis

≃ C.[f ]

Correct counting:

C ⊕ C.ϵx ⊕ C.ϵy − C.[f ]︸ ︷︷ ︸
3−1=2



Example
Problem: room for redundancies!

f := xw − yz = w(x − z) − z(y − w)

vanishes for two reasons.

f ∈ (x − z , y − w)︸ ︷︷ ︸
IDiag

∩ (xz , xz , yz , yw)︸ ︷︷ ︸
IAxis

but the two reasons are different:

f /∈ IDiag .IAxis

IDiag ∩ IAxis
IDiag .IAxis

≃ C.[f ]

Correct counting: C ⊕ C.ϵx ⊕ C.ϵy − C.[f ]︸ ︷︷ ︸
3−1=2



Example

0
R/IAxis ⊗R R/IDiag︸ ︷︷ ︸

Solves the system=C+C.ϵx + C.ϵy

1IDiag ∩ IAxis
IDiag .IAxis︸ ︷︷ ︸

Counts redundancies

≃ C.[f ]

2

Redundancies between redundancies

...

...

Chain complex
derived intersection

R/IDiag ⊗L
R R/IAxis

H0

H1

H2

Serre’s corrected excess = + dim. of even floors - dim. of odd
floors
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R R/IAxis is seen as a linear object.

Lacks direct geometric interpretation.

End of Interlude I
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What is derived geometry?

A = R/IDiag ⊗L
R R/IAxis is a ring-object in chain complexes (cdga).

(Toën-Vezzosi, Lurie, 2002) Any cdga has a geometric interpretation

A ∈ cdga 7→ Spec(A) affine derived scheme, Functions(Spec(A)) = A

Construction (Toën-Vezzosi, Lurie, 2002)
Affine derived schemes can be glued up to quasi-isomorphisms of cdga’s.

Result: (∞, 1) − category of non-affine derived schemes dSch

Intersections in dSch automatically account for Serre’s formula.
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If a ̸= 0, {x = 0} ∩ {x = a} = empty (multiplicity 0)

If a = 0, {x = 0} ∩ {x = a} = {x = 0} (multiplicity 1)
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Example
The derived intersection {x = 0} ∩L {x = 0} corrects the excess by
discounting the repetition

0C[x ]/(x) ≃ C︸ ︷︷ ︸
One equation :x=0

= •

1
(x) ∩ (x)

(x2)︸ ︷︷ ︸
Imposed twice

≃ C.ϵ1

2

0

C ⊗L
C[x ] C ≃ C[ϵ1], |ϵ1| = 0, ϵ2

1 = 0

1 − 1 = 0

This is the basic block of derived geometry - a point with a redundancy.
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End of the Interludes.



Back to the circles.



Algebraic Geometry



What is derived geometry?

Collapsed all circles C1, C2 and C3 to a point ⇝ jumped from 8 tangent
circles to the whole plane of possibilities.



What is derived geometry?
In fact: two infinite planes of possibilities!

How to retrace 8?
Answer
The Toën-Appolonius derived intersection

X = ZC ∩dSch ZC ∩dSch ZC

is a derived projective plane. The derived structure subtracts the double
infinity and retraces the 8 circles algebraically.
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What is derived geometry?

The Toën-Appolonius Example

X = ZC ∩dSch ZC ∩dSch ZC is a derived projective plane:

of virtual dimension zero, which means it behaves like a point
the fundamental class indicates the point has multiplicity 8.

Upshot: The derived structure corrects the counting.
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Plan

1 Derived geometry

2 Donaldson-Thomas invariants

3 Results



From Physics to Enumerative Geometry

Motivation: String theory unifies general relativity and quantum mechan-
ics at a cost:

Spacetime = R3+1 × Y︸︷︷︸
Extra dimensions

(Candelas-Horowitz-Strominger-Witten 85):

Y is an algebraic variety of complex dimension 3;
Calabi-Yau, ie, ωY ≃ OY ;
Example: the Fermat quintic Y = {x5

1 + x5
2 + x5

3 + x5
4 + x5

5 = 0} ⊆ P4
C

Principle
Physics in 4-dim = geometry of Y .



From Physics to Enumerative Geometry

Motivation: Paths of strings in Y define complex algebraic curves:

Path integrals for strings = Count algebraic curves in Y .
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From Physics to Enumerative Geometry
Counting curves in Y:

three strategies

Hilbert approach: Ignore histories:

Hilbcodim 2(Y )={ all curves , , etc, in Y }

Gromov-Witten approach (94): Include successive histories

Mg ,n(Y , d) = moduli space of stable maps of genus g , degree d and
n marked points.

Donaldson-Thomas approach (2000):
Replace curves by their functions (ideal sheaves IC )

MCohτ (Y ) = moduli space of coherent sheaves with stability τ
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From Physics to Enumerative Geometry

In full generality:

the three moduli spaces

Hilbcodim 2(Y ), Mg ,n(Y , d), MCohτ (Y )

are too singular. Need further correction for counting.

Theorem (Toën-Vezzosi, 2005)
The three moduli spaces, admit canonical derived structures.

DHilbcodim 2(Y ), DMg ,n(Y , d), DMCohτ (Y )
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Gromov-Witten approach M0,n(Y , d)

Toy model: M0,n(Y = P2, d) is smooth of dimension 3d + n − 1

Fix n = 3d − 1 points p1, · · · p3d−1 ∈ P2

{rational curves of degree d through p1, · · · , p3d−1}︸ ︷︷ ︸
Nd

⊂ M0,n=3d−1(P2, d)

Theorem (Kontsevich-Manin relations 94)
Relations arise as d varies in M0,3 d⃝−1(P2, d⃝)

N d⃝ =
∑

dA+dB= d⃝
dA≥1; dB≥1

NdA .NdB .d2
A.dB

(
dB

(
3 d⃝ − 4
3dA − 2

)
− dA

(
3 d⃝ − 4
3dA − 1

))
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Gromov-Witten approach M0,n(Y , d)

Induction basis: N1 = 1 (one line through two points);

https://arxiv.org/pdf/2309.07357v1.pdf
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Gromov-Witten approach M0,n(Y , d)

Setup:

Nd =︸︷︷︸
Poincaré duality

3d−1⋃
i=1

( γi︸︷︷︸
Poincaré dual of pi

)

 ∩ [M0,n(P2, d)]

Problem: Formula works on P2 because M0,n(P2, d) is smooth. Need
correction for general Y .

Behrend-Fantechi 97: modify the fundamental class [M0,n(Y , d)]BF

Theorem (Kontsevich, Kapranov-Fontanine, Khan, Toen, Mann-R)
Let Y be a smooth projective varierty. Then:

[DM0,n(Y , d)] = [M0,n(Y , d)]BF
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Donaldson-Thomas invariants: MCohτ(Y )

DT − number := ”Volume(MCohτ (Y ))”

Observation(Thomas 2000): Serre duality + CY forces a symmetry
{1st order def. of E ∈ Coh(Y )} ≃ {Obstructions to def. of E ∈ Coh(Y )}∨

Behind the scenes: (-1)-shifted symplectic form:

Theorem (Pantev-Toën-Vaquié-Vezzosi, 2011)
Y a 3-CY. Then DMCohτ (Y ) is (−1)-shifted symplectic.

Recall: Symplectic form T ≃ T∗

Shifted Symplectic form

T := Deformation Complex ≃ (Deformation Complex)∨ [−1] = T∨[−1]

Warning: Shifted forms cannot exist when the moduli is smooth!
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Milnor number, when f has isolated singularities
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OCrit(f )
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Vanishing cohomology sheaf (Milnor, Deligne, Grothendieck)

Example (U = A2, f = x2 + y 2)

x ∈ f −1(0) 7→ H2−1(B(x , ϵ) ∩ f −1(ϵ)︸ ︷︷ ︸
Milnor Fiber at x

) ≃
{
Zµ(f ) x = 0
0 x ̸= 0

are stalks of a sheaf PU,f supported on critical points, with monodromy.
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Result 2 - Matrix Factorizations

Invariants: Capture the singularities of f

Categorification:

Serre-Auslander-Buchsbaum-Eisenbud: Every M ∈ Coh(f −1(0))
admits infinite resolution that becomes 2-periodic

... → F → Q → F → Q︸ ︷︷ ︸
∈MF (U,f )

→ Pn → ... → P2 → P1 → P0︸ ︷︷ ︸
∈Perf (f −1(0))

→ M

Definition (Eisenbud-Orlov)

MF (U, f ) := Db
Coh(f −1(0)) /︸︷︷︸

dg−quotient

Perf (f −1(0))
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Donaldson-Thomas and invariants of singularities

Invariants: Capture the singularities of f

MF (U, f )

Example

Knörrer periodicity

MF (A2, x2 + y2) ≃ {· · · → E−1 → E0 → E−1 → E0 → · · ·︸ ︷︷ ︸
2-periodic chain complexes

}

MF (U × A2, f + x2 + y2) ≃ MF (U, f )

MF (U × A1, f + x2) ̸= MF (U, f )
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Ambiguity Problem

DCrit(C, f = x3) = Spec(C[x ]/(3x2))

DCrit(C × C, x3 + y2) = Spec(C[x , y ]/(3x2, 2y)) = Spec(C[x ]/(3x2))

DCrit(C, x2) = DCrit(C2, x2 + y2) = · · · = DCrit(Cn, x2
1 + · · · x2

n ) = ∗

But: PC,x2 and PC2,x2+y2 are non-canonically isomorphic!

And: MF (C, x2) ̸= MF (C2, x2 + y2)
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Categorical Donaldson-Thomas Invariants

DCrit(U, f )

=

DCrit(U × An, f + q)

PU,f

choice ≃

PU×An,f +q

DCrit(V , g)

=

DCrit(V × Am, g + p)

PV ,g

≃ choice

PV ×Am,g+p

X (ex : DMCohτ (Y ))

Theorem (Brav-Bussi-Dupont-Joyce-Szendroi 2015)
Assume there exists a square root of the canonical bundle of DMCohτ (Y ).
Then the local ambiguities can be solved and the PU,f glued .
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=
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MF (V × Am, g + p)

Conjecture (Kontsevich-Soibelman, Toda): The local categories
MF (U, f ) glue upon the prescription of an orientation data to be

identified.

Theorem (Hennion-Holstein-R., 2024)
The gluing is possible.
The orientation corresponds to the trivialization of three obstruction
classes: α ∈ H1(X ,Z/2), βJoyce ∈ H2(X ,Z/2), γ ∈ H3(X ,Z/2)
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The classes:

α controls the parity of the dimension.

βJoyce classifies the bundle of square roots of the canonical bundle.

γ is a delooping of the second Stiefel-Whitney class and corresponds
to the gerbe classifying Pin structures.
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Categorical Donaldson-Thomas Invariants
Strategy:

Study the moduli of Darboux charts of X

{Open subsets of X} DarbX // (∞)-Groupoids

S ⊆ X // { Symplectic identifications S ≃ DCrit(U, f )}

and its quotient by the action of the stack of quadratic bundles Quad

DarbX /Quad
µ

%%

P
��

MFww

dgCats∇ Perv Z

Theorem (Hennion-Holstein-R., 2024)

(DarbX /Quad)/isotopies ≃ ∗
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Thank you for your time.
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