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Motivation :

Model independent Model dependent

Gapped Invertible equivalences
Gapped invertible

Phases of Matter classes of
Quantum Systems

Kitaeu's Conjectures :

A .
Phases are governed

by ground state
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,
G2 , ...

To Gd= Phases in space
dim d
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E.g . Quantum systems
: QFT's

Reflection positive invertible

Gapped Invertible Deformation extended field theories

Phases of Matter
classes of

Theorem /Freed-Hopkins , Grady)

For bosonic Phases ,
no internal symmetries

G = 22 IxMSO

so Go : KCT42) G1 = 1(K,3) G2=TxKCT
,4) ...

This talk is not about GFT's ...

...
but about lattice models



Motivation :

Model independent Model dependent

Gapped Invertible equivalences
Gapped invertible

Phases of Matter classes of
Quantum Systems (9.

s.)

Kitaeu's Conjectures : This talk :

A .
Phases are governed I . Quantum systems as

by ground state spaces ofStateson a latticemodel

... topological monoid

B. Classifying Spaces I passage from quantum systems

Go ,
Gi

,
G2 , ...

phases as group completion

To Gd= Phases in space ... output oo loop space Q
dim d # (time permitting) Parametrized 4.S .

Gd &Gdt
Hope : Gd Q for appropriate

Get G a loop-spectrum !
203 Tall & Simous Center Not inthis talk :

"Specific Choices Q
E

2015 talk & IPAM · connection QaRQ



I
.

Quantum Systems as spaces of States

Hilb
: obj finite dimensional non-zero K-Hilbert spaces

mor linear isometries
-

monoidal product: Dicture (d=1)
-

--

B(1) BK)
B(+) 3( > B(A) BA

- - B B. D --

d> o Spatial dimension .

- 2
- I ⑧
& 3

d
T <IRd : location of particles (sites)

"lattice"

He Hilb Let B(H) linear operators on H
:

Observables localized

at single site .

-

an(t) = & B(A) : (C* ) - algebra of observables .

ut 7 d



States :

Cr(z)
*:
Homp(dakt) ,

e) > Sd(H) > Pali)

Chear dual with States Pure States

· positive WLAAK,O extremal points
weak

* topology
norm one w(I)= I

min
. top .

S . t . expectation
values A 1- c(A)

are continuous

it ="
! Hat

self-adjoints on

Energy/time Evolution
: Hamiltonian ⑳ B()

a <Td
Lo

finite cality

-- 8. ③ 8 ....

Time evolution A re &A)= "eit
H
Ae
itH" An 2

invertible unique ground state w

/ Wodt = W + minimizes energy
9

gapped E o(H) <SEmin3 UEmintD ,
00) A >O



Kitaeu's Conjectures : (see Xiong arxiv : 1906 .
02892 (

A .
Phases are governed

by ground state
He W

& apped invertible 3
-> SGroundState 3 = Gokt) <Puti

-
-

weak equivalence

Examples"bosonic ,
no symetry" :

d= 0
Co(+) =B(A) PKA)= #(A)

⑧.

E self-adjoint
HeB((-) 3-- SEigenspace I = Qo(H) = Pkt)

Emin

Emin. multiplicity
X

UPSHOT Qu(+) :
= Po()



warning :

Theorem (Pflaum - Spiegel 23 arxir : 2402 .

03405)

-

If >o
,
Wakt) is weakly contractible .

Pa(H) too big ! Contains many "non-physical" states .

QnK+) <Pakt)d)O I



Kitaeu's Conjectures :

A .
Phases are governed

by ground state
Hrew

& apped invertible 3
-> ↳GroundState 3 = Gokt) Puti
I

weak equivalence

Examples"bosonic ,
no symetry" :

d= BK-V) BIA) BIAK
...

MPs i ()
- 08 ⑤ 11

Injective Matrix = Q ,) <PK)
capped invertible >33

I

E H RaduhnStatea re
I

space H .

Hastings : arxis : cond-mat/0701055 ,
0705.2024

verstracte·Grac : arxiv: cond-mat/0505140



Recap : In general &d(H) [Pakt) = Pure state spac

-

Goal : Identify structure of Qd() (Walt(
-

coming from physical considerations .

-

&
>

aakeleon

Ca(7) = colin ④ B(t)

Y
,
ut4 a =+d R

finite

⑦ =Os A 1- I*A *I
X -

Id M M



Properties of States :

Functoriality
: F :C-C a hi . isometry

closed embedding
C

PaIf) : Pakt) - Pak

wi- wo Adlef
*

)

for Adl**)(Al = 1
*

Af

5 ③. ⑧ * B(t)
5 ③. ⑧ * - ⑤

stacking :

23(-1)

. takee④. . * - ⑪

④. . * - ⑪ ~

B(C)

↓

st Bitek Bec

Pal+) x PalK) - WakeK)

(Wi , WKSI WA WK



Theorem (BHMPRS : arxiv : 2303 .

07431L
-

Da : Hilb
*
- Top is a topologically enriched lax monoidal functor .

Remark
: Quantum Systems also should form this structure

.

Definition
.

A quantum State type Qd is a sublax monoidal) functor of Pa

S . t.. QdIf) are closed embeddings

· Qukt) <Pak) contains the trivial States
.

⑯d is invertible if for each weQalt) ,
there is wit Qakt') S . t .

waw'tQalHe(-) is in the component of the trivial states.



d

Triviality : Yo+1k+)
,

with

Wakil
-> &4 :

A~
1I <4 ,

AstoL

+70 0 -72d

I

"Trivial State

If =PKA) is the vacuum ,

·
t

S in 1(7)

Tr patt

: trivial states can be deformed to valuum 4 = &4 = Qa(-)
WAYd

Note : all States for d
=0 are Trivial .



#From Quantum Systems do Phases

A phase is an equivalence class of states w where w=w' is

generated by :

1) Deformation : wEw if there is a path in Qakt) wew

2) Stabilization
: w=w if there are trivial states tit' s .t wet=wt'

think reduced K-theory

Group completion .. Fix +- Hilb ,
dimlt, 2

Q
*

= L Qakten) Space of quantum systems .(top . monoid)
M

, 0

④ = colm Qd(*n classifying space for phases
*4 Qu: Hilb

*
- top

*

equivalence relation implemented by
1) Taking to Qu : Vet*-her

2) The colimit .



Ray's dtin Principle : If Quis aninvertible quantum state type

Q is a grouplike Eoospace .
So Q is an infinite loop space

RBQ8 = TxQ

Examples"bosonic ,
no symetry" : Kitaer's Spectrum G

= 140 ,
G.. ...
)

d= 0
Go = 0% = (((+8n)

= (p00 = K11,
2)

d= 1 Aretherem (Beaudry · Herrele- Pflaum-Di-Spiegel - Stephen
to appear

00
x cohm Mps"(*) & KIT

,3)Gi Qu
x4

I

nV B-pUcu)



# Parametrized systems .

Parameter Space
: X a finite (w complex .

Definition
: A parametrized 9.

S .

is
Q= ↳ Qakro

we Map (X ,
92) =

: Q "(X)

We say wo is trivial if it is constant at a trivial state.

Parametrized Phases : WEwI 1) WI w

2) I t,
t trivial St .

wet = wet'

Phases parametrized by X
:

d

PQ(X)== [X , Q9] = KoloQ"(X)x[x ,
TL]



Example

GiX)
= PQoX) = Grea/X corresponding to ground

d= 0
State line bundle e...

for Kitter's cohomology thy G "Berry phase"

60
= k(7,2)

canonical example ...

X = 92-M2(k) H

* 1 x .8 =

x ,0 + x202 + x30

Phase invariant : C, #O =HS2 ;7)



-Example
G(X) = PO(X) = Gerbes

,
(X) +P(x ;TL)

d= 1

arxic
: 2112 .

07748

canomical examplex
=

See wowp wala arxir : 2305
.

07700

PETL
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p = 27+

+ Pa portant
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wydo
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otherworke KapustincSpodyneiko
:

amxir : 2001 . 03454

Shyama -Terashima,
Shiozalei -arxir : 2303. 04252

Ohyama ,
Shinsei Ryn arxiv : 2405

.
05327 .

Shiozalei , Heinsdorf ,Ohyama
: aroir : 2305 .08109

④ 8

Thank you.




