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4.1. Two small examples with G = SL;

4.1.1. The case of X T A. Let G =SLy(C) and let H = T, the maximal (diagonal)

torus of G. Consider the action of G on P! by left multiplication, and the corresponding diagonal action of
1

G on P! x P'. Then it is not hard to see that the stabilizer of the point o = ([1: 0], [0 : 1])
precisely T, and that the orbit of zo under the G-action is P x P!\ A, where A denotes the dia
of P! in the direct product. The compact group K is SU(2) in this case. The (diagonal) action of SU(2) on

1
Plis

gonal copy

! has moment map

([ [w]) 7) - ( )+
w||? 4)|z||2 1
where ([2], [w]) are homogeneous coordinates on P i w are considered as elements of C*) and 22
denotes the 2 x 2 identity matrix. Composing this with the map which quotients by the coadjoint action of
SU(2) on su(2)*, i.e. the so-called “sweeping map” su(2)* — R, su(2)/SU(2), yields that the Kirwan
map P! x P! - R is given by

The Kirwan polytope (i.c. the image of P! x P! under the above map) is the interval [0, 1] and the image of

the diagonal is straightforwardly computed to be 3, so the distinguished K-orbit (the diagonal) corresponds
to the boundary value.
There is also another natural parametrization of K-orbits which can be described in terms of the angle

between two complex lines in C2. More specifically, given ([2], [w]) € where z,w € C2\ {0}, we may
define X
() ) =1~
e

where (2, w) is the standard Hermitian product on C2. Geometrically, p is the quantity sin®(8) where  is
the angle between the m,mmpm lines spanmed by = and w, or equivalently, the spherical distance between
two distinet points p,q € 2 if we represent p, q by complex vectors z,w € C? with [|2]| = [|u

It turns out that p([z], [w]) = p([2'). [+]) if and only if the two pairs ([z], [w]). ([]. [w']) are in the same

1\ SU(2)-orbit, so the function p provides a parametrization of K-orbits in G/T. It follows from the

Cauchy-Schwarz inequality that the image of p is the interval (0,1]. Thus, composing p with —lo
( w > log(p([z], [w])), we obtain an identification of the K-orbit space with the valuation cone

(which in this case is Ryp)

Finally, there is also our spherical function ¢ corresponding to the irreducible representation of SLy

C)/T). This can be computed to be

1 .
+ =|zrws + wizaf? + [zawsl?
glarwe +wiz 2w

One can show that ¢2([2], [w]) > 1/2. On the other hand, (1 : 1),(~1: 1 2. This shows that the
image of ¢y is [1/2,0c). Hence we have a parametrization of the K-orbits by e points in this interval. One
R (the valuation cone) by taking the limit, as ¢ — 0

of highest weight 2 in C[SLo!

zwp —

can obtain a parametrization of the K-orbit space by
of the image of — log, (2).

The above computations show that, in this case, we have three parametrizations of the space of K-orbits
SU(2)\SL(C)/T by (half open) intervals in R 2 above, the Kirwan map
computed above, and the map p as above.

namely: the spherical function

1.1.2. The case of X = SLy(C)/N(T). As in the last section, we take G = SLy(C) but this time we take
H = N(T). In this situation we have N(T')/T = Z/2.
'N(T) can be ide mhml with P

50 there s a natural map SL

Q where Q is a smooth conic, as luﬂm\\

The homogencous space SLy

iven by multiplication. Note that Sym*(C2)
Q. where Q is the smooth

consider the map Sym*(C2) x Sym!(

C?) = C3. This product map induces a morphism (P! x P')

and Sym?

conic defined by the vanishing of the discriminant unmu\:‘ C®. One sees that the natural projection
SLy(C)/T — SL N(T) is then identified with (B' x P')\ A — P2\ Q. The non-identity clement in
the quotient N(T)/T % Z/2Z corresponds to the ‘avalution on B x P! exchanging the two factors. This
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