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Isometries of the sphere

n-sphere Sn = {x ∈ Rn+1 : ||x || = 1}

Definition
An isometry is a bijection f : Sn → Sn which preserves distances.

n = 1: rotation by an angle θ (and reflection)
n = 2: rotation about an axis in R3 by an angle θ (and reflection).
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An isometry is a bijection f : Sn → Sn which preserves distances.

n = 1: rotation by an angle θ (and reflection)
n = 2: rotation about a line in R3 by an angle θ (and reflection).

Any isometry f : Sn → Sn can be extended to a linear isometry

F : Rn+1 → Rn+1 , F (x) = f (x/||x ||)||x ||

i.e. an orthogonal transformation. That is,

Isom(Sn) ∼= O(n + 1)



Smooth symmetries of the sphere

isometries ⊂ smooth symmetries

A smooth symmetry – aka diffeomorphism – is a smooth map
Sn → Sn with smooth inverse.

O(n + 1) ⊂ Diff(Sn)

 ”Most” smooth symmetries aren’t isometries.



Smooth symmetries of the circle

Therefore, Diff(S1) ' O(2), i.e. the inclusion has an inverse up to
deformation (= homotopy equivalence).



Smooth symmetries ' isometries?

Diff(S1) ' O(2)
Diff(S2) ' O(3) (Smale ’50s)
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Diff(S4) 6' O(5) (Watanabe 2018, arXiv)



Exotic smooth bundles

Diff(Sn) ' O(n + 1)× Diff∗(Sn)

So Watanabe’s result is equivalent to

Diff∗(S4) 6' ∗

Strategy: Test with spheres,

{Sk−1 → Diff∗(S4)}� {smooth Sk -families of (pointed) 4-spheres}

If Diff∗(S4) ' ∗, then every smooth Sk -family of 4-spheres is
trivial, i.e. a product Sk × S4



Configuration space integrals

Watanabe constructs exotic Sk families of 4-spheres (many! for
k = 2, 5, 9, . . . ).To check non-triviality, he uses an algebraic
invariant. For each trivalent graph Γ with 2k-vertices:

{smooth Sk -families of (pointed) 4-spheres} → R

(S4 → E → Sk) 7→
∫
Ck (E)

ωΓ

Many questions . . . e.g. does
∫

depend on the smooth structure of
the fibers? (Lin-Xie ’23) It depends on less. But word is: it may
depend on even less.


