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Mathematical biology

An interdisciplinary field where Mathematics (Algebra, Calculus, Analysis,
Probability and Statistics) is used to study analyze and explain

quantitatively and theoretically biological phenomena and processes in life
sciences and medicine.

Cell organization, Ecology and ecosystems, Evolution and biodiversity, Genome
organization and expression, Growth and development, Immune system,

pathogens and host defenses, Integrative approaches to organism function and
disease, Molecular structure and function, Neurobiology and behavior, New
technology and industrial biotechnology, Plant biology and agriculture...
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Mathematics for infectious disease ecology and evolution
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I. Dynamics and control of infectious diseases

Pathogen diversity, evolution and control in antibiotic resistance

Patient diversity, personalized medicine and disease trajectory
prediction
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II. More generally, complexity and dynamics in ecosystems

Which forces shape ecosystems?

How is biodiversity generated and maintained?

What are the fundamental principles for stability and resilience?

Control and management of diseases

Interplay between extrinsic and intrinsic factors

Aggressive vs. moderate interventions

Personalized medicine vs. public/system health

Phenomena across multiple scales

Deterministic forces vs. stochasticity
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Biodiversity in multi-type microbial ecosystems

In dengue, influenza, malaria, TB, pneumococcus, the questions
of what generates and shapes diversity are a very important public
health issue:

Antigenic variants

Antibiotic resistance

Virulence

Growth and transmission traits

Vaccine escape mutants, etc.

MULTIPLE TRAITS FOR
ECOLOGY and EVOLUTION

Which variants coexist and via which mechanisms?

We need good, mechanistic, computationally efficient mathematical
models
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How does collective coexistence arise from micro-scale pairwise
interactions?

Co-colonization as a route to coexistence

Kij < 1: competition i → j
Kij ≥ 1: facilitation i → j
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Co-colonization epidemiological model with N strains

in collaboration with Dr. Sten Madec, University of Tours, France

N + N(N − 1)/2 equations for population structure

Can we simplify?
What is the ecological backbone of epidemiological dynamics?

The model:


Ṡ = m(1− S)− S

∑N
j=1 Fj ,

İi = FiS −mIi − Ii
∑

j KijFj , 1 ≤ i ≤ N

İij = IiKijFj −mIij , 1 ≤ i , j ≤ N

(1)

where Fi = β
(
Ii +

∑N
j=1

1
2
(Iij + Iji )

)
gives the force of infection of strain i , and

m = γ + r is the net clearance plus natural mortality rate.
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The co-colonization interaction matrix Kij (N × N)

Since we model N closely-related strains, the Kij are sufficiently close:

Kij = k + εαij , where 0 ≤ ε << 1.
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We want to apply time-scale separation to simplify the
ODE system

Represent the dynamics in variables that change in two (or more) time scales:

dx

dt
= f (x , y) FAST VARIABLE

dy

dt
= εg(x , y) SLOW VARIABLE

with the small parameter 0 < ε� 1.

Challenge: figure out which are the fast variables and which are the slow
variables in our co-colonization model. And how do they change?

Madec & Gjini, Bull Math Biol. 2020 Oct 29;82(11):142

Erida Gjini (CEMAT, IST) MMAC Day 2024 14.03.2024 10 / 20



Re-write the ODE system in a more convenient form

Define Ji = Ii +
N∑
j=1

1

2
(Iij + Iji ) and T =

∑
i

Ii +
∑
i

Iii +
∑
i 6=j

Iij . (2)

as the prevalence of strain i in the population, and the total prevalence
of all strains. T =

∑
i Ji and the forces of infection are: Fi = βJi . Now,

the system reads :

Ṡ = m(1− S)− βST ,
Ṫ = βST −mT ,

İ = m(T− I )− βkTI − εβ
N∑
i=1

N∑
j=1

IiαijJj

İi = m(Ji − Ii )− βkTIi − εβIi
N∑
j=1

αijJj

J̇i = βk
2

(IJi − IiT) + εβ
2

N∑
j=1

(IjαjiJi − IiαijJj)

Iij = β
m
Ii (k + εαij)Jj

(3)
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FAST+ SLOW dynamics, made explicit

R0 = β
m (Basic reproduction number)

Kij = k + εαij

On a fast time scale, strains behave as neutral (ε = 0)

A conservation law for global quantities:

susceptibles prevalence S(t) → S :=
1

R0
,

carriage prevalence T (t) → T := 1− 1

R0
,

single colonization I (t) → T

1 + R0kT
and D = T− I (co-colonization)
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Slow dynamics (on the time-scale τ = εt)

Let λji be the growth rate of strain i when introduced at the endemic
equilibrium of strain j alone. In our model, pairwise invasion fitness 1 is:

λji = αji − αjj − µ(αij − αji ) (4)

The λij define the edges of an invasion network between N strains. Each edge between
i and j depends on the signs of (λj

i , λi
j):

(+,+): stable coexistence of i and j ;

(−,−): bistability of i-only and j-only;

(+,−): i-wins competitive exclusion;

(−,+): j-wins competitive exclusion.

Slow dynamics: an N-dimensional replicator equation for strain frequencies:

dzi
dτ

= Θzi ·

∑
j 6=i

λji zj −
∑
k,j

(λkj + λjk)zjzk

 (5)

1
Adaptive dynamics: (Geritz et al., 1998; Meszena et al., 2005)
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An example of dynamics for N = 6
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From strain frequencies (zi) back to population structure

Define k =
∑

i,j Kij

N2 (Mean),

Define ε =

√∑
i,j (Kij−k)2

N2 ,(Std.)

Obtain αij =
Kij−k
ε .

Solve the replicator equation for
frequencies zi ...

Obtain epidemiological variables

S(t) = S :=
1

R0
, T (t) = T := 1− 1

R0
, I(t) :=

T

1 + R0kT
,D(t) = T−I

Ii (t) := Izi (τ), Iij(t) = Dzi (τ)zj(τ).
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Complexity- stability-diversity in N type coexistence

The ratio of single to co-colonization

µ =
I

D
=

1

(R0 − 1)k

is key to qualitative shifts in coexistence between multiple strains:

λji = αji − αjj − µ(αij − αji )

Amplifies the importance of asymmetry in between-strain interactions for
net competitive outcome of each pair:
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Dynamics shift qualitatively with global ratio µ

Example (N = 4) high transmission (R0)→ low transmission (R0): Very different coexistence dynamics!

Generally, increasing the ratio µ, increases dynamic complexity

Erida Gjini (CEMAT, IST) MMAC Day 2024 14.03.2024 17 / 20



Model extensions, tools and applications

Diversity in other traits Links with data Stochasticity

N large

N=1

N=2

N=3

Increasing number of species

Community assembly Host contact structure Parameter inference
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Come to join this exciting project!

A new path for modeling and understanding N-species colonization
dynamics under cooperation and competition in co-colonization

Framework general for epidemiology, ecology, evolution (SIS ’prototype’)

Replicator dynamics in ecological networks: more attention, huge potential

Collective dynamics from pairwise outcomes

Model reduction has many computational and analytical advantages

Many applications to microbiota, antibiotic resistance, vaccination

Multi-strain system → multi-type contagion, opinion dynamics, social
evolution
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