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Fluids are everywhere

Fluid mechanics is a part of applied mathematics, of physics, of
many branches of engineering, certainly civil, mechanical, che-
mical, and aeronautical engineering, and of naval architecture
and geophysics, with astrophysics and biological and physiolog-
ical fluid dynamics to be added.

Sydney Goldstein, mathematician and fluid-dynamicist



Incompressible Navier-Stokes Equations (NSE)

ϱ [∂tv + (v · ∇)v] = µ∆v −∇p+ ϱf , ∇ · v = 0

Although the NSE are known for almost two centuries and the wide
range of their scientific and technological applications, the theory of
NSE is far from complete.

It is known that a 2D weak solution exists and is unique.

The question whether a 3D weak solution, which exists globally
in time, is smooth for all times without restrictions on the size of
the initial velocity and the external force, has challenged several
generations of mathematicians and is one of the seven Millennium
Prize Problems selected by the Clay Mathematics Institute.
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Flow in pipes



Navier-Stokes equations with Classical Do-Nothing (CDN)
boundary condition



−ν∆v + (v · ∇)v +∇p = f in Ω ⊂ Rn, n ∈ {2, 3}

∇ · v = 0 in Ω

v = g on ΓD (Dirichlet boundary portion)

ν(n · ∇)v − pn = 0 on ΓN (Neumann boundary portion)

ΓN is an artificial boundary



Navier-Stokes equations with CDN boundary condition

Pseudostress tensor:

T̃(v, p) := ν∇v − pI, ν viscosity constant

(NS+CDN)



−∇ · T̃(v, p) + v · ∇v = f in Ω

∇ · v = 0 in Ω

v = g on ΓD

n · T̃(v, p) = 0 on ΓN (compatible with Poiseuille flow)



Directional Do-Nothing (DDN) boundary condition

Energy estimate: if v ∈ H1(Ω) with ∇ · v = 0 and u ∈ H1(Ω)
with u = 0 on ΓD then∫

Ω
v · ∇u · udx =

1

2

∫
ΓN

(v · n) |u|2dσ

=
1

2

∫
ΓN

[v · n]+ |u|2dσ − 1

2

∫
ΓN

[v · n]− |u|2dσ

(NS+DDN)



−∇ · T̃(v, p) +∇ · (v ⊗ v) = f in Ω

∇ · v = 0 in Ω

v = g on ΓD

n · T̃(v, p) +
1

2
[v · n]− (v − vr) = 0 on ΓN



CDN vs DDN boundary condition: truncated pipe

(a) CDN-CDN (b) DDN-CDN

(c) DDN-DDN

Figure: Velocity profiles for ν = 0.041, f(x1, x2) := (sin(x1) + sin(x2), 0)
and different combinations of open boundary conditions.
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Problem: Analysis and numerical experiments of (NS+DDN).
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Flow in exterior domains



Navier-Stokes flow past a translating body



−ν∆v + ((v − ξ) · ∇)v +∇p = f in Ω ⊂ Rn, n ∈ {2, 3}

∇ · v = 0 in Ω

v = g on ∂Ω

lim|x|→∞ v(x) = 0



Approximation by flows in bounded domains



−ν∆v + ((v − ξ) · ∇)v +∇p = f in ΩR ⊂ R3,

∇ · v = 0 in ΩR

v = g on ∂Ω

ν
x

R
· ∇v − p

x

R
+

1

R
(1 + s(x))v − 1

2

(
v · x

R

)
v = 0 on ∂BR

s(x) := [|ζ||x|+ (ζ · x)] /2

P. Deuring and S. Kračmar. Exterior stationary Navier-Stokes flows in 3D with non-zero velocity at infinity:

approximation by flows in bounded domains. Math. Nachr., 269/270:86–115, 2004.

Problem: Convergence when R → ∞ and numerical experiments,
starting with the Oseen case.
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