




















































































Rita Pardini Università di Pisa

Geometria en Lisboa

February 20 2024























































































o Notation

We work over E

if X prof variety Wx dualizing
sheaf

Wx is a rk 1 torsion free
sheaf

mooth wx NER
is a live bundle

called canonical bundle

is Gorenstein

if as is a live bundle e g

if is locally a hypersurface























































































1 Compactified moduli

spaces

972 My moduli space

of smooth prof curves

of genus g

My is irred quasi prof variety
dim 3g 3

mildly singular

Rene ci smooth prof curve

g
c 2 we is ample























































































modular compactification

Mg Mg

Mg moduli space of stable

curves of genus g

Ci stable curve if
the sing of Ci are nodes i e

locally 4 0

αso Ci is Gorenstein

we is ample

Examale

E nodal but not stable

we is
trivial

here we negative
here























































































My is an irred projective variety

Deligne Mumford 1969
of dim
3g 3

The boundary MyIMg con

he explicitly described

Exemple 9 2 dimmi 3

ad 1 CA
cool 2

cods























































































Surfaces s smooth prog surface

of gen type li.e.ws gives a

birational map for naso

smooth or mildly singular

surface X birational to S

and mich that any is ample

canonical model of 5

Numerical invariants

XEXIQ 1 l 9 l a e No

1 A1ih
91 1 irregularity

Pg XI geometric
gemsKf Ca Nx EIN























































































For fixed a b E INO

Ma e moduli space of

the canonical models of I

surfaces of general type with

K2 a f Gieseker 1979

Ma e
is
quasi projective not

projective

Ma e is not as well

it behaved as My























































































Important differences

Mail con le empty
we only have a lower bound

for the dimension

Mail con have arbitrarily

many irred connected comp

of different dimensions

any possible ring occurs

on some Ma e Vakil's

Murphy's low























































































Modular compactification

Ma e Mate projective

Ma moduli space of stable

surfaces with K a b

Long history

1991 Kollàr Shepherd Barron

introduce stable surfaces

1994 Alexeer proves boundedness

i

2022 book by Kollàr with Altmann

and Kovacs settles the theory

for pairs in any dimension























































































Stable surface X prof surf

E X finite set such that

locally near P E XIE

is smooth or double crossing

1 0

rings of E are not too bad

i e Slc semi lay canonical

list of see surface

singularities

mio W extends to

a live bundle denoted by

cui and aux is ample
is Q Gorenstein























































































II 11 the definition of the

functor corresponding
to Ma is very complicated

Special cose if Be is a curve

a family of stable surfaces
in

p B

p is flat
Xe is a stable surface GEB

I is a Gorenstein

2 Ma e in open in Ma e

but possibly not dense























































































Questions
what stable surfaces do

occur in Main Mae

which of the above admit

a Q Gorenstein smoothing
i e correspond to points in

the closure of Mae

Very few examples have been

worked out























































































2 I surfaces a test case

I surface minimal of gen type

K 1 3 E g
2 9 0

Also called 1,2 surfaces

Why these

they appear as exs.to li rationality

of pluri canonical maps of

surfaces and 3 folds analoguesof
genus 2 curves

first interesting cose from the

Hodge theoretic point of view

very good grasp of the module

space























































































smallest possible K2

and longest pag for K2 1

Long term project understand
MI

Iam
C S Coughlan
F M Franciosi

P

Ra 7 Rana

Ro 5 Rollenske























































































an I surface

4 Ya
2 17 2 p

22 2 42 quadric
come

3 2 17 04

degree 5 hupersurf

B

rulings pull back to canonical curves

9 2

moduli space irredof dim 28

very large























































































Can describe various subsets of My

Gorenstein I surfaces Carter index 11

F PRO 2017
open in Me

I surfaces with one T suig

FPRa Ro 2021 FP RaRo 2022

I surfaces with Cartier index 2

I C F P Ro in progressi

Gallardo Pearlstein Schaffler Zhang

12022 describe 8 new divisors in

the chome of Mr in This

2023
Rollenske Torres refinement of
the above























































































Cyclic quotient sing a me No

Ed a primitive m the

root of 1

Im acts on
2

by

x y Ex y

4 is a 1m sia mig

Def a sing of type
1

ma
1 nota 1 with In al 1

is a T singularity























































































Earle 11,1 is the come

over the rational normal curve

of degree 4 Resolved by a 4
curve

Kolh Shepherd Ba
RDP's and T shigs are the

only quotient sing that admit

a Q Gorenstein smoothing
d dimension of Q Gorenstein

local def's

Namely i expect these sing's on

smoothable stable surfaces

2 expect them in cool ol

for d 1 we expect a divisor



















































3 I surfaces with 1

T singularity
FPRaRo 21 CFPRaRo 22

Possibilities for I surface with 1

T ring 141111711,5 II 14

112017 01 31
ok

dim28

dim 28























































































RU Roma Ursua surfaces

2111,141 2
74 2 1

min res

exe divisa

y elliptic
3

4 È

cuspidal case
RU
surface

Y 3 3 3

4
cusp Yurt

























































Gorenstein I surfaces

Tem F P Ro 171 all Gorenstein
I surfaces are double covers

2 branched on B 0

and 2 I B le

Stratification of Maior

all smoothable

Remi Hodge theoretic interpretation
I Green Griffiths Lara Robles

codimension of strata o



















































Tree of degeneration























































































I surfaces of Cartier index 2

quintic section B 70

j.ie

i

if B general 1,17 ring overo

get a codimension 1 stratum

of the boundary

More degenerate examples occur this

way























































































BE 2 rulings
tax bisection

X irreducible

Canonical curve A

iJI
trancia























































































Degenerate 2 to a pair of planes

imiti

I
K 3 K 3

Union of 2 k 3 surfaces with

5 An point glued along a IP

All the canonical curves are

non red with support P

24 dimensional family























































































All the above examples are

clearly smoothable

A different construction

19
1

Enriques
Nfa If Huf files smooth

pa
d

contract E land 2 curva

disjoint from Es

Aspetta Pa

Da























































































g
1

Da Da43

èsurface

pi t

contract E and a curves

disjoint from E

Aght Ti Pa

X Da

9 D 7 Da 9 Pal Pa

X X Y Ya is a stalle
e I surface

of index 2























































































sta sui g
7 P

Enriques
KA

CI

p elliptic fiber moves

half fiber in a pencil
fixed

Ci Cauca is a canonical

curve

Moduli 9 for the Enriques 18 for
the K

27 col 1



Theorem CFPRo 23

an I surface of index 2

CE Kxl general If C is reduced

is one of the following
A double cover of come 2

B Enriques K3

In either case is moothable

Conjecture work in progressi

I surface of index 2 with

non reduced canonical curves

al is K 37K moothalle 1

e belongs to a 30 okin family
of red surfaces both comp che also

K 3



What else is Known about

explicit compactification
Not much

Burniat surfaces with KEG

and Campedelli surfaces with

TI 22 Alexei P

some partial results for

K 1 Pye 0 2

F PR Fantichi Franciosi P

Rallenta Ahn Ti Do I

K 2 Py 3 Gorenstein Anthea

Horikawa surfaces
Rana Rallenske


