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Leitmotiv: To study relations between
» the topology,
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> the enumerative/symplectic geometry,
> the complex geometry,

of a smooth projective variety X over C.

Such a study is developed via the analysis of meromorphic connections on
P'(C), and their isomonodromic deformations.
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Why to study qDEs?

» gDEs encode enumerative geometric information

> reconstruction and convergence of Gromov-Witten potential
» gDEs codify properties of derived categories

» Dubrovin conjecture
» gDEs have rich number theory

> irrationality proofs
» distribution of prime numbers

» DEs as a source of inspiration

» coalescences and isomonodromic deformations
» Borel-Laplace multi-transforms
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Frobenius Manifolds are complex manifolds whose tangent spaces admit a
Frobenius algebra structure.

> FrogENIUS ALGEBRA

6 x(y2) = ()2,

Xy = yX,

” xe = X,

n(x, yz) = n(xy, z)

Examples coming from: FLAT ¢ NETR(C"
» Symplectic and Algebraic Geometry
» Singularity Theory

Milestones: Dubrovin, Hitchin, Kontsevich, Manin, Saito, Vafa, Witten, ...

Mirror Symmetry as isomorphism of Frobenius manifolds

QH*(X) = (V,f: V — C)



Gromov-Witten theory associates with X a family of Frobenius algebras, its quantum

cohomology QH®(X).

QH®(X) is a deformation of H®(X), via counting numbers of rational curves on X
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Gromov-Witten theory associates with X a family of Frobenius algebras, its quantum
cohomology QH®(X).

QH®(X) is a deformation of H®(X), via counting numbers of rational curves on X
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To each point of QH®(X) there is an attached differential equation
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To each point of QH®(X) there is an attached differential equation

% = (U(t) + %V(t)) Y, zeC", te QH*(X).

Its solutions are multivalued, and they manifest a Stokes phenomenon.

— Monodromy data of gDE ,@

FUCHSIAN SINGOWARITY 2-0 ‘N YR (‘l,'t)

IRREGULAR  SINGULARITY 2=00
YL(},":)

Y, (2:k) ~ Solition of 3=0

;_I‘: ~ny Au& SceA‘\nu \-I\

o' g=00
Y (i)=Y (39, Y 4)=Yaltt) SO

» Isomonodromic property: monodromy data are locally constant wrt t.
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Dubrovin Conjecture
Symplectic and Enumerative Geometry of X: QH®(X)

J{qDE

Complex geometry of X: D?(X)

The monodromy data of the gDE of X are determined by
> the topology of X (dimension, characteristic classes),

> characteristic classes of exceptional collections in D”(X)

(E,'),-nzl, Hom'(E,-, E,') ~C, Hom'(Ej, E,') =0, j>Ii.
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Cotti, Varchenko. In Integrability, Quantization, and Geometry, AMS, 2020
Equivariant framework: let G act on X.

QHE(X) = DE(X)

Maulik, Okounkov, Tarasov, Varchenko: the gDE admits a compatible system
of difference equations
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Results: perfect equivariant lifts of my previous results!



Coalescence problem for isomonodromic deformations

Cotti, Dubrovin, Guzzetti. Duke Math. Journal, Volume 168, Number 6 (2019), 967-1108.
Cotti, Dubrovin, Guzzetti. SIGMA 16 (2020), 040, 105 pages.

Theory of non-generic Isomonodromic Deformations

% — <U(t) + %V(ﬂ) Y, U= diag(ui(t),...,un(t))

> Main problem: extend the analytical theory when wj(t) = uj(t), i # j.

» Results: Formal solutions, Asymptotics, Stokes phenomenon,
(isomonodromic) deformation theory...

» Applications: Frobenius manifolds, Painlevé transcendents,
Riemann-Hilbert problems...
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Integral representations of solutions of gDE

Problem: How to find bases of solutions of the gDE?
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= Reduction to a scalar gDE MASTER FUNCTIO NS
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> projective space P~ 9"® = (nz)"®, ¥ :=zZ,
> G(2,4): 93P —1024z*9d — 20482z*d = 0,
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— 422 (254722 + 350z — 104) 9 + 22 (—31132% — 99242% + 14762 + 192) & = 0.



CASE T : Ve X

Theorem (C., MEMS)

Assume

L—X
then there exists ¢ € C such that any master function of Y is a C-linear
combination of integrals of the form
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where ® is a master function of X.
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Theorem (C., MEMS)
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then there exists ¢ € C such that any master function of Y is a C-linear
combination of integrals of the form
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case T: Y=P(v) , V=X -
Theorem (C., arXiv:2210.05445, to appear in JMPA) L ‘%>J&]
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- — Reconstruction of Stokes bases of solutions

The central connection matrix of Foxy1 is

1 _ 1 L _ 1
27 27 27
- 3 T2 T
Ck = y—2~vk—im _ y—2~vk+iw —2~vk— l(27rl<+7r)+'y (2k—1)(~v+im)
2n 2 2 2 2’7('y+17r) 2('2y74rri7'r)2
v(=i+2) v (-i-%2) . -

Theorem
Dubrovin conjecture holds true for all Hirzebruch surfaces.

The matrix Ci is the matrix associated with the morphism

1= —Tric:
Ap,, .o Ko(Faia)e — H®(F2k41,C), [Z] e sz“Ue 1(]Fz”l)UCh(ﬁ),

w.r.t. an exceptional basis & := (E;)%; of Ko(Fak+1)c,
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The exceptional collection € is obtained from (O, O(X2), O(X4), O(X2 + X4))
by applying the following elements of (Z/2Z)* x Ba:
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