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Recall that hyperbolic n-space (H", b) is
defined by

H" = {x € RV | (x,x)1,, = =1} C RL",

where R1:" is the Minkowski space with
the flat metric

(X, X)1n = —xgH+xF+ . X2
= —xg + r2, —
]
where x = (x0,x1, -+ ,xn) € RL" and b is
the induced (Riemannian) metric. _
N O
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Let (M, g,%X) be an s-AH manifold. If F is a chart at infinity, let us identify g to F*g
=g —b. Then

and set e i=
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mS’F(V) = r—I:Too

exists and is finite. Here,
U(V, e) = V(divbe — dtrbe) —ly,ve +trpe dv.
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Theorem (Almaraz, —, 2022)

Let (M, g,X) be an s-AH spin manifold with Ry > —n(n — 1) and Hg > (n — 1)Xs.
Then, for any chart F as above, the mass vector mg ¢ is time-like and future directed
unless it vanishes, in which case (M, g, %) is isometric to (HZ, b, ¥s).
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» The terminology is justified by the fact that the numerical invariant
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does not depend on the chosen chart and may be regarded as the total mass of
the isolated gravitational system whose (time-symmetric) initial data set is

(M, g,X). Hence, ms > 0 with the equality holding if and only if (M, g,X) is
isometric to (HZ, b, Xs).
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» Assume that M is a spin manifold with a fixed spin structure. In the presence of a
metric g, there exists a canonical hermitean vector bundle SM — M, the spinor

bundle of (M, g), endowed with a compatible connection V. Elements of I'(SM)
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A mass formula |

We apply the previous integral formula to
Q) = Q, as in the figure, assuming that W
satisfies a 6-boundary condition along %,
where (M, g, X) is s-AH with N

As =sinf =71

[recall that A is the extrinsic curvature of
> s — H7, so that the identity

52+72:1<:>—52:—1+7-2

is just Gauss equation in disguise].
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» It remains:

1. to make sure that, as r — 400, the left-hand side converges to the mass functional
evaluated at some V € N}, s (depending on W);

2. to get rid of the term involving D* W, as it has the wrong sign.
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> |t turns out that (HZ, b, Xs) carries a lot of Killing spinors (that is, solutions of
V & = 0) satisfying a 6-boudary condition [recall that we are assuming that

As =sin@ = 7 |. In fact, such spinors trivialize SH?. Any such spinor may be

transplanted to a spinor ®. in the asymptotic region of (M, g,¥) by means of a
chart F.
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Vo € [(SM) such that:
1. Wy is Killing-harmonic in the sense that D=W4 = 0O;
2. Vg satisfies a 6-boundary condition along ¥;
3. Wy — O, at infinity (in a suitable sense).
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Under the DECs Rg > —n(n — 1) and Hy > (n — 1)), there exists a unique
Vo € [(SM) such that:

1. Wy is Killing-harmonic in the sense that D=W4 = 0O;
2. Vg satisfies a 6-boundary condition along ¥;
3. Wy — O, at infinity (in a suitable sense).

Theorem (Witten-Chrusciel-Herzlich-type mass formula)
Under the conditions above, there holds

1 ’ i s Rg+n(n—1 5
gmer(Ve) = | (\V*ww + Retnln=1) )\wd)r) am
4 . /\,’7 4
1
+3 [ (Hs = (0= DA [Wo P,
JX

where Vg = |®|? € CIS C Nps.
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> Since any V € CZS is of the form V = V4 for some Killing spinor ¢ on HZ,

we have seen that, for any such V/,

1 R, —1
Y Vina = /(|viw|z+w|w|2)d/w
4 ’ M 4
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+> / (Hg — (n = 1)Xs) |W[2dE, W =W,
pX
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The DECS then imply that Y .

T i Cy
(ms F, V)n1 >0, forany V € C, ., which VR
means that mg £ is is time-like unless there

N,
exists a Killing spinor W¢ = 0 on M it/ bis

meeting the corresponding #-boundary

condition along .
. [ V(;;, ooy y(hl:(

> The existence of W implies that g is Einstein (Ricg = —(n — 1)g) and X is
totally umbilical (with Hg = (n — 1)Xs). In particular, ¥ < M has the same
second fundamental form as ¥s — HJ.
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> It turns out that ¥ < M also has the same first fundamental form as s — HY.

» The proof of this claim uses in a crucial way the known properties of W?, namely,
VEWY =0 and Qp W0 = £WP.

%
This allows us to glue (M, g, X¥) to
(H" , b,X_5) along the common boundary ‘
> = XY _; to obtain a boundaryless
n-manifold which is AH (with H" as its
model at infinity), Einstein and carries a
Killing spinor W?. We conclude that this
glued manifold is isometric to (H", b) and
hence (M, g, X) is isometric to (HY?, b, Xs), M >
as desired. 2
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The horospherical case

By means of the hyperboloid model
H" — RL", we consider the horoball

h={xeH"; xg —x1 <1}.

We denote by its boundary.

%,

N

z
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We denote by its boundary.
Toy- A

Proposition
(HJ, b,X4) is a static domain whose boundary X}, is a horosphere (with mean

curvature n — 1). In this case, (N, X) = (—n(n — 1)/2,n — 1) and the corresponding
space of static potentials is

Noh = [V, Viay, s Vil Vi = (%0 — 1) |-
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Proposition
N, n splits into two irreducible representations under ph', namely,

Now=[Vhl @© [V, Vinls

with ph\[vh] being trivial (that is, pfy(Vy) = Vj for any A).
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+5 | (He = (0= )P,

from which the corresponding rigidity statements follow.
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