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Question

Does an action of Z,, = Z/nZ on a manifold M extend to a circle action?

J

o = = E A
Liat Kessler Extending cyclic actions to circle actions



Question J

Does an action of Z,, = 7./nZ on a manifold M extend to a circle action?

Here, the manifold M admits a symplectic form w and the action preserves
the symplectic form. We also assume that M is compact and connected
and the action is effective, i.e., no non-trivial subgroup acts trivially.
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Does an action of Z,, = 7./nZ on a manifold M extend to a circle action?

Question J

Here, the manifold M admits a symplectic form w and the action preserves
the symplectic form. We also assume that M is compact and connected
and the action is effective, i.e., no non-trivial subgroup acts trivially.

An effective action of a torus T' = (S')" on (M, w) is Hamiltonian if it
admits a momentum map: a smooth map ®: M — t* >~ R" that satisfies

0P; = —1(&)w

where £, ..., &, are the vector fields that generate the torus action.
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Question J

Does an action of Z,, = 7./nZ on a manifold M extend to a circle action?

Here, the manifold M admits a symplectic form w and the action preserves
the symplectic form. We also assume that M is compact and connected
and the action is effective, i.e., no non-trivial subgroup acts trivially.

An effective action of a torus T' = (S')" on (M, w) is Hamiltonian if it
admits a momentum map: a smooth map ®: M — t* >~ R" that satisfies

dCI)j = —L(fj)w
where £, ..., &, are the vector fields that generate the torus action.

By the convexity Theorem, the image of the momentum map is a convex
polytope (Atiyah, Guillemin-Sternberg, 82).
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Question

Does every homologically trivial action of Z,, on (M*,w) extend to a
Hamiltonian circle action?

o F = G
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Question

Does every homologically trivial action of Z,, on (M*,w) extend to a
Hamiltonian circle action?

An action is homologically trivial if it induces the identity on homology.
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Question

Does every homologically trivial action of Z,, on (M*,w) extend to a
Hamiltonian circle action?

An action is homologically trivial if it induces the identity on homology.

A circle action is homologically trivial because the circle is connected.
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Question

Does every homologically trivial action of Z,, on (M*,w) extend to a
Hamiltonian circle action?

An action is homologically trivial if it induces the identity on homology.
A circle action is homologically trivial because the circle is connected.

We restrict to symplectic manifolds that do admit Hamiltonian circle
actions.
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Question

Does every homologically trivial action of Z,, on (M*,w) extend to a
Hamiltonian circle action?

An action is homologically trivial if it induces the identity on homology.
A circle action is homologically trivial because the circle is connected.

We restrict to symplectic manifolds that do admit Hamiltonian circle
actions.

The examples we will see today are simply connected, so every symplectic
circle action is Hamiltonian.
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This question was asked by Jarek Kedra at the “Hofer 20" conference in
Edinburgh in July 2010.
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This question was asked by Jarek Kedra at the “Hofer 20" conference in
Edinburgh in July 2010.

A positive answer implies a positive answer to
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This question was asked by Jarek Kedra at the “Hofer 20" conference in
Edinburgh in July 2010.

A positive answer implies a positive answer to

Question

Does every finite-order cyclic subgroup of Ham(M*, w) embed in a circle
subgroup of Ham(M*,w)?
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This question was asked by Jarek Kedra at the “Hofer 20" conference in
Edinburgh in July 2010.

A positive answer implies a positive answer to

Question

Does every finite-order cyclic subgroup of Ham(M*, w) embed in a circle
subgroup of Ham(M*,w)?

Ham(M,w) is the group of Hamiltonian symplectomorphisms.

A symplectomorphism ¢ is Hamiltonian if it is isotopic to the identity
through a Hamiltonian isotopy ¢; generated %npt = X0 (¢4) by a family
of Hamiltonian vector fields (tx,w = dHy).
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The answer is No.

Example (Chiang-K.,20): Construct a Zy action on a symplectic manifold
obtained from CP? by six symplectic blowups.
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The answer is No.
Example (Chiang-K.,20): Construct a Zy action on a symplectic manifold
obtained from CP? by six symplectic blowups.

Start from CP? with the Fubini-Study symplectic form and the standard

toric action:
(a,b) - [z0: 21 : 22] = [20 : az1 : bza].
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The answer is No.
Example (Chiang-K.,20): Construct a Zy action on a symplectic manifold
obtained from CP? by six symplectic blowups.

Start from CP? with the Fubini-Study symplectic form and the standard

toric action:
(a,b) - [z0: 21 : 22] = [20 : az1 : bza].

The action is Hamiltonian with a momentum map

D([20: 211 22]) = < = = )
o |z02 + |21 + [22]% [20/* + |21]2 + |22]2/
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Perform an S'-equivariant symplectic blowup of size % at an interior fixed
point.
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Perform an S'-equivariant symplectic blowup of size % at an interior fixed
point.

The circle action near the point is (A2, \"'w); it descends to the blowup.
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Perform an S'-equivariant symplectic blowup of size % at an interior fixed
point.

The circle action near the point is (A2, \"'w); it descends to the blowup.

The action on the exceptional divisor is [Az : A™lw] = [A1F1z @ w).
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Perform an S'-equivariant symplectic blowup of size 1—36 at an interior fixed
point.

The circle action near the point is (A'z, A\~!w); it descends to the blowup.
The action on the exceptional divisor is [Az : A™lw] = [A1F1z @ w).

We get a circle action on (N,wy) = (CP25CP2,w,.1 1 11 3 ).

12°4°4°4°16

Ey — E

L—FE,—FEy—E5
Es

Es

L—E — Es
Fy — Es

L—-FE3—E4
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The manifold N admits an S'-invariant wy-compatible complex structure.
We can read the configuration of S!-invariant holomorphic spheres from
the graph.
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The manifold N admits an S'-invariant wy-compatible complex structure.
We can read the configuration of S'-invariant holomorphic spheres from
the graph.

E1 — Es

L—FE) —FE4—FE5
Eo

Es

L—-FE—E>
FEy— Es

L—FE3—E4

An edge indicates an invariant holomorphic sphere; the label 2 tells that
the sphere in Ej is fixed by Z? < S'; the preimage of a fat vertex is a fixed
holomorphic sphere.
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Perform a Zs-equivariant complex blowup 7: N — N ata point p in the
Za-sphere in E5 that is not S*-fixed.
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Perform a Zs-equivariant complex blowup 7: N —> N ata point p in the
Za-sphere in E5 that is not S*-fixed.

The configuration of Zs-invariant holomorphic spheres:

L —FE3— FEy
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Perform a Zs-equivariant complex blowup 7: N —> N ata point p in the
Za-sphere in E5 that is not S*-fixed.

The configuration of Zs-invariant holomorphic spheres:

L —FE3— FEy

There are Zo-fixed spheres in E; — Ey, L — E3 — E4 and E5 — Eg.
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Let

Q

1
= W*[wN] — gPD(E@)
We claim that € contains a Kahler form.
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Let 1
Q = 7T*[OJN] — gPD(E@)

We claim that € contains a Kahler form.

o By Nakai's criterion, on a closed complex surface, it is s enough that
(2 > 0 and (€, [C]) > 0 for every complex curve in N.
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o The complex manifold N is a weak del Pezzo surface of degree 3
(obtained from CP? by 6 blowups, each at a point not lying on a
(—2)-curve). Hence the classes of its (—2) and (—1)-curves generate
the cone of classes of complex curves, with non-negative coefficients.
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o The complex manifold N is a weak del Pezzo surface of degree 3
(obtained from CP? by 6 blowups, each at a point not lying on a
(—2)-curve). Hence the classes of its (—2) and (—1)-curves generate
the cone of classes of complex curves, with non-negative coefficients.

® The classes of the (—2) and (—1)-curves are the ones indicated in the
configuration figure; the coupling of each with ) is positive.
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By averaging with respect to the holomorphic Zs-action, and since the
action is the identity on homology, we obtain an invariant Kahler form in ().
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By averaging with respect to the holomorphic Zs-action, and since the
action is the identity on homology, we obtain an invariant Kahler form in ().

We get a homologically trivial Zs-action on (CP246CP2, w1 111 5 1).

727474°4°16°8
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We note that the manifold does admit a Hamiltonian circle action.

L—-FE3—FE4— Eg
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However, there is no Hamiltonian circle action that extends the Zs-action:
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However, there is no Hamiltonian circle action that extends the Zs-action:

We show that the configuration of invariant holomorphic spheres in the
constructed Zs-action is different from that of any Hamiltonian circle
action on the symplectic manifold.

FE1 — E>

L—-E3—-Ey
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For example, in the action

L— Es— E4 — Eg

there is a fixed surface in L — E3 — E4 — Eg. The intersection of this class
with L — E3 — E4 is —1. An embedded sphere S fixed by a non-trivial
subgroup H is holomorphic w.r.t. any invariant complex structure J. (For
weTS and h e H, doy(Jw) = J(dopw) = Jw.) So, if the S*-action
extends the constructed Z,-action, we get a contradiction to the positivity
of intersections of holomorphic spheres.
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To go over all the circle actions on ((CIP’21:16(C]P’2 Wil111 s 1), we use

274°4°4°16°8
Karshon- K. - Pinsonnault characterization of C|rc|e actions on symplectic

blowups of CP?: each action is obtained by S'-equivariant symplectic

blowups of sizes (}1, 4117 }1, 16 8) from a circle action on (CP24CP2, Wy, 1)
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31010116
homologically trivial part of the symplectomorphism group is path

connected. Therefore, the constructed Zs-action is Hamiltonian isotopic to
the identity.

(Li-Li-Wu, 22 preprint): for the form w;.1 1 1 1 3 on CP*6CP?, the
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31010116
homologically trivial part of the symplectomorphism group is path

connected. Therefore, the constructed Zs-action is Hamiltonian isotopic to
the identity.

(Li-Li-Wu, 22 preprint): for the form w;.1 1 1 1 3 on CP*6CP?, the

So the answer to the second question is NO as well.
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Question

For which symplectic manifolds is the answer YES?
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Question J

For which symplectic manifolds is the answer YES?

The symplectic manifolds to consider are either (CPP?, A\wgs) or a
symplectic k-blowup of a ruled symplectic S?-bundle over a closed Riemann
surface (the symplectic form on the total space is nondegenerate on each
fiber) (Karshon, 99).
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Theorem

The answer is YES if (M, w) is either (CP?, A\wfs) (Chen, 10) or a
symplectic k-blowup of a ruled symplectic S?-bundle over S? in case

e k=0 (Chiang-K., 19),
e k =1 (Chiang-K., 23 preprint),

@ k = 2 and the symplectic manifold is positive monotone, i.e.,
c1(M) = r|w] for r > 0 (Chiang-K., 23 preprint).
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Theorem

The answer is YES if (M, w) is either (CP?, A\wfs) (Chen, 10) or a
symplectic k-blowup of a ruled symplectic S?-bundle over S? in case

e k =0 (Chiang-K., 19),

e k =1 (Chiang-K., 23 preprint),

@ k = 2 and the symplectic manifold is positive monotone, i.e.,
c1(M) = r|w] for r > 0 (Chiang-K., 23 preprint).

In all these cases, any S'-action on (M,w) extends to a toric action.
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The cyclic-to-circle extension algorithm in case all circle
actions extend to toric actions.

e We find a chain of d = dim Ho(M) Z,-invariant embedded symplectic
spheres Dq,..., Dy.
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The cyclic-to-circle extension algorithm in case all circle
actions extend to toric actions.

e We find a chain of d = dim Ho(M) Z,-invariant embedded symplectic
spheres Dq,..., Dy.

e We find an S'-action on (M,w) that extends the Z,-action on the
chain u¢_, D;.
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The cyclic-to-circle extension algorithm in case all circle
actions extend to toric actions.

e We find a chain of d = dim Ho(M) Z,-invariant embedded symplectic
spheres Dq,..., Dy.

e We find an S'-action on (M,w) that extends the Z,-action on the
chain u¢_, D;.

@ By the equivariant Weinstein's symplectic neighbourhood theorem, the
7Z,, action extends to the S'-action on a Z,-equivariant
neighbourhood of the chain of spheres.
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@ The momentum map of the toric action that extends the S'-action
sends the chain of spheres to a chain of edges in the momentum map

polygon.
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@ The momentum map of the toric action that extends the S'-action
sends the chain of spheres to a chain of edges in the momentum map

polygon.
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@ The momentum map of the toric action that extends the S'-action
sends the chain of spheres to a chain of edges in the momentum map

polygon.

*

Lifting the radial vector field of R? emitting from the vertex # retracts
the complement of the chain onto a standard T*-invariant ball (of
some size) whose momentum map image is the lower left corner.
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By the equivariant version of Gromov's theorem on the contractibility of
compactly supported symplectomorphisms of the standard four-ball, we
deduce that the Z,-action on the ball is conjugated to the standard one.
(See Chen 04.)
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By the equivariant version of Gromov's theorem on the contractibility of
compactly supported symplectomorphisms of the standard four-ball, we
deduce that the Z,-action on the ball is conjugated to the standard one.
(See Chen 04.)

The last step is an equivariant version of an argument of Anjos and
Pinsonnault (08, 13).
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By the equivariant version of Gromov's theorem on the contractibility of
compactly supported symplectomorphisms of the standard four-ball, we
deduce that the Z,-action on the ball is conjugated to the standard one.
(See Chen 04.)

The last step is an equivariant version of an argument of Anjos and
Pinsonnault (08, 13).

Therefore the Z,-action on (M, w) is conjugated by a symplectomorphism
to the restriction of a circle action.
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In the first step, we find Z,-invariant embedded J-holomorphic spheres in
certain classes, for an w-compatible almost complex structure J. We use
pseudo-holomorphic results of
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In the first step, we find Z,-invariant embedded J-holomorphic spheres in
certain classes, for an w-compatible almost complex structure J. We use
pseudo-holomorphic results of

o (Gromov, 85+Lefschetz fixed point theorem) for CP?;

o (Abreu, 98, Abreu-McDuff, 2000) for a ruled S2-bundle over a closed
Riemann surface:

o (Lalonde-Pinsonnault, 04) in case k = 1;

e (Karshon-K.-Pinsonnault, 15) in case k = 2 and the symplectic form is
monotone.
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In the first step, we find Z,-invariant embedded J-holomorphic spheres in
certain classes, for an w-compatible almost complex structure J. We use
pseudo-holomorphic results of

(Gromov, 85+Lefschetz fixed point theorem) for CP?;

(Abreu, 98, Abreu-McDuff, 2000) for a ruled S?-bundle over a closed
Riemann surface:

(Lalonde-Pinsonnault, 04) in case k = 1;

(Karshon-K.-Pinsonnault, 15) in case k = 2 and the symplectic form is
monotone.

The almost complex structure J we consider is Z,-invariant. We use
positivity of intersections to deduce that a J-holomorphic sphere in a class
of negative self intersection is invariant.
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In the second step, we first extend the Z,-action on each sphere. Then we
find an S'-action with a chain of invariant spheres in the appropriate
classes with the appropriate rotation numbers.
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In the second step, we first extend the Z,-action on each sphere. Then we
find an S'-action with a chain of invariant spheres in the appropriate
classes with the appropriate rotation numbers.

This gets more and more challenging as the length of the required chain
increases.
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In the second step, we first extend the Z,-action on each sphere. Then we
find an S'-action with a chain of invariant spheres in the appropriate
classes with the appropriate rotation numbers.

This gets more and more challenging as the length of the required chain
increases.

In case k = 1, 2 this requires some modular arithmetic:
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In the second step, we first extend the Z,-action on each sphere. Then we
find an S'-action with a chain of invariant spheres in the appropriate
classes with the appropriate rotation numbers.

This gets more and more challenging as the length of the required chain
increases.

In case k = 1, 2 this requires some modular arithmetic:
Given positive integers a, b, n such that ged(a,b,n) = 1, we need to find

positive integers @/, b’ such that ' = a (mod n), ¥ =b (mod n) and
ged(a’,b') = 1. (We use Dirichlet prime number theorem.)
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Beyond the all-extend-to-toric case.

For k > 2, we cannot apply this extending algorithm for every
non-monotone k-blowup of a ruled symplectic S?-bundle over S2.
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Beyond the all-extend-to-toric case.

For k > 2, we cannot apply this extending algorithm for every
non-monotone k-blowup of a ruled symplectic S?-bundle over S2.

However, every homologically trivial Z,-action on a symplectic k-blowup of
a ruled symplectic S2-bundle over S? is obtained from a Z,-action on the
ruled symplectic S2-bundle by performing the blowups equivariantly
(Karshon-K.-Pinsonnault, 15).
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Beyond the all-extend-to-toric case.

For k > 2, we cannot apply this extending algorithm for every
non-monotone k-blowup of a ruled symplectic S?-bundle over S2.

However, every homologically trivial Z,-action on a symplectic k-blowup of
a ruled symplectic S2-bundle over S? is obtained from a Z,-action on the
ruled symplectic S2-bundle by performing the blowups equivariantly
(Karshon-K.-Pinsonnault, 15).

Assume that a Z,-action extends to a Hamiltonian S*-action on (M, w).

Question

When does a Z,,-action obtained by a Z,-equivariant symplectic blowup at
a Z,-fixed point p in M extend to a Hamiltonian S*-action?

Liat Kessler Extending cyclic actions to circle actions January 2024 26 /30



For a fixed point p, denote by Emb® (e, {p}) the space of equivariant
symplectic embeddings i: (B*(r),wo) — (M,w) such that i(0) = p and

=T
€= 5.
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For a fixed point p, denote by Emb® (e, {p}) the space of equivariant
symplectic embeddings i: (B*(r),wp) < (M, w) such that i(0) = p and

=
€= 5.

Conjecture

A Z,-action obtained by a Z,,-equivariant symplectic blowup at an S*-fixed
point p of size ¢ extends to a Hamiltonian S'-action if the inclusion

1 o o o
Emb? (e, M, {p}) — Emb?" (e, M, {p}) induces an isomorphism on .
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This conjecture is consistent with our example of a Zs-action that does not
extend to a Hamiltonian S!-action:

L — E3— E4

At the S'-fixed point p;, the space Embsl(%, {pi}) is empty but the space
EmeQ(%, {pi}) is not.
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To prove the conjecture, we first answer the following question.
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Liat Kessler Extending cyclic actions to circle actions



To prove the conjecture, we first answer the following question.

Assume that G = S' and the action is Hamiltonian or that G = Z,, and
the action is homologically trivial. Let 3 denote a connected component of
the fixed point set ME.
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To prove the conjecture, we first answer the following question.

Assume that G = S! and the action is Hamiltonian or that G = Z,, and
the action is homologically trivial. Let ¥ denote a connected component of
the fixed point set ME.

Question

Is the space of equivariant symplectic embeddings
i: (B*(r),wo) < (M,w) such that i(0) € X path-connected?
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We answer this question in a current project, joint with River Chiang and
Pranav Chakravarthy.
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