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Quantum Groups & Hopf algebras

o Hopf algebras - nice objects - axioms in 1940 [Heinz Hopf]

o Special examples of Hopf algebras (1980s): Quantum Groups
in integrable systems — then theory was formalized by
Drinfel'd, Jimbo, Reshetikin, Takhtajan, Fadeev etc.

o Quantum Gravity research: Quantum Groups as deformed

symmetries of noncommutative spaces (NCG)



What is 'quantum’ in Quantum Groups?
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Idea by Moyal’1949 — change the product in F(M)

Classical Quantum
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F;,(M)-quantization of F (M)
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Main idea of non-commutative geometry (NCG)

M, F(M) =C®(M) nrr> A - abstract algebra [quantum space]
G — symmetry (Lie group) an—> H-Quantum Group (Hopf algebra)

QY (M)-differential calculus
i gf%l(M), d) A - Abimodule of ‘algebraic’
-forms
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In gemeral

o Let x* be a basis of our (unital associative ) algebra A with
x% =1 the unit and x =0,--- ,n— 1. We write structure
constants by

xHx¥ = VI xP VI € k.
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o If A admits the bialgebra structure, then we express the
coproduct in terms of structure constants as,

Axt = CHx" @xP, CH,, ek, e(x')=¢€" €k
For the Hopf algebra one also has the antipode

v
Sxt =st, x", st, € k.

o An algebra homomorphism ¢(x*) = ¢*,x” from an algebra
with product V to one with productl’ means

Vo= (6@ o)V, W

and we also demand that 7,¢*, = 1], for the units (if both
algebras are in standard form then this is ¢%, = §°,). If ¢ is
surjective (such as an isomorphism) then this unit condition is
automatic.

o Coalgebra homomorphism 9(x*) = ¢*,x" from a coalgebra

with coproduct C’ to one with coproduct C means
— -—
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Digital Quantum Groups

based on the joint work with S. Majid, JMP 61, 103510 (2020) q__
[arXiv:2006.16799]



Digital Quantum Groups

based on the joint work with S. Majid, JMP 61, 103510 (2020) G
[arXiv:2006.16799]

o Aim: complete classification of all Hopf algebras and
bialgebras up to dimension n < 4, working over the field

1IFz = {0,1} of two elements.

o The starting point: classification of algebras [commutative
algebras over 7 in low dimensions were already classified in
our previous work S. Majid, A.P., J.Phys.A (2019) arXiv:1807.08492]

o when we also consider noncommutative algebras, we obtained:

(5] forb_:/g_,I there are 3 commutative A, B, C and none
noncommutative

(2] For|n =3, th(.ere areicommutatlve A - F, and one
noncommutative G

(k) Forln = 4, there are 16 commutative A - P, and__g_
noncommutative NA - NI

Briefly on results

o We succeeded in determining all inequivalent bialgebras and
Hopf algebras of dimension n < 4 over F, and presented our
results in the form of extended graphs.

o We can represent our results as a_quiver by drawing an arrow
for each bialgebra of Hopf algebra according to its type.

p o For exampleeans Hopf algebravith algebra A and

coalgebra isomorphic to the dual of B, i.e. the type (A, B*).

() Erounmple
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For Hopf algebras, we obtained:

— P
F,Z, F(Z,) ® K,Z,
s "B
graline Fx(Z,)
n=2 A% coany line
any line
":2Z3
De———8B n= ra
F(Z5) X Iplgane i
n=3 ‘b
ES ) N Qo e

Vs (€2)
o We identified new Hopf algebras of dimension n = 4 over [F».
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n=3 case Towen ot 2

ang = Auyonmic Mg,
o In 3 dimensions have 6 commutative algebras and 1 XL[ -

noncommutative one (A-G) over 5.

A: x =)= =xy=0 (the unital algebra with all other products zero).
B:x’=x, ) = y,xy = 0 (this is the algebra of F2(Z3) or functions on a triangle).
C: x‘ ,\y' xy = 0 (this is F2[2] /(2 )w1th~-l+,\+}org0mersel\x 1+22andy=z+2%).
D x‘ yy'—,\ xy= \+y(thl$15thegroupalgebra[‘ Zs = Fa[2]/(2° + 1), withz = 1 +x).
=y =xy=0 (thls is F2[x]/(x’), the anyonic line).
»xy= 1+y,) _1+,\+)(th1515theheldf‘s Fo[x]/(x* + 22 + 1))
x,y* = 0,xy = y,yx = 0 (this is noncommutative but GG by x = 1 + xand y = y).

f'y'-r'-r-
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o Only B =F5(Z3) and D = F»Z3 admit a Hopf algebra
structure (namely the unique one indicated by the notation as
group algebra or function algebra on a group).

o The algebras B,C,D,G admit many bialgebras (but no further
Hopf algebras) and the algebras A,E,F admit no bialgebra

structures.
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In the Hopf algebra (as opposed to bialgebra) version we have only

*
2, s kA (DF)
FZ, " F.(2,) is A (&, D%

R

F(Z5)

Forexample: ALGFBRA Dt
D: :y)'},z = x’,xy =x+y (thls‘is;’tllle groﬁp algebraF» 7 :]{4‘2[2]/(25 " ]_)" wilipe | +x}‘.

D.1. (Hopfalgebra) Ax = 1 @ x +X® 1 +x® x, Ay= 1@ y+y®@1+y®y,
ex=0=¢y,Sx=y,andSy=x.

Dual is commutative algebra B with 1 = yy, )-'% =y y1y2 =0, y% = .

D2 Ax=1@x+x®@1+x@x+y@x,Ay=1®y+y®1+x®y+y@y andex=0=ey.
Dual is noncommutative algebra G with 1 :}-'g,yf =YL Y2 =Y Y2y =y, and y% = ¥a.
D3 Ax=1@x+x®@1+x@x+x@y,Ay= l®sv+y® l+y®@x+y®y,andex=0= ey
Dual is noncommutative algebra G with 1 = yo, y1 = y1, y1y2 = y1, y2y1 = y2, and yf = ).

n=4 case

@ there are 16 unital commutative algebras A - P and 9
noncommutative ones NA - NI

o several are known to have at least one or two commutative
and cocommutative Hopf algebra structures, so part of our
work was to identify known Hopf algebras and check that
all of them turn up.

o the basis elements x** explicitly as 1, x, y, z,

=" NF L

o The vertices here are the n = 4 algebras, with NF the only
noncommutative one.

@ There is just one Hopf algebra which is both
noncommutative and noncocommutative, namely the
self-arrow on NF

o The full picture for all bialgebras is also found but has too
many arrows to draw as a quiver, so this is presented instead
as an extended weighted graph.



o We identified all 6 possible tensor products of the three n =2
algebras F»Z, (the x> = 0 (A) unital algebra for n = 2),
F(Z5),F4 and found that only 5 of them are distinct, namely

D =Fs(Zs) ® FZp, E =TF2Zr ® F2Zy, H =Fs® F2Zs,

N =F4 QF4 2 Fa(Z2) ® Fa, P =F2(Z2) ® F2(Z2).
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Conclusions
o We succeeded in determining all inequivalent bialgebras and
Hopf algebras of dimension n < 4 over [F>.

o We presented our results in the form of extended graphs.

o For Hopf algebras alone in
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identified or described aII.

@ One important lesson is that while it is common practice to
refer to an algebra by its most important role, for example
[F»Zo for the group algebra of the group Z,, and we did the
same when introducing our algebras for the first time, we now
see that is much better to think of these as labels of the
arrows, not of the vertices.

o We analysed the Fourier transform and quasitriangular
structures

based on the joint work with S. Majid, JMP 61, 103510 (2020)
[arXiv:2006.16799]
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Definition

A first order differential calculus (Q!.d) over A means: Aixiyie
@ Q'isan A— A -bimodule A<
@ A linear map d : A — Q! such that dy
P d=

d(xy) = (dx)y + xdy .,Vx,y € A

@ Q! =span{xdy}, x,y€A

@ (optional) ker d = k.1 - connectedness condition

Definition
DGA on an algebra A is:
@ A graded algebra Q = @,Q", Q° = A
@ d: Q"= Q" st. d2=0and
d(wp) = (dw) A p+ (—1)"w Adp

Yw,peQ, we

@ A, dA generate Q
(optional surjectivity condition - if it holds we say it is an
exterior algebra on A)
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