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Baruch Spinoza, 1663

Nothing exists of which it cannot be asked what is the 
cause (or reason) why it exists.

We can find no true or existent fact, no true assertion, without 
there being a sufficient reason why it is thus and not otherwise, 
although most of the time these reasons cannot be known to us.

Gottfried Wilhelm Leibniz, 1720
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• Causality is a deep, controversial topic

(2022)
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• Correlation vs causation
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(2018)
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xkcd.com
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• Causal Discovery

Suppose we have statistical evidence: people who wake up 
with their shoes on are more likely to have a headache. 

Does sleeping with the shoes on cause headache?

Or vice-versa?

Or is it just a coincidence?

Picture credits: “Introduction to Causal Inference" (Brady Neal, 2022)
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• Reichenbach’s Common Cause Principle 
(1956)

If two events A and B are dependent, then

A causes B, or

B causes A, or

C causes both A and B (common cause)
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•Conditional Independence
independent from , given

10

o Suppose we find that

How to find the true one?

o P(shoes, headache | drunk) P (shoes | drunk) P(headache | drunk)
(conditional independence)

<latexit sha1_base64="kPE80A3lOzzhSEDd8BI5A8LgO6k=">AAACAHicbVC5TsNAEF1zhnAZKChoLCIkqshGXGUEDWWQyCElVrReT5JV1muzO0ZElht+hYYChGj5DDr+hs1RQMKTRnp6b2Zn5wWJ4Bpd99taWFxaXlktrBXXNza3tu2d3bqOU8WgxmIRq2ZANQguoYYcBTQTBTQKBDSCwfXIbzyA0jyWdzhMwI9oT/IuZxSN1LH32wiPOH4nUxDmWVvzCO7zjl1yy+4YzjzxpqREpqh27K92GLM0AolMUK1bnpugn1GFnAnIi+1UQ0LZgPagZaikEWg/Gy/OnSOjhE43VqYkOmP190RGI62HUWA6I4p9PeuNxP+8VordSz/jMkkRJJss6qbCwdgZpeGEXAFDMTSEMsXNXx3Wp4oyNJkVTQje7MnzpH5S9s7LZ7enpcrVNI4COSCH5Jh45IJUyA2pkhphJCfP5JW8WU/Wi/VufUxaF6zpzB75A+vzB0dml4E=</latexit>'

(Markov equivalence class)
o Compatible with 3 causal mechanisms: 
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•Causal Discovery from Observations

dataset of observations

causal discovery method

11

Obviously!
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•Causal Discovery from Observations

dataset of observations

causal discovery method

12
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o Science: hypotheses experiments (interventions)

• Interventions

13

, unethical, …

o Causal discovery with intervention data

Often impossible, impractical
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• Formalizing interventions: 
Pearl’s “do-calculus”

Key insight: observation ≠ intervention

Intervention, do(x), cut the input arrows; set the value.

<latexit sha1_base64="Xlmkkrvv9PF97hsfCG/LK8iTUnw=">AAACMXicbVDLTgIxFO3gC/GFunTTSExgQ2aMrw0J0Q1LTORhGELaUqChM520HQMZ+SU3/olxw0Jj3PoTdmAWCpykyck556b3HhxwprRtT63U2vrG5lZ6O7Ozu7d/kD08qisRSkJrRHAhmxgpyplPa5ppTpuBpMjDnDbw8C72G09UKib8Bz0OaNtDfZ/1GEHaSJ1sxfWQHmAcVScuZn2efyyNn10Pi1HUFZN8szQqxLoswBJcFTWBud/J5uyiPQNcJk5CciBBtZN9c7uChB71NeFIqZZjB7odIakZ4XSScUNFA0SGqE9bhvrIo6odzS6ewDOjdGFPSPN8DWfq34kIeUqNPWyS8dJq0YvFVV4r1L2bdsT8INTUJ/OPeiGHWsC4PthlkhLNx4YgIpnZFZIBkohoU3LGlOAsnrxM6udF56p4eX+RK98mdaTBCTgFeeCAa1AGFVAFNUDAC3gHH+DTerWm1pf1PY+mrGTmGPyD9fMLDpWqGg==</latexit>

P
�
Y = y|do(X = x)

�
= P

�
Y = y|X = x

�

<latexit sha1_base64="fDA9/MkJv4f2vKTpZqQLGr+rCOg="></latexit>

P
�
Y = y|do(X = x)

�
= P

�
Y = y

�
6= P

�
Y = y|X = x

�
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delete gene A (force to 0); predict the phenotype. delete gene B (force to 0); predict the phenotype.

Example by Jonas Peters

•Gene Knockout 
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•Structural Causal Model (SCM)
Directed acyclic graph (DAG): <latexit sha1_base64="hhBxQkDA9Zyz9EOaSgzW7uzIU4A="></latexit>

G = (V, E), V = (X1, ..., Xn)

<latexit sha1_base64="1mnktHIUj7PGzzhg0gadgOyehNI="></latexit>

Xj fj
�
Xpaj , Uj

�

Every is a causal mechanism<latexit sha1_base64="VLch+iyODcnCy3Yms9H8u5E/a9w=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjRPCBZwuxkNhkzO7vM9AphySd48aCIV7/Im3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwZuI3n7g2IlYPOEq4H9G+EqFgFK10H3Yfu6WyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn01PHZNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieOVnQiUpcsVmi8JUEozJ5G/SE5ozlCNLKNPC3krYgGrK0KZTtCF48y8vksZpxbuonN+dlavXeRwFOIQjOAEPLqEKt1CDOjDowzO8wpsjnRfn3fmYtS45+cwB/IHz+QNJ6I3R</latexit>

fj

exogenous/unexplained 
variables; noise

<latexit sha1_base64="3GcWL4CETeVwOW6j5OYIwNZaOKM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8eKpi20oWy203bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/Q0HGqGPosFrFqhVSj4BJ9w43AVqKQRqHAZji6nfrNJ1Sax/LRjBMMIjqQvM8ZNVZ68Lu8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt1Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6d+kxxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TBpnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdfGAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QMufo2/</latexit>

Ui are mutually independent
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•Structural Causal Model (SCM)

<latexit sha1_base64="1mnktHIUj7PGzzhg0gadgOyehNI="></latexit>

Xj fj
�
Xpaj , Uj

�

Joint distribution: 
<latexit sha1_base64="wIKkSgbi4ONht10GhzcrB3ttYgY=">AAACF3icbVDLSsNAFJ3UV62vqks3g0VooYREfG0KRTcuK9g20MYwmUzbaSeTMDMRSuxfuPFX3LhQxK3u/Bunj4W2HrhwOOde7r3HjxmVyrK+jczS8srqWnY9t7G5tb2T391ryCgRmNRxxCLh+EgSRjmpK6oYcWJBUOgz0vQHV2O/eU+EpBG/VcOYuCHqctqhGCkteXmzVnQ8u2yaZtnxeAlWYDsWUeCl/Yo9uuNwbPcfHC+Nkdcflbx8wTKtCeAisWekAGaoefmvdhDhJCRcYYakbNlWrNwUCUUxI6NcO5EkRniAuqSlKUchkW46+WsEj7QSwE4kdHEFJ+rviRSFUg5DX3eGSPXkvDcW//NaiepcuCnlcaIIx9NFnYRBFcFxSDCggmDFhpogLKi+FeIeEggrHWVOh2DPv7xIGsemfWae3pwUqpezOLLgAByCIrDBOaiCa1ADdYDBI3gGr+DNeDJejHfjY9qaMWYz++APjM8fvg+dQQ==</latexit>

P (X1, ..., Xn) =
nY

j=1

P (Xj |Xpaj )

Each mechanism entails a local conditional
<latexit sha1_base64="pQdBJDWuUnL+GFS/kUfXe5aNxyk=">AAAB+XicbVBNT8JAEJ36ifhV9ehlIzHBC2mNX0eiF4+YCDSBptkuCyxst83uloRU/okXDxrj1X/izX/jAj0o+JJJXt6bycy8MOFMacf5tlZW19Y3Ngtbxe2d3b19++CwoeJUElonMY+lF2JFORO0rpnm1EskxVHIaTMc3k395ohKxWLxqMcJ9SPcE6zLCNZGCmwb1cpeMHjygizBwWByFtglp+LMgJaJm5MS5KgF9le7E5M0okITjpVquU6i/QxLzQink2I7VTTBZIh7tGWowBFVfja7fIJOjdJB3ViaEhrN1N8TGY6UGkeh6Yyw7qtFbyr+57VS3b3xMyaSVFNB5ou6KUc6RtMYUIdJSjQfG4KJZOZWRPpYYqJNWEUTgrv48jJpnFfcq8rlw0WpepvHUYBjOIEyuHANVbiHGtSBwAie4RXerMx6sd6tj3nripXPHMEfWJ8/jraS/A==</latexit>

P (Xj |Xpaj )

exogenous/unexplained 
variables; noise

<latexit sha1_base64="3GcWL4CETeVwOW6j5OYIwNZaOKM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8eKpi20oWy203bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH/Q0HGqGPosFrFqhVSj4BJ9w43AVqKQRqHAZji6nfrNJ1Sax/LRjBMMIjqQvM8ZNVZ68Lu8W664VXcGsky8nFQgR71b/ur0YpZGKA0TVOu25yYmyKgynAmclDqpxoSyER1g21JJI9RBNjt1Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ntVPTvw4yLpPUoGTzRf1UEBOT6d+kxxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TBpnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdfGAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QMufo2/</latexit>

Ui are mutually indendent
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The Beuchet chair illusions (and others): the brain assumes the viewed object
(the cause) and the viewing angle (the observation mechanism) are independent. 
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•Graphical Causal Discovery
Can we recover

from or from samples/data?

<latexit sha1_base64="VYgFq6cpgJJMM0vn8Q6lWknYqb4=">AAACE3icbVDNS8MwHE3n15xfVY9egkPYZJRW/DoOPehxgvuAbZQ0S7ewNC1JKoyy/8GL/4oXD4p49eLN/8a060E3HwRe3vv9SN7zIkalsu1vo7C0vLK6VlwvbWxube+Yu3stGcYCkyYOWSg6HpKEUU6aiipGOpEgKPAYaXvj69RvPxAhacjv1SQi/QANOfUpRkpLrnncC5AaYcSSm2kN+q5Tsyyr5ru81qg0XaeaXVPKq65Zti07A1wkTk7KIEfDNb96gxDHAeEKMyRl17Ej1U+QUBQzMi31YkkihMdoSLqachQQ2U+yTFN4pJUB9EOhD1cwU39vJCiQchJ4ejJNIOe9VPzP68bKv+wnlEexIhzPHvJjBlUI04LggAqCFZtogrCg+q8Qj5BAWOkaS7oEZz7yImmdWM65dXZ3Wq5f5XUUwQE4BBXggAtQB7egAZoAg0fwDF7Bm/FkvBjvxsdstGDkO/vgD4zPHxV2mnw=</latexit>

G, f1, ..., fn, P (U1), ..., P (Un)

<latexit sha1_base64="68yvSUhuruzuLoxJLywG494tQzg=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBEqlJCIr2XRjcsK9gFtDJPppB06mYSZiVJC/8ONC0Xc+i/u/BunbRbaeuDC4Zx7ufeeIOFMacf5tpaWV1bX1gsbxc2t7Z3d0t5+U8WpJLRBYh7LdoAV5UzQhmaa03YiKY4CTlvB8Gbitx6pVCwW93qUUC/CfcFCRrA20kO90vbdqm3b1bYvTvxS2bGdKdAicXNShhx1v/TV7cUkjajQhGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YKnBElZdNrx6jY6P0UBhLU0Kjqfp7IsORUqMoMJ0R1gM1703E/7xOqsMrL2MiSTUVZLYoTDnSMZpEgHpMUqL5yBBMJDO3IjLAEhNtgiqaENz5lxdJ89R2L+zzu7Ny7TqPowCHcAQVcOESanALdWgAAQnP8Apv1pP1Yr1bH7PWJSufOYA/sD5/AJEZkKA=</latexit>

P (X1, ..., Xn)

In general, only up to the Markov equivalence class
Markov Equivalence Class
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• Interventions in SCMs
Hard interventions:

i.e. replace                                      with    

<latexit sha1_base64="8EVcQg8qGDr2cG4WiTNzf5jg7ik=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBHqpiTiayMU3bisYB/QhjCZTNppJ5k4MymW0u9w40IRt36MO//GaZuFth64cDjnXu69x084U9q2v62l5ZXVtfXcRn5za3tnt7C3X1cilYTWiOBCNn2sKGcxrWmmOW0mkuLI57Th928nfmNApWIiftDDhLoR7sQsZARrI7mBKDW9HrpGT17vxCsU7bI9BVokTkaKkKHqFb7agSBpRGNNOFaq5diJdkdYakY4HefbqaIJJn3coS1DYxxR5Y6mR4/RsVECFAppKtZoqv6eGOFIqWHkm84I666a9ybif14r1eGVO2Jxkmoak9miMOVICzRJAAVMUqL50BBMJDO3ItLFEhNtcsqbEJz5lxdJ/bTsXJTP78+KlZssjhwcwhGUwIFLqMAdVKEGBB7hGV7hzRpYL9a79TFrXbKymQP4A+vzBxzNkQk=</latexit>

do(Xj = xj)
<latexit sha1_base64="1mnktHIUj7PGzzhg0gadgOyehNI="></latexit>

Xj fj
�
Xpaj , Uj

�
<latexit sha1_base64="DLfRiK/gZ1J8O1oB8ewZ6tGBcsQ=">AAACEnicbVDLSgNBEJz1bXxFPXoZDIKChF3xdQx68ahgYiC7LLOT3jg6+2CmVxOWfIMXf8WLB0W8evLm3zhJ9qDRgoaiqnumu4JUCo22/WVNTE5Nz8zOzZcWFpeWV8qraw2dZIpDnScyUc2AaZAihjoKlNBMFbAokHAV3J4O/Ks7UFok8SX2UvAi1olFKDhDI/nlnaZ/Q91d6iJ0cfhcrqDdz10JITKlkvv+wO76N365YlftIehf4hSkQgqc++VPt53wLIIYuWRatxw7RS9nCgWX0C+5mYaU8VvWgZahMYtAe/lwhz7dMkqbhokyFSMdqj8nchZp3YsC0xkxvNbj3kD8z2tlGB57uYjTDCHmo4/CTFJM6CAf2hYKOMqeIYwrYXal/JopxtGkWDIhOOMn/yWNvapzWD242K/UToo45sgG2STbxCFHpEbOyDmpE04eyBN5Ia/Wo/VsvVnvo9YJq5hZJ79gfXwDQk6d3g==</latexit>

Xj xj

Soft interventions: many other possibilities, e.g.

replace                                     with    
<latexit sha1_base64="1mnktHIUj7PGzzhg0gadgOyehNI="></latexit>

Xj fj
�
Xpaj , Uj

� <latexit sha1_base64="LfSPD5SbGWcdWQM1KKvLiw5lV94=">AAACGnicbVDJSgNBEO1xN25Rj14ag+BBwoy4HUUvHiOYBTJh6OmpMR17Frpr1DDMd3jxV7x4UMSbePFv7CwHNT4oeLxX1V31/FQKjbb9ZU1Nz8zOzS8slpaWV1bXyusbDZ1kikOdJzJRLZ9pkCKGOgqU0EoVsMiX0PRvzgd+8xaUFkl8hf0UOhG7jkUoOEMjeWWn5fWou0ddhHscPpcrCIrclRAiUyq5K0a2kAHk9cLreeWKXbWHoJPEGZMKGaPmlT/cIOFZBDFyybRuO3aKnZwpFFxCUXIzDSnjN+wa2obGLALdyYe7FHTHKAENE2UqRjpUf07kLNK6H/mmM2LY1X+9gfif184wPOnkIk4zhJiPPgozSTGhg5xoIBRwlH1DGFfC7Ep5lynG0aRZMiE4f0+eJI39qnNUPbw8qJyejeNYIFtkm+wShxyTU3JBaqROOHkgT+SFvFqP1rP1Zr2PWqes8cwm+QXr8xvmoqFx</latexit>

Xj Ũj
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Adapted from Janzing and Weichald, 2019.

Core idea behind randomized trials (medicine, economics, A/B testing, …)
Key aspect: assignment of X is independent of Z. Possibility: random
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•Why are RTs needed? Simpson’s “paradox”
Two treatments for kidney stones: A and B
Two types of stones: small and large
Success rates:

Picture from robertheaton.com
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•Simpson’s “paradox” with hidden confounder

Picture from robertheaton.com
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•Marginalizing vs adjusting/controlling
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xkcd.com
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•The “Simplest” Problem: Cause-Effect
How to distinguish between

and

only from observations?

Usual assumptions: no hidden confounders, 
i.e, one of the two hypotheses is “true”.
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•The Cause-Effect Problem
Without interventions, we need model assumptions

A foundational principle (mentioned above): 

independence of cause and mechanism (ICM)

What is meant by independence?  not statistical, but functional: 

P(cause) and P(effect | cause) ignore each other!

Several instantiations: information geometry, algorithmic 
(Kolmogorov) complexity,  stochastic complexity (MDL), …  
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•Additive Noise Models
Instantiation of the ICM: additive noise model (ANM) 

Very simple SCM (real variables):

with 
<latexit sha1_base64="SxK7xAKm0PAzz9UVpym+g6UmEq0=">AAACA3icbZBNS8MwGMfT+TbnW9WbXqJD8CCjFd+OQy+eZIJ7kbWUNEu3sLQNSSqMMvDiV/HiQRGvfglvfhvTrgfdfELgx///PCTP3+eMSmVZ30Zpbn5hcam8XFlZXVvfMDe3WjJOBCZNHLNYdHwkCaMRaSqqGOlwQVDoM9L2h1eZ334gQtI4ulMjTtwQ9SMaUIyUljxz58a7h9DhRHBnLz8ZQucIdjyzatWsvOAs2AVUQVENz/xyejFOQhIpzJCUXdviyk2RUBQzMq44iSQc4SHqk67GCIVEumm+wxgeaKUHg1joGymYq78nUhRKOQp93RkiNZDTXib+53UTFVy4KY14okiEJw8FCYMqhlkgsEcFwYqNNCAsqP4rxAMkEFY6tooOwZ5eeRZaxzX7rHZ6e1KtXxZxlMEu2AeHwAbnoA6uQQM0AQaP4Bm8gjfjyXgx3o2PSWvJKGa2wZ8yPn8A1NuVvA==</latexit>

NY ?? X
<latexit sha1_base64="WouMVE55mTpOFoHGUD8Jh/Bpl1g=">AAACFnicbVDLSgNBEJyN7/iKevQyGARFDbvi6yh68SQKxiRkQ5id9JrB2QczvWpY8hVe/BUvHhTxKt78GyfrHtRY0FBUdc90lxdLodG2P63CyOjY+MTkVHF6ZnZuvrSweKmjRHGo8khGqu4xDVKEUEWBEuqxAhZ4Emre9fHAr92A0iIKL7AXQytgV6HwBWdopHZpq0HdTeoi3GH2WKqg009dCT4ypaLbvnH9tfo63aCn7Ua7VLYrdgY6TJyclEmOs3bpw+1EPAkgRC6Z1k3HjrGVMoWCS+gX3URDzPg1u4KmoSELQLfSbJM+XTVKh/qRMhUizdSfEykLtO4FnukMGHb1X28g/uc1E/QPWqkI4wQh5N8f+YmkGNFBRrQjFHCUPUMYV8LsSnmXKcbRJFk0ITh/Tx4ml9sVZ6+ye75TPjzK45gky2SFrBGH7JNDckLOSJVwck8eyTN5sR6sJ+vVevtuLVj5zBL5Bev9C5aqnl0=</latexit>

Y  f(X) +NY

Identifiability: if there is ANM from       to    ,

in general, there is no ANM from       to    

<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y
<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X
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•Additive Noise Models: Illustration
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•Additive Noise Models: Illustration
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•Additive Noise Models: Identifiability
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•Additive Noise Models: Identifiability
For linear non-Gaussian ANM (LiNGAM) it is simpler.

Proof hinges on a classical results for Gaussians:
Kac-Bernstein (1939) and Darmois-Skitovic theorems (1953, 1954)

Closely related to independent component analysis (ICA)
(Shimizu et al, 2006)
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•Additive Noise Models: How to Apply

Perform regression of    on    : estimate 
<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y
<latexit sha1_base64="Nj/7EYFkZ3DFj4MTqYnvBtvi+Ns=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5KIr41QFMFlBfuQJJTJdNIOnTycmUhLzB+48VfcuFDErVt3/o2TNgutHrhwOOde7r3HjRgV0jC+tMLM7Nz8QnGxtLS8srqmr280RRhzTBo4ZCFvu0gQRgPSkFQy0o44Qb7LSMsdnGd+645wQcPgWo4i4vioF1CPYiSV1NF37T6SiZdWhnvQFtQnt9D2key7bnKRWjf3sA1P4dDp6GWjaowB/xIzJ2WQo97RP+1uiGOfBBIzJIRlGpF0EsQlxYykJTsWJEJ4gHrEUjRAPhFOMv4nhTtK6UIv5KoCCcfqz4kE+UKMfFd1ZreKaS8T//OsWHonTkKDKJYkwJNFXsygDGEWDuxSTrBkI0UQ5lTdCnEfcYSlirCkQjCnX/5LmvtV86h6eHVQrp3lcRTBFtgGFWCCY1ADl6AOGgCDB/AEXsCr9qg9a2/a+6S1oOUzm+AXtI9vfOabrQ==</latexit>

f̂(x) ' E[Y |X = x]

Compute resulting residual/noise:  
<latexit sha1_base64="NQqFnmlMCaYquxQlH78ahrHnblc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLiyJ+NoIRTeupIJ90YYwmU7aoZNJmJkIJQTc+CtuXCji1p9w5984TbPQ6oELZ865l7n3eBGjUlnWl1GYm19YXCoul1ZW19Y3zM2tpgxjgUkDhywUbQ9JwignDUUVI+1IEBR4jLS80dXEb90TIWnI79Q4Ik6ABpz6FCOlJdfc6Q2RSm5StwMvYAcewuztp5X2gWuWraqVAf4ldk7KIEfdNT97/RDHAeEKMyRl17Yi5SRIKIoZSUu9WJII4REakK6mHAVEOkl2Qwr3tdKHfih0cQUz9edEggIpx4GnOwOkhnLWm4j/ed1Y+edOQnkUK8Lx9CM/ZlCFcBII7FNBsGJjTRAWVO8K8RAJhJWOraRDsGdP/kuaR1X7tHpye1yuXeZxFMEu2AMVYIMzUAPXoA4aAIMH8ARewKvxaDwbb8b7tLVg5DPb4BeMj2+RHpYz</latexit>

N̂Y = Y � f̂(X)

Perform regression of    on    : estimate 
<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

Compute resulting residual/noise:  
<latexit sha1_base64="Fb2dUDOzHlJ/nSWXT7OAms2f+qQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLiyJ+NoIRTeupIJtI20Ik+m0HTqZhJmJUELAjb/ixoUibv0Jd/6N0zQLbT1w4cw59zL3Hj9iVCrL+jYKc/MLi0vF5dLK6tr6hrm51ZRhLDBp4JCFwvGRJIxy0lBUMeJEgqDAZ6TlD6/GfuuBCElDfqdGEXED1Oe0RzFSWvLMnc4AqeQm9Rx4AR14CLN3P63cH3hm2apaGeAssXNSBjnqnvnV6YY4DghXmCEp27YVKTdBQlHMSFrqxJJECA9Rn7Q15Sgg0k2yG1K4r5Uu7IVCF1cwU39PJCiQchT4ujNAaiCnvbH4n9eOVe/cTSiPYkU4nnzUixlUIRwHArtUEKzYSBOEBdW7QjxAAmGlYyvpEOzpk2dJ86hqn1ZPbo/Ltcs8jiLYBXugAmxwBmrgGtRBA2DwCJ7BK3gznowX4934mLQWjHxmG/yB8fkDkQWWMw==</latexit>

N̂X = X � ĝ(Y )

<latexit sha1_base64="nDswnY/EiX/I5h9kweMC6X/V4IE=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiTia1MoiuCygn1IEspkOmmHTh7MTIQQs3Pjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jRowKaRjf2tz8wuLScmmlvLq2vrGpb223RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdXeZ+555wQcPgViYRcXw0CKhHMZJK6ul79hDJdJBVk0NYh7aP5NB106vM6j7c1ROnp1eMmjEGnCVmQSqgQLOnf9n9EMc+CSRmSAjLNCLppIhLihnJynYsSITwCA2IpWiAfCKcdPxHBg+U0odeyFUFEo7V3xMp8oVIfFd15oeKaS8X//OsWHrnTkqDKJYkwJNFXsygDGEeCuxTTrBkiSIIc6puhXiIOMJSRVdWIZjTL8+S9lHNPK2d3BxXGhdFHCWwC/ZBFZjgDDTANWiCFsDgETyDV/CmPWkv2rv2MWmd04qZHfAH2ucP+FuYwg==</latexit>

ĝ(y) = E[X|Y = y]

Select                if        is more independent of    , than        is of    ;
e.g., using mutual information:  

<latexit sha1_base64="x3Q27idhaoP/H4lSfxsjEoM3Wog=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicTEE9k1vo5ELx4xkYeBDZkdBpgwO7OZ6ZWQlU/x4kFjvPol3vwbB9iDgpV0UqnqTndXGAtuwPO+ndzK6tr6Rn6zsLW9s7vnFvfrRiWashpVQulmSAwTXLIacBCsGWtGolCwRji8mfqNR6YNV/IexjELItKXvMcpASt13GIT47bm/QEQrdUI44eOW/LK3gx4mfgZKaEM1Y771e4qmkRMAhXEmJbvxRCkRAOngk0K7cSwmNAh6bOWpZJEzATp7PQJPrZKF/eUtiUBz9TfEymJjBlHoe2MCAzMojcV//NaCfSugpTLOAEm6XxRLxEYFJ7mgLtcMwpibAmhmttbMR0QTSjYtAo2BH/x5WVSPy37F+Xzu7NS5TqLI48O0RE6QT66RBV0i6qohigaoWf0it6cJ+fFeXc+5q05J5s5QH/gfP4AAcuTNQ==</latexit>

X ! Y
<latexit sha1_base64="3DCAMg0v9EmXUYGBqF2GBwMvMHc=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68SQRzSLJEHo6PUmTnp6hu0YIQz7BiwdFvPpF3vwbO8tBEx8UPN6roqpekEhh0HW/ndzS8srqWn69sLG5tb1T3N2rmzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggG12O/8cS1EbF6wGHC/Yj2lAgFo2il+9vOY6dYcsvuBGSReDNSghmqneJXuxuzNOIKmaTGtDw3QT+jGgWTfFRop4YnlA1oj7csVTTixs8mp47IkVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz0M6GSFLli00VhKgnGZPw36QrNGcqhJZRpYW8lrE81ZWjTKdgQvPmXF0n9pOydl8/uTkuVq1kceTiAQzgGDy6gAjdQhRow6MEzvMKbI50X5935mLbmnNnMPvyB8/kDC5SNqA==</latexit>

NY
<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X
<latexit sha1_base64="JgRcTyuGysOC9bTueGYdSfAybxE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiyeJaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W2v3StX3Ko7A/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7dUKOrNInYaxsSUNm6s+JjEZaj6PAdkbUDPWiNxX/8zqpCS/9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQvMWX/5LmSdU7r57dnVZqV3kcRTiAQzgGDy6gBjdQhwYwGMATvMCrI5xn5815n7cWnHxmH37B+fgGChCNpw==</latexit>

NX
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

<latexit sha1_base64="kXwEtAxB32sQgTPqHRuKC3eYnjw=">AAACB3icbVDJSgNBEO2JW4xb1KMgjUFILmFG3CCXoBe9SASzkQxDT6eSNOlZ7O4RQsjNi7/ixYMiXv0Fb/6NPckcNPFBweO9KqrquSFnUpnmt5FaWFxaXkmvZtbWNza3sts7NRlEgkKVBjwQDZdI4MyHqmKKQyMUQDyXQ90dXMZ+/QGEZIF/p4Yh2B7p+azLKFFacrL71/kbp1nCjQJuc5AS7ntK4FhslHCz4GRzZtGcAM8TKyE5lKDiZL/anYBGHviKciJlyzJDZY+IUIxyGGfakYSQ0AHpQUtTn3gg7dHkjzE+1EoHdwOhy1d4ov6eGBFPyqHn6k6PqL6c9WLxP68Vqe65PWJ+GCnw6XRRN+JYBTgOBXeYAKr4UBNCBdO3YtonglClo8voEKzZl+dJ7ahonRZPbo9z5YskjjTaQwcojyx0hsroClVQFVH0iJ7RK3oznowX4934mLamjGRmF/2B8fkDMiWW/Q==</latexit>

I(NY ;X) Q I(NX ;Y )
?



MPML 2023, IST, Lisboa 38



MPML 2023, IST, Lisboa 39

•Additive Noise Models: How to Apply
Practical aspects: how to do the regressions?
How to measure independence?

Extended to discrete data (in    ) by Peters, Janzing, Scholkopf (2011)<latexit sha1_base64="k/RQJn1N14dsEpzW2jKqZvH15fo=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9kHboWTS2zY0kxmSjFCG/oUbF4q49W/c+Tdm2llo9UDgcM695NwTxIJr47pfTmFldW19o7hZ2tre2d0r7x80dZQohg0WiUi1A6pRcIkNw43AdqyQhoHAVjC5zfzWIyrNI/lgpjH6IR1JPuSMGit1eiE14yBIO7N+ueJW3TnIX+LlpAI56v3yZ28QsSREaZigWnc9NzZ+SpXhTOCs1Es0xpRN6Ai7lkoaovbTeeIZObHKgAwjZZ80ZK7+3EhpqPU0DOxkllAve5n4n9dNzPDaT7mME4OSLT4aJoKYiGTnkwFXyIyYWkKZ4jYrYWOqKDO2pJItwVs++S9pnlW9y+rF/XmldpPXUYQjOIZT8OAKanAHdWgAAwlP8AKvjnaenTfnfTFacPKdQ/gF5+MbzMeRBA==</latexit>Z
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•Extending to Categorical Variables
For categorical variables, no addition is defined; no ANM
ANM for continuous variables satisfy:

Agrees with independence of cause and mechanism.
Can we do the same for categorical variables? 
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•Uniform Channel Model (UCM)
Based on the analogy with a communication channel

<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

Channel (stochastic ) matrix: 
<latexit sha1_base64="Mymd3zFH8cmdWuvj0X0Lu84hSVg="></latexit>

✓X!Y
x,y = P(Y = y|X = x)

UCM: rows of            are permutations of each other 
<latexit sha1_base64="w+sjoW9+EMH8ooGADD0ehnK4W2A=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIr2XRjcsK9iFNLJPppB06mYSZG6WEuvFX3LhQxK1/4c6/cdpmoa0HLhzOuZd77wkSwTU4zrc1N7+wuLRcWCmurq1vbNpb23Udp4qyGo1FrJoB0UxwyWrAQbBmohiJAsEaQf9y5DfumdI8ljcwSJgfka7kIacEjNS2dz3oMSB3WdNTvNsDolT8gG+HuG2XnLIzBp4lbk5KKEe1bX95nZimEZNABdG65ToJ+BlRwKlgw6KXapYQ2idd1jJUkohpPxt/MMQHRungMFamJOCx+nsiI5HWgygwnRGBnp72RuJ/XiuF8NzPuExSYJJOFoWpwBDjURy4wxWjIAaGEKq4uRXTHlGEggmtaEJwp1+eJfWjsntaPrk+LlUu8jgKaA/to0PkojNUQVeoimqIokf0jF7Rm/VkvVjv1sekdc7KZ3bQH1ifP6JElwM=</latexit>

✓X!Y

Agreement with ICM:

memoryless 
channel
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•UCM as a Structural Causal Model

Arbitrary marginal  
<latexit sha1_base64="J6Q0yexAJ4slSmY+AHldHNfObuA=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyURXxuh6MZlBfuANpTJdNIOnUzCzESsoV/ixoUibv0Ud/6NkzYLbT0wcDjnXu6Z48ecKe0439bS8srq2npho7i5tb1Tsnf3mipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryRzeZ33qgUrFI3OtxTL0QDwQLGMHaSD271A2xHvp+Wp9U2lePxz277FSdKdAicXNShhz1nv3V7UckCanQhGOlOq4Tay/FUjPC6aTYTRSNMRnhAe0YKnBIlZdOg0/QkVH6KIikeUKjqfp7I8WhUuPQN5NZTDXvZeJ/XifRwaWXMhEnmgoyOxQkHOkIZS2gPpOUaD42BBPJTFZEhlhiok1XRVOCO//lRdI8qbrn1bO703LtOq+jAAdwCBVw4QJqcAt1aACBBJ7hFd6sJ+vFerc+ZqNLVr6zD39gff4AF9SSuw==</latexit>

P(X = x)
<latexit sha1_base64="Mymd3zFH8cmdWuvj0X0Lu84hSVg="></latexit>

✓X!Y
x,y = P(Y = y|X = x)UCM conditional: 

The corresponding joint                                     is entailed by SCM
<latexit sha1_base64="KapyrG/bVnmJFUIFAIgbuPATXxE=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBSkz4mtTKLpxWcE+pB1KJs20oZkHSUYchvorblwo4tYPceffmGm70NYDgcM593JPjhtxJpVlfRu5peWV1bX8emFjc2t7x9zda8owFoQ2SMhD0XaxpJwFtKGY4rQdCYp9l9OWO7rO/NYDFZKFwZ1KIur4eBAwjxGstNQzi10fq6HrpvVxuV19PL6vJkc9s2RVrAnQIrFnpAQz1HvmV7cfktingSIcS9mxrUg5KRaKEU7HhW4saYTJCA9oR9MA+1Q66ST8GB1qpY+8UOgXKDRRf2+k2Jcy8V09mUWV814m/ud1YuVdOikLoljRgEwPeTFHKkRZE6jPBCWKJ5pgIpjOisgQC0yU7qugS7Dnv7xImicV+7xydntaql3N6sjDPhxAGWy4gBrcQB0aQCCBZ3iFN+PJeDHejY/paM6Y7RThD4zPH6GwlB4=</latexit>

P(X = x, Y = y)
<latexit sha1_base64="BMr+dOzZggzcfFftgYgQuwPEnVk=">AAACE3icbVDJSgNBEO2JW4xb1KOXxiCohDAjbsegF48RjEYyw9DTqTFNeha6a9Qw5B+8+CtePCji1Ys3/8ZOzMHtQcHjvaruqhekUmi07Q+rMDE5NT1TnC3NzS8sLpWXV851kikOTZ7IRLUCpkGKGJooUEIrVcCiQMJF0Dse+hfXoLRI4jPsp+BF7CoWoeAMjeSXty+pW3URbnH0Vq6gM8hdCSEypZKbgVul4War2vQvt/xyxa7ZI9C/xBmTChmj4Zff3U7Cswhi5JJp3XbsFL2cKRRcwqDkZhpSxnvsCtqGxiwC7eWjPQZ0wygdGibKVIx0pH6fyFmkdT8KTGfEsKt/e0PxP6+dYXjo5SJOM4SYf30UZpJiQocB0Y5QwFH2DWFcCbMr5V2mGEcTY8mE4Pw++S8536k5+7W9091K/WgcR5GskXWySRxyQOrkhDRIk3ByRx7IE3m27q1H68V6/WotWOOZVfID1tsnfgad5w==</latexit>

Y  f(X,UY )
<latexit sha1_base64="h36oAqEUtG2zXTm9KziBIG0faRA=">AAACAXicbVC7TsMwFHXKq5RXgAWJxVAhMVUJ4jVWsDAWibRFTRQ5rtNadRzLdpCqqCz8CgsDCLHyF2z8DW6bAVqOZen4nHt1fU8kGFXacb6t0sLi0vJKebWytr6xuWVv7zRVmklMPJyyVLYjpAijnHiaakbaQhKURIy0osH12G89EKloyu/0UJAgQT1OY4qRNlJo73nhPfQFkQL6B+NTPNqhXXVqzgRwnrgFqYICjdD+8rspzhLCNWZIqY7rCB3kSGqKGRlV/EwRgfAA9UjHUI4SooJ8ssEIHhmlC+NUmss1nKi/O3KUKDVMIlOZIN1Xs95Y/M/rZDq+DHLKRaYJx9NBccagTuE4DtilkmDNhoYgLKn5K8R9JBHWJrSKCcGdXXmeNE9q7nnt7Pa0Wr8q4iiDfXAIjoELLkAd3IAG8AAGj+AZvII368l6sd6tj2lpySp6dsEfWJ8/uBOVJw==</latexit>

UY ?? X

with        taking values in the same set as 
<latexit sha1_base64="5pDHIB+IUPOZ7uP7ZON7/t7vcN4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKpq20oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf+gpeNUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Ob3O//USVZrF8MJOEBgIPJYsYwSaX/P4j6ldrbt2dAS0TryA1KNDsV796g5ikgkpDONa667mJCTKsDCOcTiu9VNMEkzEe0q6lEguqg2x26xSdWGWAoljZkgbN1N8TGRZaT0RoOwU2I73o5eJ/Xjc10XWQMZmkhkoyXxSlHJkY5Y+jAVOUGD6xBBPF7K2IjLDCxNh4KjYEb/HlZdI6q3uX9Yv781rjpoijDEdwDKfgwRU04A6a4AOBETzDK7w5wnlx3p2PeWvJKWYO4Q+czx9ss43Z</latexit>

UY
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

If the conditional is not a UCM, such an SCM is not possible.
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•UCM: Identifiability (Binary Case)
Binary UCM (binary symmetric channel)

Marginal: 
<latexit sha1_base64="fh0kJZPv5UDjoih/lZqOc0WkHGs=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYk4mtTKLpxWcE+oAllZjpph04mYWYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89OOZMacf5tgpLyyura8X10sbm1vaOvbvXUlEiCW2SiEeyg5GinAna1Exz2oklRSHmtI1HN5nffqBSsUjc63FM/RANBAsYQdpIPfvAC5EeYpw2JpVOzT2BNehhqhHs2WWn6kwBF4mbkzLI0ejZX14/IklIhSYcKdV1nVj7KZKaEU4nJS9RNEZkhAa0a6hAIVV+Ov1gAo+N0odBJE0JDafq74kUhUqNQ2w6s3vVvJeJ/3ndRAdXfspEnGgqyGxRkHCoI5jFAftMUqL52BBEJDO3QjJEEhFtQiuZENz5lxdJ67TqXlTP787K9es8jiI4BEegAlxwCergFjRAExDwCJ7BK3iznqwX6936mLUWrHxmH/yB9fkDHBeVYw==</latexit>

P(X = 1) = �

Reverse channel (from Bayes law):

Conditions for           being UCM have zero measure:
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•UCM: Identifiability (General Case)
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•Applying UCM to Data: Channel Estimates
Independent samples: 

<latexit sha1_base64="tIbTU7BNYEcyZYHBs4Q5EXkuNE8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgQkoivjZC0Y0rqWAf2IYymU7aoZNJmJmIIeQv3LhQxK1/486/cdpmoa0HLhzOuZd77/EizpS27W+rsLC4tLxSXC2trW9sbpW3d5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kbXY7/1SKViobjXSUTdAA8E8xnB2kgPt7306SjJ0CXqlSt21Z4AzRMnJxXIUe+Vv7r9kMQBFZpwrFTHsSPtplhqRjjNSt1Y0QiTER7QjqECB1S56eTiDB0YpY/8UJoSGk3U3xMpDpRKAs90BlgP1aw3Fv/zOrH2L9yUiSjWVJDpIj/mSIdo/D7qM0mJ5okhmEhmbkVkiCUm2oRUMiE4sy/Pk+Zx1Tmrnt6dVGpXeRxF2IN9OAQHzqEGN1CHBhAQ8Ayv8GYp68V6tz6mrQUrn9mFP7A+fwB8UpAn</latexit>

Nx,y =
<latexit sha1_base64="33j4A1rCXHqb7O/Ty3YUaP7h84E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEfG2EohuXFewD2lAm05t26OTBzEQbYhf+ihsXirj1N9z5N07TLLT1wIUz59zL3HvciDOpLOvbKCwsLi2vFFdLa+sbm1vm9k5DhrGgUKchD0XLJRI4C6CumOLQigQQ3+XQdIfXE795D0KyMLhTSQSOT/oB8xglSktdc2/UZfgSj3DnAXp9wEn2TLpm2apYGfA8sXNSRjlqXfOr0wtp7EOgKCdStm0rUk5KhGKUw7jUiSVEhA5JH9qaBsQH6aTZ/mN8qJUe9kKhK1A4U39PpMSXMvFd3ekTNZCz3kT8z2vHyrtwUhZEsYKATj/yYo5ViCdh4B4TQBVPNCFUML0rpgMiCFU6spIOwZ49eZ40jiv2WeX09qRcvcrjKKJ9dICOkI3OURXdoBqqI4oe0TN6RW/Gk/FivBsf09aCkc/soj8wPn8AuzqUpQ==</latexit>

xi = x ^ yi = yCount matrix:              number of samples s.t.
<latexit sha1_base64="sNzrbkcC1MA6q7mPjZ1MIHf6Utw=">AAACMnicbVDJSgNBEO1xjXGLevTSGAQPEmbE7SIEvehFIpgFMmHo6fQkTXoWumskwzDf5MUvETzoQRGvfoSdRdAkDxpevVdFdT03ElyBab4ac/MLi0vLuZX86tr6xmZha7umwlhSVqWhCGXDJYoJHrAqcBCsEUlGfFewutu7Gvj1ByYVD4N7SCLW8kkn4B6nBLTkFG7sLoHUhi4Dkjlp/zDJ8AW2PUloejuqM036M1Rbxb6T4N/aKRTNkjkEnibWmBTRGBWn8Gy3Qxr7LAAqiFJNy4yglRIJnAqW5e1YsYjQHumwpqYB8ZlqpcOTM7yvlTb2QqlfAHio/p1Iia9U4ru60yfQVZPeQJzlNWPwzlspD6IYWEBHi7xYYAjxID/c5pJREIkmhEqu/4ppl+hgQKec1yFYkydPk9pRyTotndwdF8uX4zhyaBftoQNkoTNURteogqqIokf0gt7Rh/FkvBmfxteodc4Yz+ygfzC+fwASdqvk</latexit>

✓̂x,y =
Nx,y

Nx
=

Nx,yP
y Nx,y

Matrix estimate, without constraint: 

Matrix estimate, with UCM constraint:
<latexit sha1_base64="tIbTU7BNYEcyZYHBs4Q5EXkuNE8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgQkoivjZC0Y0rqWAf2IYymU7aoZNJmJmIIeQv3LhQxK1/486/cdpmoa0HLhzOuZd77/EizpS27W+rsLC4tLxSXC2trW9sbpW3d5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kbXY7/1SKViobjXSUTdAA8E8xnB2kgPt7306SjJ0CXqlSt21Z4AzRMnJxXIUe+Vv7r9kMQBFZpwrFTHsSPtplhqRjjNSt1Y0QiTER7QjqECB1S56eTiDB0YpY/8UJoSGk3U3xMpDpRKAs90BlgP1aw3Fv/zOrH2L9yUiSjWVJDpIj/mSIdo/D7qM0mJ5okhmEhmbkVkiCUm2oRUMiE4sy/Pk+Zx1Tmrnt6dVGpXeRxF2IN9OAQHzqEGN1CHBhAQ8Ayv8GYp68V6tz6mrQUrn9mFP7A+fwB8UpAn</latexit>

Nx,y =Sort each row of           :

Compute:                                       and
<latexit sha1_base64="A76a29Xk62s+2tAZ2tFkjtiw1fA=">AAACC3icbVDJSgNBEO2JW4xb1KOXJkHwYpgRt4sQ9OIxglkgM4aaTidp0rPQXSOGIXcv/ooXD4p49Qe8+Td2loMmPih4/V4VXfX8WAqNtv1tZRYWl5ZXsqu5tfWNza389k5NR4livMoiGamGD5pLEfIqCpS8ESsOgS953e9fjfz6PVdaROEtDmLuBdANRUcwQCO18gW3B5i6WnQDGLYe6AWdCAiJed6lh86wlS/aJXsMOk+cKSmSKSqt/JfbjlgS8BCZBK2bjh2jl4JCwSQf5txE8xhYH7q8aWgIAddeOr5lSPeN0qadSJkKkY7V3xMpBFoPAt90BoA9PeuNxP+8ZoKdcy8VYZwgD9nko04iKUZ0FAxtC8UZyoEhwJQwu1LWAwUMTXw5E4Ize/I8qR2VnNPSyc1xsXw5jSNL9kiBHBCHnJEyuSYVUiWMPJJn8krerCfrxXq3PiatGWs6s0v+wPr8ASFvmx0=</latexit>

�̂x = ⌧̂�1
x
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•Applying UCM to Data: Criterion
Statistical tests: likelihood ratio tests (LRT) for UCM vs non-UCM

Let             and              be p-values for RLT in both directions.
<latexit sha1_base64="3MUkKiCoiAzY5Y40sOOBicuGr2A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mY2Z1lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqyhpUCqnaAWomeMwahhvB2oliGAWCtYLR7dRvPTGluYwfzDhhfoSDmIecorFSs4siGWKvXHGr7gxkmXg5qUCOeq/81e1LmkYsNlSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpTFGTPvZ7NoJObFKn4RS2YoNmam/JzKMtB5Hge2M0Az1ojcV//M6qQmv/YzHSWpYTOeLwlQQI8n0ddLnilEjxpYgVdzeSugQFVJjAyrZELzFl5dJ86zqXVYv7s8rtZs8jiIcwTGcggdXUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8AY7BjyI=</latexit>↵Choose some significance threshold      (e.g., 0.05) 
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•UCM: Synthetic Experiments

Random uniform 
channels 

100 datasets for 
each configuration 
of cardinalities

<latexit sha1_base64="x3Q27idhaoP/H4lSfxsjEoM3Wog=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicTEE9k1vo5ELx4xkYeBDZkdBpgwO7OZ6ZWQlU/x4kFjvPol3vwbB9iDgpV0UqnqTndXGAtuwPO+ndzK6tr6Rn6zsLW9s7vnFvfrRiWashpVQulmSAwTXLIacBCsGWtGolCwRji8mfqNR6YNV/IexjELItKXvMcpASt13GIT47bm/QEQrdUI44eOW/LK3gx4mfgZKaEM1Y771e4qmkRMAhXEmJbvxRCkRAOngk0K7cSwmNAh6bOWpZJEzATp7PQJPrZKF/eUtiUBz9TfEymJjBlHoe2MCAzMojcV//NaCfSugpTLOAEm6XxRLxEYFJ7mgLtcMwpibAmhmttbMR0QTSjYtAo2BH/x5WVSPy37F+Xzu7NS5TqLI48O0RE6QT66RBV0i6qohigaoWf0it6cJ+fFeXc+5q05J5s5QH/gfP4AAcuTNQ==</latexit>

X ! Y
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•UCM on Benchmark Data

Comparison with:
DC (distance correlation) by Liu and Chan, 2016.
HCR (hidden compact representation) by Cai et al. 2018.

112 cause-effect pairs with categorical variables

Average accuracy (notice that random choice yields 1/3 accuracy)
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•UCM on Real Data
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•Score-based methods

Ke et. al. 2020 

Similar to LASSO (sparsity) for all of the variables at once w/ acyclicity constraints.

52

Train the NNs and estimate such that graph is DAG
<latexit sha1_base64="n9rk/KURP1q1ytqQ7dCxMAWFgC4=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTia1l0ocsK9gFtCJPptB07mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWdOEHOmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqSiRhDZJxCPZCbCinAna1Exz2oklxWHAaTsY3+Z+e0KlYpF41NOYeiEeCjZgBGsj+bbdC7EeEczTu8xP2VPm21Wn5syAlolbkCoUaPj2V68fkSSkQhOOleq6Tqy9FEvNCKdZpZcoGmMyxkPaNVTgkCovnSXP0IlR+mgQSfOERjP190aKQ6WmYWAm85xq0cvF/7xuogfXXspEnGgqyPzQIOFIRyivAfWZpETzqSGYSGayIjLCEhNtyqqYEtzFLy+T1lnNvaxdPJxX6zdFHWU4gmM4BReuoA730IAmEJjAM7zCm5VaL9a79TEfLVnFziH8gfX5Aw/Rk/Q=</latexit>

Gij
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•Score-Based Methods with Deep Learning

Penalize dense 
graphs/enforce 
acyclicity

( most of the time ) 
approximated w/ fully 
factorized Bernoulli

Ke et. al. 2020 

53
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•Causal Discovery with Interventional Data

Intervention 
variablesIntervention 

specific 
parameters

Brouillard et. al. 2020 
54
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• Latent interventions

Mixture of experimental regimes.

For each sample:

do not know correspondence to intervention regime;

For each intervention:

do not know experimental conditions

55
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• Intervention Recovery
Given the causal graph, ...

recover interventions and correspondences,

propose joint distribution.

Infinite mixture of 
intervention SCMs

Prior distribution for the 
interventions 

( Dirichlet process)
+

56
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•Approximate Posterior Inference

Latent interventionsCorrespondence Sample

Dataset Graph

57
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•Approximate Posterior Inference

Variational inference

58
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•Approximate posterior inference
Source SCM

Similar to a 
clustering problem

Intervention SCM

( each cluster has few degrees of freedom )

Variational inference

highly overlapping clusters 

59

Evidence lower bound (ELBO):
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•Score-Based Method

60
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“latent”

•Model Variants
For each sample:

do not know correspondence to 
intervention regime;

For each intervention:
do not know experimental conditions

(new)

61
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“latent”
“unknown”

•Model variants
For each sample:

do not know correspondence to 
intervention regime;

For each intervention:
do not know experimental conditions

(new)

62
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“latent”
“unknown”
“known”

•Model variants
For each sample:

do not know correspondence to 
intervention regime;

For each intervention:
do not know experimental conditions

(new)

63
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“latent”
“unknown”
“known”
“observational”

•Model variants
assume there is no intervention data.(new)

64
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“latent”
“unknown”
“known”
“observational”
“semi-supervised”

•Model variants
(new)

(new)

65
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“latent”
“unknown”
“known”
“observational”
“semi-supervised”

•Model variants

“latent” “unknown”

(new)

(new)

0% 100%
Fraction of samples with correspondences. 

For each sample:
(fraction) know correspondence to 
intervention regime;

For each intervention:
do not know experimental conditions

66
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•Experiments: Cause-Effect Pairs

A

A

A

B

B

B

67

HD = 2

HD = 1

HD = 1
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•Experiments on synthetic data

68
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•Experiments on synthetic data

69
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•Experiments on synthetic data

70
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•Experiments on Real Data
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direction
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THANKS!


