
from (+2)-dimensionl TQATs to
Sa
(11) - dimensional TQATs to

↳ State sums

(with and withoutsemisimplicityassumptions)

non-semisimple part is jointworkwithDavid Reutter



Outline

eto -> compute path

sinping anti-diainTaft Seein termsof thickened
↑ cell decomposition

⑮dini iwand in varietieabookkeepingTQFT

↳non-semit extend to compute path
simple termstafMinecomposeof thickened

cell

* but no need tocheckPachner moves, Kirby moves, e



riented, unoriented, spin, ...(8

n +3-dimensional"TQFTs are plentiful and

easy toconstruct

· ingredient: functors
2": (K-ballshomemorphisms

-> et

COCKI;usually linearized
-

wk=n)

· examples: 0[(X)==2 maps x= T3 eg.T BG

② 2(X) = =EC-string diagrams on X3
C: H-pirotal U-category, H-Spin,SO,

....



· require [243 to be compatible with

gluing, restrictions to boundary

& Extend - from balls tomanifolds of dimension 0....n)

via colimitconstruction (over poses of ball decompositions)

e(M):"Skein module"(vector space)

e (Y4-1): objects ofcylinder categorylegory3
2(4"x1): morphisms

ofcylinder category

tended ->: p-K)-categoryA(X), i-morphisms =2(XxB")



Example n =2 e(X) =Ec-string diagrams
on X3Alment[]/cpirotal arcategorym

A(S) =(obj: 63
Mor?

↳
A()) =(k([]/

-nicereposition.I stacking cylinder,
Note: EALM; affords an action of the -atA(6)



"easy toconstruct"to never had tochoosehandle

decomposition or triangulation;
never had tocheckcombinatorial
"Moves"(Dachner moves, handle slides, ...)

"plentiful"-- no finess or simplicityassumptions
-

-

meeeean(ts)-divit theorytoan (n+1)-dime theory,
we will have to

① resort to combinatorial descriptions of (1) -manifolds

② impose fairly stringentconditions on input n-cat



from nts to ut Mont
e S

ph-

· for every bordism ·
S
Mic

GW=Mout ,Min
want: E(W"): A(Min)-AlMont)

~ 6 Mout-Y =6Min

A(Y)-module map

compatible withgluing of (nH)-manifolds and

homeomorphisms of n-manifolds



K-handle bordism

Hr =B*x"-kg
-

*
* *

- B*xg-

Skygn-k HB*SI S Gr

Igk-+



Std. topological fact:

Li-manEleisanetlampininanet
... z(Hut). Then verify.
(A and& come for free.)



Outline (again!)
-

compute path
(n+ 1) - din' TQfT ->siningeto Miketermsof

↑ cell decomposition

⑮dini iwand in varietieabookkeepingTQFT

↳non-semit extend to compute path
simple ⑰staft-neiteieof thickened

cell

* but no need tocheckPachner moves, Kirby moves, e









Warm-up: n=1 case Ho

· Choose Z(DY:A(s) - I Co-handle)

~ Pairing P.: A(B) *A(B'-- IK

xoy 18 E(BY(x0y) -

me If Po isnon-degenerate, I copairing

Q:, A(B'), *,A(B'),, A(B'), *,A(B),

my Define z(H.)
=z (f) =Q.



we compute z(SI) =z/] =E(H). (H.)

=.

no Pairing P =

z(s'xI): Als') *AlS'-I
me If P, is non-degenerate, Icopairing

Q1: 1- Als') QACS) ⑱
uscompute z(H) =2)] =z1H). QI



Conclusion: If extension from Its to it exists,
then itis completely determined bychoice of

E(Ho): AlS') IK. A necessarycondition for z(Ho)

toextend is thatthe pairings Po and P, are

non-degenerate.



Ihm (W, Reuter). Let Al) be an nt3-dimensional TQAT

as above. Choose Z(B") =z(Ho): A(SY)- HT.

Then E(...) extends toa full undiml TQATif

and only ifthe inductively defined pairings

Pr.A)Sx*)*AS**)-IK, ORK-n-I
are non-degenerate.

Remark 1: If Po, P., ..., Pm are non-degenerate, then can

define E)...) on nt-dim'e handle bodies, all handles of

index <m+, invariant under handle cancellations ofindex <m+1.



Remark 2: Proof depends only2functor

-namemanifolds, in-manifolds, homeomorphisms)-> target2at

Earlier results:

· w2006 - semisimple, positive
def. Lase

· Lurie 2009
- 20-cut case, framed manifolds,

non-pivotal arcats



Proof:
[All diagrams are in forget 2-cat, but

1 - 1d
most labels are in source bordism z-cati

Y unfM Brett,L

lon

We wanttoherygn-thomeomorphism from n+3-dim' fT

skgn
Igk-n+



satisfying handle cancellation:

Br
d gxgn-k-1

⑰

BINx GM-K-

I ⑧Dryingsoe
Brsk-r-kerosyrkt
I

=



Assume Iz(Ho) -/s
Ho=B"

+

⑩

such that the induced pairing Po

③ Bes B

①

is non-degenerate, in the sense thatIge
⑱ gr-lI 0 q

④
I =

a flat-



Lemma.

I
BY I
⑪ -gn-i I
B

Pf. Easy.

=PHP, Qo*HQo

Inductive assumptions:

sxr-)
Sygn- Hy-K six- SKxg"--S

↑
↑ ① Yes⑭

satisfying two zig-zags



Inductive steps....
Sk-'x S n

-kkxgU
- k

⑭-⑭.=
I ⑱-syrk
d I S

nI ↑ ⑯
Sky gn-k+

giygh-K-1

- six-Rsky-K
⑭ 8 &B* ygn

- k

*
SU-kx BK /st-n-kA
s

*=sopairing ofPA, ifitexists



handle cancellation. By+, follows
from

6

SheI sin(, B"!
BY

↑ ⑪
⑰

&expand Ha



gr-1 dI -↳

Bright in"as
a

BI --Blxg-k+
-6

n - k+2

o ismontsat
I

1BY
1-SY

⑱



gr-1 d
/kri,it

Iment inor I

B

↑

-I i) %: interchange
N DisneySirisenin

d

·diffrentregre I

⑱ i



gr-1 dI /kri,it

2 B"[Brysn I

I
-d in

·.interchange i)
dis

I

⑱ i



gr-1
I d
B

Butrysn-]-↳
o jk-1ygU-k

:def of ⑭- ↑BRxg-k I
+ r'chanse

I (-yn
- k+

d

E ↳Seei)
I

i



I S
n - 1 d

·

:British
BrI

P-Azizayk,
- s4!

⑭"

-
by differ property

D



Mysterious(to me) non-semisimple TQST constructions:

Mercynbushenko,

Kuperest
isin

RT-isk:



my consider non-o-unital x-categories.

my non-o-unital skein theory2D. Jordan]
(thisis still workin progress)
-

n=3, 0 =non-x-unitue ribbon category (e.g. projective ideal in....)

A(M3):=IK[EP-ribbon-graphs inM3]/(local relations with
non-empty 6-condition]

Then

A(SY* 2space of
"modified traces"

z(Ho)cAlSY* 2 choice ofmodified trace



pairing Po non-degenerate --> modified trace non-degenerate

?mortar,al
z(H2):AlS'xDY -A(DIS'we integral for

this cond



Note: In Geer et al examples, PI (projective cover
of 0-unit) has the following "weak o-unit"property:

~t = *objects VEP

So can fill M3 with "tendrils":

⑱



Non-semisimple Grane-Yetter 3H1-dim'lTQfT

O as above. W" oriented 4-manifold. G: P-ribbon

graph in GW. Goal: evaluate z(w)(G) t1.

Choosehandle decomposition WoW,CWzcWsWy =W

(Wi =0-handles U... U i-handles)

Recall from above

z (Hi): A(Bixs-i)-Als"
-

x B")



Define

z(Ay)(0) =v =AlS)
& P

&x50

z(Hs)(08] ==A(SxB

z(A)(7 = =A(SxB)
Bxs

z(H.))-(
=A(s



--
e

-ziwsife 8]



⑬

-zimi}
Ig

-

S 3=z(w) to↓



-]!=z(woll WuS

=itr]!I WuS



Ihm (W, Reuter). Let Al) be an nt3-dimensional TQAT

as above. Choose Z(B") =z(Ho): A(SY)- HT.

Then E(...) extends toa full undiml TQATif

and only ifthe inductively defined pairings

Pr.A)Sx*)*AS**)-IK, ORK-n-I
are non-degenerate.

Remark 1: If Po, P., ..., Pm are non-degenerate, then can

A

[ define E)...) on nt-dim'e handle bodies, all handles of 3S

A
index <m+, invariant under handle cancellations ofindex <m+1.

*



· very common for Do to be non-generate:
- n

=2 or 1
=3, Repg(G), a generic. I

can define generalized Jone polynomials for

links in 2 (S'xBH --- HS'xBY)

· [(n+1)-dim'e k-handlebodies3/(K) - handle moves
E(n+1) -dim'l manifolds w/ (K) - handle structure

except when (n+1,1) =(4,2).

crelated toAndrews-Curtis problem)



· interesting (n+1,k) =(4,2) example.

A(M3):=IK [Eunoriented surfaces in M3]/
① partition relations

②

2 -8 -80 -8+=0



In this example, PodP, are

non-degenerate, but P2 is degenerate.
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