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1. All data points sampled on or near a d-dimensional unknown manifold 
embedded in Rm. How effective can DNNs learn the manifold structure? 
（with Schonsheck@RPI, Chen@IBM, A. Hvarilla & W. Liao@Gatech, H. Liu@HKBU)

2. Each data point is a 2-dimensional manifold: Design spatially 
convolutional operation on manifolds and conduct deep learning tasks 
including surface registration, geometric information disentanglement, 
point clouds classification and segmentation. （with Schonsheck@RPI, Tatro@RPI, 
Jin@PKU, Dong@PKU)
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<latexit sha1_base64="eY1yFfQQbf4/AT7zp8e4nPVbuyI="></latexit>

A feedforward network:

F⇥(x) = fk � � � fk�1 · · ·� � f1(x)

where each fi(x) = Wix+ bi and � nonlinear activation, e.g. max{x, 0}

Given {(xi, yi)}ni=1, Train: min
⇥={Wi,bi}

1

n

nX

k=1

h(F⇥(xk), yk)

For example, h can be squared norm for regression, or cross entropy for

classification.
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Deep networks have been very successful in many applications.  

Approx.  functions:     

Approx. maps (operators): 

<latexit sha1_base64="HTq2ObdSaSRs5HVuRHYRS+/TTWA=">AAACD3icbVC7TsMwFHV4lvIKMLJYtCCmKqkQIKYKFsaC6ENqqspxndaqY0e2A6qi/AELv8LCAEKsrGz8DU6bAVqOdKWjc+7Vvff4EaNKO863tbC4tLyyWlgrrm9sbm3bO7tNJWKJSQMLJmTbR4owyklDU81IO5IEhT4jLX90lfmteyIVFfxOjyPSDdGA04BipI3Us4/KwQX0QqSHGLGknXqSDoYaSSkeprLvJ7dpuWeXnIozAZwnbk5KIEe9Z395fYHjkHCNGVKq4zqR7iZIaooZSYterEiE8AgNSMdQjkKiusnknxQeGqUPAyFNcQ0n6u+JBIVKjUPfdGYnqlkvE//zOrEOzrsJ5VGsCcfTRUHMoBYwCwf2qSRYs7EhCEtqboV4iCTC2kRYNCG4sy/Pk2a14p5WTm6qpdplHkcB7IMDcAxccAZq4BrUQQNg8AiewSt4s56sF+vd+pi2Llj5zB74A+vzB+CsnJU=</latexit>

f : X ! R
<latexit sha1_base64="kdXNUWx6Lm13DjXuEN2ArR55+GU=">AAACEHicbVDLSsNAFJ34rPUVdelmsBVdlaSIiquiIC4r2Ic0oUymk3boJBNmJkoJ+QQ3/oobF4q4denOv3HSBtTWAxcO59zLvfd4EaNSWdaXMTe/sLi0XFgprq6tb2yaW9tNyWOBSQNzxkXbQ5IwGpKGooqRdiQICjxGWt7wIvNbd0RIysMbNYqIG6B+SH2KkdJS1zwoX55BJ0BqgBFL2qkjaH+gkBD8/ke+Tctds2RVrDHgLLFzUgI56l3z0+lxHAckVJghKTu2FSk3QUJRzEhadGJJIoSHqE86moYoINJNxg+lcF8rPehzoStUcKz+nkhQIOUo8HRndqOc9jLxP68TK//UTWgYxYqEeLLIjxlUHGbpwB4VBCs20gRhQfWtEA+QQFjpDIs6BHv65VnSrFbs48rRdbVUO8/jKIBdsAcOgQ1OQA1cgTpoAAwewBN4Aa/Go/FsvBnvk9Y5I5/ZAX9gfHwDjeyc8g==</latexit>

F : X ! Y
<latexit sha1_base64="JRRr2IqelAcG+lSQztquCsI6Fo4="></latexit>

X is often high dimension, or even a functional space.

Deep neural networks preform reasonably well. For instance, in the ImageNet 
challenge, the ambient space dimension m = 224*224*3. 

✏
<latexit sha1_base64="NOOVYSr/gBJx/u//S8eqSNw7nFI=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTssNFYkNpaYCBjhQvaWOdiwt3fZ3TMhF/6FjYXG2Ppv7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsHgKqUXCJLcONwIdEIY0CgZ1gfDPzO0+oNI/lvZkk6Ed0KHnIGTVWeqz2MNFcxLLaL1fcmjsHWSVeTiqQo9kvf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m188JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZvU8GXCEzYmIJZYrbWwkbUUWZsSGVbAje8surpF2veRe1+l290rjO4yjCCZzCOXhwCQ24hSa0gIGEZ3iFN0c7L86787FoLTj5zDH8gfP5AwbGkHY=</latexit>

Consider              uniformly sampled in [0, 1]m.  The expected distance to any  

To achieve accuracy      , sample size needs  

E{mini kx� xik} � m
2(m+1)

�
1
n

�1/m
<latexit sha1_base64="KIUfB7CIsg3KiIwdV/XQJ60p5K0="></latexit>

n & 1/✏m
<latexit sha1_base64="WjVR2TIJKzpjl3kDkQq23ZY4TK4=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AruKozdaG4KrhxWcE+oDOWTJppQ/MYkoxQhrrxV9y4UMStf+HOvzFtZ6HVA4HDOedyc0+UMKqN5305haXlldW14nppY3Nre8fd3WtpmSpMmlgyqToR0oRRQZqGGkY6iSKIR4y0o9HV1G/fE6WpFLdmnJCQo4GgMcXIWKnnHlQEDAbGBjj0TwOSaMqkuOOVnlv2qt4M8C/xc1IGORo99zPoS5xyIgxmSOuu7yUmzJAyFDMyKQWpJgnCIzQgXUsF4kSH2eyCCTy2Sh/GUtknDJypPycyxLUe88gmOTJDvehNxf+8bmriizCjIkkNEXi+KE4ZNBJO64B9qgg2bGwJworav0I8RAphY0sr2RL8xZP/klat6p9Vaze1cv0yr6MIDsEROAE+OAd1cA0aoAkweABP4AW8Oo/Os/PmvM+jBSef2Qe/4Hx8Axeslf4=</latexit>

m
<latexit sha1_base64="EjeexNcPuvApcbooB2hmUaWFH1A=">AAAB6nicbVBNTwIxEJ3iF+IX6tFLI5h4Irt40Hgi8eIRoyAJbEi3dKGh7W7argnZ8BO8eNAYr/4ib/4bC+xBwZdM8vLeTGbmhYngxnreNyqsrW9sbhW3Szu7e/sH5cOjtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7D8c3Mf3xi2vBYPdhJwgJJhopHnBLrpPuqrPbLFa/mzYFXiZ+TCuRo9stfvUFMU8mUpYIY0/W9xAYZ0ZZTwaalXmpYQuiYDFnXUUUkM0E2P3WKz5wywFGsXSmL5+rviYxIYyYydJ2S2JFZ9mbif143tdFVkHGVpJYpulgUpQLbGM/+xgOuGbVi4gihmrtbMR0RTah16ZRcCP7yy6ukXa/5F7X6Xb3SuM7jKMIJnMI5+HAJDbiFJrSAwhCe4RXekEAv6B19LFoLKJ85hj9Anz+LgY1H</latexit>

m
<latexit sha1_base64="EjeexNcPuvApcbooB2hmUaWFH1A=">AAAB6nicbVBNTwIxEJ3iF+IX6tFLI5h4Irt40Hgi8eIRoyAJbEi3dKGh7W7argnZ8BO8eNAYr/4ib/4bC+xBwZdM8vLeTGbmhYngxnreNyqsrW9sbhW3Szu7e/sH5cOjtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7D8c3Mf3xi2vBYPdhJwgJJhopHnBLrpPuqrPbLFa/mzYFXiZ+TCuRo9stfvUFMU8mUpYIY0/W9xAYZ0ZZTwaalXmpYQuiYDFnXUUUkM0E2P3WKz5wywFGsXSmL5+rviYxIYyYydJ2S2JFZ9mbif143tdFVkHGVpJYpulgUpQLbGM/+xgOuGbVi4gihmrtbMR0RTah16ZRcCP7yy6ukXa/5F7X6Xb3SuM7jKMIJnMI5+HAJDbiFJrSAwhCe4RXekEAv6B19LFoLKJ85hj9Anz+LgY1H</latexit>

<latexit sha1_base64="8mo8TtLFOSiq2gJDEi8WUbBQn98=">AAAB+nicbVDLSsNAFL3xWesr1aWbYCu4KknBB4JQcOOygn1AG8NkOmmHTiZhZqKWmE9x40IRt36JO//GaZuFth64cDjnXu69x48Zlcq2v42l5ZXVtfXCRnFza3tn1yzttWSUCEyaOGKR6PhIEkY5aSqqGOnEgqDQZ6Ttj64mfvueCEkjfqvGMXFDNOA0oBgpLXlmqdJLHz3ay7yUXjrZHa94Ztmu2lNYi8TJSRlyNDzzq9ePcBISrjBDUnYdO1ZuioSimJGs2EskiREeoQHpaspRSKSbTk/PrCOt9K0gErq4sqbq74kUhVKOQ193hkgN5bw3Ef/zuokKzt2U8jhRhOPZoiBhloqsSQ5WnwqCFRtrgrCg+lYLD5FAWOm0ijoEZ/7lRdKqVZ3T6slNrVy/yOMowAEcwjE4cAZ1uIYGNAHDAzzDK7wZT8aL8W58zFqXjHxmH/7A+PwBjvuThw==</latexit>

{xi}ni=1
<latexit sha1_base64="eL4HUu51cm7VohoA6kHbpwgeMGE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPuKJxItHjIIksCGzwyxMmJ3dzPQaCeETvHjQGK9+kTf/xgH2oGAlnVSqutPdFSRSGHTdbye3srq2vpHfLGxt7+zuFfcPmiZONeMNFstYtwJquBSKN1Cg5K1EcxoFkj8Ew+up//DItRGxusdRwv2I9pUIBaNopbvyU7lbLLkVdwayTLyMlCBDvVv86vRilkZcIZPUmLbnJuiPqUbBJJ8UOqnhCWVD2udtSxWNuPHHs1Mn5MQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG89MdCJSlyxeaLwlQSjMn0b9ITmjOUI0so08LeStiAasrQplOwIXiLLy+TZrXinVfObqul2lUWRx6O4BhOwYMLqMEN1KEBDPrwDK/w5kjnxXl3PuatOSebOYQ/cD5/AJ4qjVg=</latexit>x
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<latexit sha1_base64="XzTW2pDRP1VIWB5a0lrauQdKhvk=">AAAB9XicbVDLTgIxFL3jE/GFunTTCCauyAwx6pLoxiUaeSQwkE4p0NB2Jm1HQyb8hxsXGuPWf3Hn39iBWSh4kiYn59ybe3qCiDNtXPfbWVldW9/YzG3lt3d29/YLB4cNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPxTeo3H6nSLJQPZhJRX+ChZANGsLFSt9QR2IyCILmfdkWpVyi6ZXcGtEy8jBQhQ61X+Or0QxILKg3hWOu250bGT7AyjHA6zXdiTSNMxnhI25ZKLKj2k1nqKTq1Sh8NQmWfNGim/t5IsNB6IgI7mYbUi14q/ue1YzO48hMmo9hQSeaHBjFHJkRpBajPFCWGTyzBRDGbFZERVpgYW1TeluAtfnmZNCpl76J8flcpVq+zOnJwDCdwBh5cQhVuoQZ1IKDgGV7hzXlyXpx352M+uuJkO0fwB87nDwPDkjQ=</latexit>Rm

Data points sit in a low-dime coherent structure in Rm   [Pope et al.] 

Curse of dimensionality,
Coherent data structures 

Low-dimensional 
Models, M ⇢ Rn

<latexit sha1_base64="JEQtLuCyGzW1kmhoX062ISmwRRg=">AAACCnicbVC7TsMwFHXKq5RXgJHF0CIxVUkZQEyVWFiQCqIPqQmV4zqtVceJbAepijKz8CssDCDEyhew8Tc4aQZoOdKVjs65V/fe40WMSmVZ30ZpaXllda28XtnY3NreMXf3OjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1JpeZ330gQtKQ36lpRNwAjTj1KUZKSwPzsOYESI0xYsl16sjYk0TBXPK85Da957WBWbXqVg64SOyCVEGB1sD8coYhjgPCFWZIyr5tRcpNkFAUM5JWnFiSCOEJGpG+phwFRLpJ/koKj7UyhH4odHEFc/X3RIICKaeBpzuzI+W8l4n/ef1Y+eduQnkUK8LxbJEfM6hCmOUCh1QQrNhUE4QF1bdCPEYCYaXTq+gQ7PmXF0mnUbdP642bRrV5UcRRBgfgCJwAG5yBJrgCLdAGGDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gBYPpqk</latexit>

It is commonly believed that DNNs can automatically learn the low-dimension structure

<latexit sha1_base64="ULUVljnV3wnRmIIoP4bas85ieQM="></latexit>

Consider a data set {xi}ni=1
sampled on or near an unknown d-dimensional manifold

M ⇢ Rm
. How e↵ective and robust can DNNs learnM?

MNIST

H
is

to
gr

am
 o

f r
an

k

Rank in neighborhoods



R. Lai@ RPI Geo inspired DNN 

Some literature 

6

Convectional manifold learning methods (not DNN based methods)

DNN-based methods. Approximating functions or mapping on        or a known manifold
<latexit sha1_base64="z9ImnXgN3W5Mug7czjB3v0pSVVk="></latexit>

Rd
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Principle component analysis
<latexit sha1_base64="OGzv4uOm6MzLhlvadHiEclauB28="></latexit>

Consider a data set {x1, · · · ,xn} ⇢ Rm sampled from a given distribution

⇠. Compute d principle components u1, · · · ,ud 2 Rm. Given x ⇠ ⇠, PCA

tells us

x ⇡
dX

k=1

hx,ukiuk

<latexit sha1_base64="U3xx8HpuEuIpOj8/mOHys1484vs="></latexit>

E : Rm ! Rd, E(x) = (hx,u1i, · · · , hx,udi)
D : Rd ! Rm, D(z1, · · · , zd) =

Pd
k=1 zkuk

Encoding:
Decoding

Auto-encoders [Bourlard & Kamp’98, Hinton & Zemel ’94, Liou et al’14], Variational auto-encoders [Kingma & Welling’13]

E D

Rm Rm

<latexit sha1_base64="b/7x0Lurj8RTrSANBo2PeqilaOI=">AAAB9XicdVDLTgIxFO3gC/GFunTTCCauJsOAgDuiG5do5JHAQDqdDjR0OpO2oyET/sONC41x67+482/sACZq9CRNTs65N/f0uBGjUlnWh5FZWV1b38hu5ra2d3b38vsHbRnGApMWDlkoui6ShFFOWooqRrqRIChwGem4k8vU79wRIWnIb9U0Ik6ARpz6FCOlpUGxHyA1dt3kZjbwisN8wTLP61X7zIaWaVk1u1xNiV2r2GVY0kqKAliiOcy/970QxwHhCjMkZa9kRcpJkFAUMzLL9WNJIoQnaER6mnIUEOkk89QzeKIVD/qh0I8rOFe/byQokHIauHoyDSl/e6n4l9eLlV93EsqjWBGOF4f8mEEVwrQC6FFBsGJTTRAWVGeFeIwEwkoXldMlfP0U/k/atlmqmpVru9C4WNaRBUfgGJyCEqiBBrgCTdACGAjwAJ7As3FvPBovxutiNGMsdw7BDxhvn1j/km8=</latexit>

Rd

<latexit sha1_base64="BGJm3Ugprb5RG43yUsgDVK0sTuw="></latexit>

min
E,D

1
n

nX

i=1

kxi � D � E(xi)k2
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AE
VAE

Given a data set sampled on a double torus, performance of AE and VAE using a flat latent space  
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Observations:  

1. A flat domain as the latent space can 
not cover data manifold well; 

2.  A higher dimension latent space 
generates undesired data; 

3. Representation with topology breaking 
may introduce big metric distortion. 

Structured latent space is needed. 

Data manifold Latent space Encoder

1 chart

2 charts

Spherical latent space: Xu-Durrett’18, Davidson et al.’18, Rey et al’19 
Closed path: Connor-Rozell’19, 
Lie groups (e.g SO(3)): Falorsi et al’18, 
Diffusion geometry: Li-Lindenbaum-Cheng-Cloninger’19 
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Empirical Risk (ER) minimization: 

<latexit sha1_base64="lUki8pmU5wDxBYRWpDbHXwHzmTA="></latexit>

Consider {xi}ni=1 sampled on a compact d-dimensional manifoldM ⇢ Rm with possible noise

(Ê, D̂) = arg min
E,D

1
n

nX

i=1

kxi � D � E(xi)k2

Target  

Best model

ER minimizer

Approx. Error
Generalization Error

Learned model
Optimization

Initial guess Optimization Error

The space of 
neural networks

Approximation Error: 

Generalization Error:
<latexit sha1_base64="lGTIz+dyPpfScEP5lDPMv/1J6AY="></latexit>

Given a minimizer (Ê, D̂) from ER, consider kx � D̂ � Ê(x)k for all test data x 2M

Existence of such an network (network structure) for a data manifold?
Error/network complexity depends on the intrinsic dimension d?
Computational tractable models?
Robustness to noise?

<latexit sha1_base64="dDCMHQkuvpCNRNpM98h3fHJtqhw="></latexit>

The smallest possible error kx � D̃ � Ẽ(x)k for all test data x 2M
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<latexit sha1_base64="NopvnwfyhTVB8CiIrsFiVc8Duig="></latexit>

Definition 1 (Faithful Representation). An auto-encoder (Z; E,D) is called a
faithful representation ofM if x = D � E(x),8x 2M. An auto-encoder is called
an ✏-faithful representation ofM if sup

x2M
kx � D � E(x)k  ✏.

M
<latexit sha1_base64="A7jkFXtSTUo5kl10EZLHC6CpCpY="></latexit>

⌧(M)
<latexit sha1_base64="QfzsZI53gdht04GX2Piqc2Vwr3c="></latexit>

⌧(M) = inf
x2M,y2G

kx � yk.
<latexit sha1_base64="f6M2l5B+aXo2oh0L5gPOChL2r98="></latexit>

flat, simply connected 
domain Z

<latexit sha1_base64="M7Yjdl3ndhGlVBc71BRkEv+Si50="></latexit>

Encoding

Decoding

Not necessarily 

<latexit sha1_base64="VYMPKoZWZBzjNZON3KfNO48wavQ="></latexit>

Medial axis G =
n
y 2 Rm | 9p , q 2M s.t. ky � pk = ky � qk = inf

x2M
kx � yk

o

<latexit sha1_base64="zC9P5CsD4tqX8P61uQVaZNHmbco="></latexit>

A manifold with a small reach can “bend” faster than the one with a large reach. For
example, a plane has a reach equal to infinity. A hyper-sphere with radius r has a reach r.

<latexit sha1_base64="KdSsDrcTn141NbSrYtV+hgY7uz8="></latexit>

Theorem 1. (Schonsheck-Chen-Lai) LetM be a d-dimensional compact manifold. If
an auto-encoder (Z; E,D) of M is an ✏-faithful representation with ✏ < ⌧(M), then
Z and D(Z) must be homeomorphic to M. Particularly, a d-dimensional compact
manifold with non-contractible topology can not be ✏-faithfully represented by a plain
auto-encoder with a latent space Z being a d-dimensional simply connected domain
in Rd.
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M
<latexit sha1_base64="ORSVL7ttbUgi2dAn3OKuBnbojyU=">AAAB9HicbVBNSwMxFHxbv2r9qnr0EmwFT2W3InosePEiVLC10C4lm2bb0CS7JtlCWfo7vHhQxKs/xpv/xmy7B20dCAwz7/EmE8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gRYU84kbRlmOO3EimIRcPoYjG8y/3FClWaRfDDTmPoCDyULGcHGSn61J7AZEczTu1m1X664NXcOtEq8nFQgR7Nf/uoNIpIIKg3hWOuu58bGT7EyjHA6K/USTWNMxnhIu5ZKLKj203noGTqzygCFkbJPGjRXf2+kWGg9FYGdzDLqZS8T//O6iQmv/ZTJODFUksWhMOHIRChrAA2YosTwqSWYKGazIjLCChNjeyrZErzlL6+Sdr3mXdQu7+uVhpvXUYQTOIVz8OAKGnALTWgBgSd4hld4cybOi/PufCxGC06+cwx/4Hz+ADwQkbI=</latexit>

Zi
<latexit sha1_base64="MW3TCdmheUIlZy6/ZH5Yg+beuYs=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSEcVVwY3LCvaBbQiT6aQdOpmEmYlQQ7/EjQtF3Pop7vwbJ20W2npg4HDOvdwzx485U9q2v63C2vrG5lZxu7Szu7dfrhwcdlSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT24yv/tIpWKRuNfTmLohHgkWMIK1kbxKuTYIsR4TzNOHmcdqXqVq1+050CpxclKFHC2v8jUYRiQJqdCEY6X6jh1rN8VSM8LprDRIFI0xmeAR7RsqcEiVm86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lKtexl4n9eP9HBlZsyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4Kz/OVV0mnUnfP6xV2j2rzO6yjCMZzAGThwCU24hRa0gUACz/AKb9aT9WK9Wx+L0YKV7xzBH1ifP05MktY=</latexit> Zj

<latexit sha1_base64="1w8AxAT+klZFfMfmn3egyEJtZM4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gKrkqiiOKq4MZlBfvANoTJdNKOnUzCzESooV/ixoUibv0Ud/6N0zYLbT0wcDjnXu6ZEyScKe0431ZhZXVtfaO4Wdra3tkt23v7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho+up336kUrFY3OlxQr0IDwQLGcHaSL5drvYirIcE8+x+4j9Ufbvi1JwZ0DJxc1KBHA3f/ur1Y5JGVGjCsVJd10m0l2GpGeF0UuqliiaYjPCAdg0VOKLKy2bBJ+jYKH0UxtI8odFM/b2R4UipcRSYyWlKtehNxf+8bqrDSy9jIkk1FWR+KEw50jGatoD6TFKi+dgQTCQzWREZYomJNl2VTAnu4peXSeu05p7Vzm9PK/WrvI4iHMIRnIALF1CHG2hAEwik8Ayv8GY9WS/Wu/UxHy1Y+c4B/IH1+QNP0ZLX</latexit>

A manifold is a topological space locally homeomorphic to a Euclidean domain.
<latexit sha1_base64="LhlODqY8WSSa9pq8iCijXfAHYhQ="></latexit>

• Charts {(M↵,�↵)}↵ satisfying M =
S

↵ M↵

• Coordinate map: �↵ : M↵ ! Z↵

• Transition functions:
�↵� : �↵(M↵ \M�) ! ��(M↵ \M�)

<latexit sha1_base64="ODJybdY0VAfwZul+bK0279AftC8="></latexit>

Machine learning:

• M: data manifold

• Z↵: Latent space

• �↵: Encoders E↵ approximated by DNNs

• ��1
↵ : Decoder D↵ approximated by DNNs

<latexit sha1_base64="OjqnYcp+TET7lCFgJOIlRFHYP78="></latexit>

<latexit sha1_base64="qE3QTmi1NWrV3phv7RnDlKKA1K0="></latexit>

[Partition of Unity]

1. Only a finite number of the functions in {⇢k}k2K are nonzero near x

and
P

k2K ⇢k(x) = 1.

2. Assemble from local chart: f(x) =
P

k2K ⇢k(x)f(x)
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Universal Manifold Approximation 

13

1. K nearest neighbor (KNN)

2. Local principal component analysis (PCA) on KNN

Pi =

X

k2N(i)

(pk � ci)
T
(pk � ci)

3. Projection on tangent planes.

4. Inherit triangle structure from the tangent space.

With the local connectivity {pi;V(i),R(i)}, we have:

rPf(pi) ⇡
1

W

X

T2R(i)

Area(T )rT f(pi), divP
�!
V (pi) ⇡

1

W

X

T2R(i)

Area(T )divT
�!
V (pi)

• Only use the first ring structure, more accurate approximation can be obtained using the second ring

structure.

• Alternatively, we can also combine the local mesh with the moving least square approximation to

obtain better approximation.

<latexit sha1_base64="H7dAYDk+fVAFGxDHXcEN6mKDGS4="></latexit>

Step 1. X = {xi}ni=1 forms ✏/2-dense (✏ < ⌧/2) sampling if |X| >= O

⇣
�d✏�d log ✏

⌘
. [Niyogi-

Smale-Weinberger’08]

Step 2. Representing simplicial maps locally. Consider a geodesic neighborhood

Mr(p) = {x 2 M | d(p, x) < r} around p 2 M. For any 0 < ✏ < ⌧(M),
if X = {xi}ni=1 is an ✏/2-dense sample drawn uniformly randomly onMr(p), then

there exists an auto-encoder (Z,E,D) = arg min E,D
P kxi�D�E(xi)k2 satisfying

sup
x2Mr(p) kx � D � E(x)k  ✏.

Step 3. Gluing local results through partition of unity.

<latexit sha1_base64="QjsVPBRmPx2PXobthlftT/CHWnc="></latexit>

Theorem 1 (Schosheck-Chen-Lai). Consider a d-dimensional compact data manifold

M ⇢ Rm
with reach ⌧. Let X = {x}n

i=1 be a training data set drawn uniformly randomly

onM. For any 0 < ✏ < ⌧/2, if |X| ⇡ O(�d✏�d log ✏) then there exists a Chart Auto-

encoder (E,D) = arg minE,D f (⇥; X) = 1
n

P
i kxi � D � E(xi)k2 ✏-faithfully representing

M, namely

sup
x2M
kx � D � E(x)k  ✏.

Moreover, the encoder E and the decoder D has at most O(Lmd✏�d�d
2/2(� log1+d/2 ✏))

parameters and O(�d
2 log2 ✏/2) layers.
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Nonparametric analysis and Generalization bound under noisy input (with H. Liu, A. Havrilla, W. Liao) 

14

<latexit sha1_base64="1j8jK3u8//ayFkiee9Lqj4gnFj8="></latexit>

Consider a training data set S = {(xi,vi)}ni=1 where the vi’s are i.i.d.

samples from a probability measure on M, and

xi = vi +wi

are perturbed from the vi’s with independent random normal noise wi 2
T?
vi
M (the normal space of M at vi) satisfying kwik2  q < ⌧ . We denote

the distribution of all xi by �.

Our goal is to learn an encoder bE : M(q) ! RO(d)
and the corresponding

decoder bD : RO(d) ! RD
by minimizing the empirical mean squared loss

(bD, bE) = argmin

D2FD
NN,E2FE

NN

1

n

nX

i=1

kvi �D �E(xi)k22,

for some network function classes FE
NN and FD

NN given by properly designed

network architectures.
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Extension: Generalization bound under noisy input (with H. Liu, A. Havrilla, W. Liao) 

15

<latexit sha1_base64="Y9u8GWbYA7rvbd22ZlDm99HirfI="></latexit>

Theorem (Informal). Suppose the encoder E : RD ! RO(d) and decoder D : RO(d) ! RD network

architectures are properly set. Let bE and bD be the global minimizer of the empirical risk. We have

ESEx⇠�k bD � bE (x)� ⇡(x)k22  CD
2 log2 Dn

� 2
d+2 log4 n

where C is a constant independent of n andD, and number of layersO(log2 n+logD), widthO(Dn
d

d+2 )

and number parameters O(Dn
d

d+2 log2 n+D logD)

<latexit sha1_base64="CKyQEh0TZKpm3GO/VBhqNh0/8Do="></latexit>

ESEx⇠�

h
kbD � bE(x)� ⇡(x)k22

i

=2ES

"
1

n

nX

i=1

kbD � bE(xi)� ⇡(xi)k22

#

| {z }
T1

+ESEx⇠�

h
kbD � bE(x)� ⇡(x)k22

i
� 2ES

"
1

n

nX

i=1

kbD � bE(xi)� ⇡(xi)k22

#

| {z }
T2

.

Bound Approximation error Bound Variance through the covering number 

<latexit sha1_base64="s+YYNg8aeRNE5poLKnF1nNTDGwQ="></latexit>

• Given accuracy ✏, data size n ⇠ ✏
�(d+2)/2, network parameters O(✏�d/2)

• Robustness noise on normal directions

• For noise with tangential components with 2nd moment bounded by �
2. We can have

ESEx⇠�kbD � bE(x)� vk22  C(D2 log3 D)n� 2
d+2 log4 n+ C1�

2
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Network Architecture: A unsupervised method

16

• Chart prediction {p↵} is approximated by a DNN

• Write y↵ = D�D↵�E↵�E(x), define e↵ = kx�y↵k2 and an internal label `↵ = softmax(�e↵).
Then the Chart-Prediction Loss is given by:

LCP (x,⇥) :=
⇣
min
↵

e↵
⌘
�

NX

�=1

`� log(p�)

<latexit sha1_base64="VxuCn/jCvGHAXFQyl7jamjOfcGs="></latexit>
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Regularization and pre-training

17

Lipschitz regularization Denoting the weights of the kth layer of E↵ as W k
↵ , we

propose the following regularization on the decoder functions for a K-layer network:

RLip := max
↵

KY

k=1

||W k
↵ ||2 +

1

N

NX

�=1

KY

k=1

||W k
� ||2

Pre-training

• Applying furthest point sampling (FPS) scheme to select N data points. Then we
assign each of these data points to a decoder and train each one to reconstruct.

• Train the encoder such that x↵ is at the center of the chart space U↵.

• We further define the chart prediction probability as the categorical distribution
and use it to pre-train the chart predictor.

Linit(x�) := kx� �D� �E� �E(x�)k2 + kE� �E(x�)� [.5]dk2 +
NX

↵=1

�↵� log(p↵).
<latexit sha1_base64="DzkfPnJMalsYvCv+Wqx4ue2xg6I="></latexit>
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Illustrative example: Effects of Lipschitz Regularization 

18

Figure 1: Left: Chart latent space. Top: Model with Lipschitz regularization. Bottom: Model
without Lipschitz regularization.

<latexit sha1_base64="IQ49piWrlyYjIIUnk4quWWj3hu8="></latexit>
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Illustrative example: Learning charts

19

<latexit sha1_base64="eeMRXwkjADNcZ19xpfR8uga2Qck="></latexit>

Figure 1: Top: The first four are individual charts and the last one is a concatenation
of them by taking the max of chart probabilities p↵. Bottom: Variation of p↵ for each
training point on the manifold.
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Illustrative example: Automatic Chart Removal 
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Figure 1: Top: Pre-trained charts. Bottom: Final charts after training.
<latexit sha1_base64="sfS9p1jn0OQNSWQ2XOTkLXIBSUI="></latexit>
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Illustrative example: VAEs do not generalize for double torus 

21

Figure 1: Left: Data on a double torus. Middle two: Data auto-encoded to a flat latent space. Right:
Data auto-encoded to a 4-chart latent space.

Figure 2: Increasingly overparametized VAEs with 2-dimensional flat latent space for data sampled
from a double torus. Blue: training data. Red: generated data sampled from the latent space.

<latexit sha1_base64="z2/QndJEvBCC8OTIhnp+Y2GrZf0="></latexit>

Figure 1: Left: Points sampled from high probability regions. Right: Charts after taking max.
<latexit sha1_base64="bGez0BPFLKhQLEgZ6MRJK2pSpL4="></latexit>
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Robust to noise on normal directions

22

Pyramid

<latexit sha1_base64="/eO3+x6uXxX72GSsynK9qz87iYQ="> </latexit>

(a) Sphere (b) Sphere with normal noise (c) 2-chart reconstruction

(d) Genus-3 pyramid (e) Genus-3 with normal noise (f) 8-chart reconstruction
<latexit sha1_base64="9CBM8iTfEI244NoPeMC9WGmaDbU="></latexit>

ESEx⇠�k bD � bE (x)� ⇡(x)k22  CD2 log2 Dn� 2
d+2 log4 n
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Human Motion Data 

(a) (b) (c)

Figure 1: Auto-encoding human motion sequence. (a): Distance between consecutive frames
in the latent space. (b): Value of a single feature. (c): Reconstruction error for all features.

<latexit sha1_base64="fRIBpgYxPgnz/cksd9vQ7HbGuFM="></latexit>
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Comparisons

24

Table 1: Reconstruction error and other metrics on MNIST and fashion MNIST.
Model Charts Latent Dim Param. Recon. Error Unfaithfulness Coverage

MNIST

VAE

1
1
1
1

4
64
8

64

893,028
938,088

2,535,028
2,625,088

0.0614 ± .002
0.0512 ± .002
0.0564 ± .001
0.0391 ± .002

0.083 ± .021
0.070 ± .011
0.085 ± .008
0.081 ± .011

0.83 ± .01
0.94 ± .01
0.91 ± .00
0.96 ± .01

CAE

4
4
32
32

4
16
16
32

601,452
635,196

2,610,120
2,924,808

0.0516 ± .001
0.0409 ± .001
0.0290 ± .001
0.0289 ± .002

0.069 ± .019
0.065 ± .018
0.043 ± .012
0.045 ± .011

0.92 ± .01
0.94 ± .01
0.98 ± .01
0.98 ± .01

FMINST

VAE

1
1
1
1

8
64
8

64

893,028
938,088

2,535,028
2,625,088

0.0575 ± .001
0.0568 ± .003
0.0474 ± .001
0.0291 ± .006

0.016 ± .021
0.029 ± .034
0.014 ± .008
0.021 ± .011

0.80 ± .01
0.95 ± .01
0.92 ± .00
0.92 ± .01

CAE

4
4
32
32

4
16
16
64

601,452
635,196

2,610,120
3,554,184

0.0409 ± .001
0.0301 ± .001
0.0190 ± .001
0.0177 ± .002

0.010 ± .001
0.010 ± .001
0.016 ± .001
0.007 ± .021

0.90 ± .01
0.90 ± .01
0.97 ± .02
0.97 ± .02

<latexit sha1_base64="aaRVh/2gTPyH+LT2k++01f7BhjI="></latexit>

Reconstruction Error Erecon := 1
n
P

x2DTest ||x � y||2.

Unfaithfulness Let {zi}`i=1 2 Z. The unfaithfulness is Eun f aith f ul =
1
`

P`
i=1 minx2Dtrain kx � D(zi)k2.

Coverage Let `⇤ = |{x⇤ | x⇤ = arg minx2Dtrain kx � D(zi)k2}|. Then, we define the coverage Ecoverage = `⇤/`.
<latexit sha1_base64="EyQn/AMpu3Err2mHR8xRkow/wT0="> KM3jPKMavvKRn5clI/nL69EacmDoL6WzGSUAEdJd9DLnS9BQkwO7GRbUGgKFS9tdMeHNFY7XdO69BKLnQndIh3aBcdcZgkc9YqWatgRyU7KljbFp3YLtDrUu11wfZs2bA5OivVzgp2XrLzgp2U7GTBcuj7JTst9U4LdlCyg4LpzhxqomxnAXdLuFvATrl7oXi8cHxcoF6p1vuvw+2XbL9g3ZJ1C/amZG8KdlGyi4LBtOBLaXA9mEAwHGB6hDYbfSz9KSV2r1wv6eTPxHbzxZIUplA6RaAcYXIXy8tc2l9S5TQMcSmzB9n7kgrcWF0n8MPMnkuyCGo5sVC3kdR5mDC3mnen1MeLs61a8/vaD8dbG68a+QRbc75xvnWeOU3nR+eV87PTcXoOWX2y+nJ1Z3W38kflr8rflX/mqisP8j1fO0vX2sq/J7Dxxg==</latexit>

MNIST

FMNIST
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Ongoing/future applications
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Adversarial training (submitted)  

Operator Learning and Nonlinear Model Reduction  (submitted ) 

Learning manifolds and functions simultaneously  (submitted ) 

Enhance the robustness of DNNs by combining with learning data manifold structure 

Theoretical analysis and practical algorithms for operator learning in the latent space.  

Can successfully differentiate nearby but disjoint manifolds and intersecting manifolds with  
only a small amount of supervision. 
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3D modeling 
Image Processing 
Medical Imaging 
………

!!!Magne'c!Resonance!scanner!

Manifold-structured data in 3D

Data from XYZT Lab
TOSCA Data
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Convolutional Neural Networks

27

F⇥(x) = fk(fk�1 · · · f1(x;w1);w2) · · · ;wk)

LeNets [LeCun et al.]

Shift invariance is crucial

( f ⇤ k)(x) :=
Z

Rn
k(x � y) f (y)dy

<latexit sha1_base64="6yvQrg9a/8BLV7mZwRgM9IHSq+w="></latexit><latexit sha1_base64="6yvQrg9a/8BLV7mZwRgM9IHSq+w="></latexit><latexit sha1_base64="6yvQrg9a/8BLV7mZwRgM9IHSq+w="></latexit><latexit sha1_base64="6yvQrg9a/8BLV7mZwRgM9IHSq+w="></latexit>

Image from https://timdettmers.com/2015/03/26/convolution-deep-learning/

Aim at conducting CNN on general manifolds. 

x—y

Challenge: a general manifold is not shift invariant 

PARALLEL TRANSPORT CONVOLUTION 3

homogeneous space which essentially equivalent to a quotient group G/Gp where Gp90

is the stabilizer of the group action at p. However, the general manifolds considered91

in this paper often do not have an associated transitive group action. Therefore, it is92

still necessary to consider a new method to apply convolution on manifolds without93

group action structure.94

Method Filter Type Support Directional Transferable Deformable
Spectral [5] Spectral Global 4 8 8
TFG [11] Spectral Global 4 8 8
WFT [40] Spectral Local 4 8 8
GCNN [31] Patch Local 8 4 4
ACNN [3] Patch Local 4 4 8
PTC Geodesic Local 4 4 4

Table 1
Comparison on di↵erent generalizations of convolutional operator on general manifolds.

In the Euclidean setting, convolution operators that are frequently used in prac-95

tice have compactly supported filters that allow for fast and e�cient computations on96

both CPUs and GPUs. Furthermore, they are directionally aware, deformable, and97

can be easily transferred from one signal domain to another. Previous attempts to98

generalize the convolution operator on manifolds have failed to preserve one or more99

of these key properties. In this paper, we propose a new way of defining the convo-100

lution operation on manifolds based on parallel transportation. We shall refer to the101

proposed convolution as the parallel transportation convolution (PTC). The proposed102

PTC is able to preserve all of the aforementioned key proprieties of Euclidean convolu-103

tions. This spatially defined convolution operation enjoys the flexibility of conducting104

isotropic or anisotropic di↵usion, and it also enables us to perform wavelet-like oper-105

ations as well as defining convolutional neural networks on manifolds. Additionally,106

PTC can be shown to simplify to the Euclidean convolution when the underlying107

domain is flat. Therefore, the PTC can be used to define natural generalizations of108

common Euclidean convolution-like operations on manifolds.109

To be more precise, we seek a general convolution operator of the form:110

(1.2) (f ⇤M k)(x) :=

Z

M
k(x, y)f(y)dMy.111

where k(x, ·) is the parallel transport of a compact support kenrel k(x0, ·) to x. In112

the Euclidean case (1.1), the term x� y encapsulates the direction from x to y, while113

on manifold such a vector can be understood as a tangent direction at x pointing114

to y. The crucial idea of PTC is to define a kernel function k(x, y) which is able to115

encode the direction x � y using a parallel transportation in a way which naturally116

incorporates the manifold structure.117

Table 1 compares the proposed PTC with previous approaches. Since the group118

action methods are limited to homogenous spaces, which do not fit our objective of119

designing convolution on more general manifolds, we do not include these methods120

in the table. A method is called directional if the filters are able to characterize121

non-isotropic features of the data. A method is transferable if the filters can be122

applied to manifolds with di↵erent LB eigensystems. Finally, a technique is said to123

be deformable if large deformations in the manifold (i.e. those which change properties124

such as curvature or local distances) do not drastically a↵ect the convolution.125

This manuscript is for review purposes only.

Group-action based on homogeneous space.  G/Gp  [Chakraborty  et.al, Tohen et. al. Kondor et. al.]

https://timdettmers.com/2015/03/26/convolution-deep-learning/
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Rethink Convolution

28

( f ⇤ k)(x) :=
Z

Rn
k(x � y) f (y)dy

<latexit sha1_base64="6yvQrg9a/8BLV7mZwRgM9IHSq+w="></latexit><latexit sha1_base64="6yvQrg9a/8BLV7mZwRgM9IHSq+w="></latexit><latexit sha1_base64="6yvQrg9a/8BLV7mZwRgM9IHSq+w="></latexit><latexit sha1_base64="6yvQrg9a/8BLV7mZwRgM9IHSq+w="></latexit>

x � y

x0 � y

dv
ds = 0

⌦x0

⌦x

• ( f ⇤ k)(x) :=
R
⌦x

k(x, y) f (y)dy

• ( f ⇤ k)(x0) :=
R
⌦x0

k(x0, y) f (y)dy

• The correspondence of k(x, y) on ⌦x to k(x0, y) on ⌦x0 is provided from the
translation map between ⌦x0 and ⌦x.

<latexit sha1_base64="5XC7uNqVXispnkSxymOz5rSCmfk="></latexit>

k(x0, y)

<latexit sha1_base64="NAPcHv1dlRNYUBFQMfg5goiakvw="></latexit>

k(x, y)
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Our method: Convolution on manifold via a parallel transportation [Schonsheck-Dong-Lai]

29

x
<latexit sha1_base64="i2/gTVsaQ7d3Z/KMM1guwVGITME="></latexit><latexit sha1_base64="i2/gTVsaQ7d3Z/KMM1guwVGITME="></latexit><latexit sha1_base64="i2/gTVsaQ7d3Z/KMM1guwVGITME="></latexit><latexit sha1_base64="i2/gTVsaQ7d3Z/KMM1guwVGITME="></latexit>

x0
<latexit sha1_base64="KgEEUgWAHGq3zGmDqDZPd7mvbO0="></latexit><latexit sha1_base64="KgEEUgWAHGq3zGmDqDZPd7mvbO0="></latexit><latexit sha1_base64="KgEEUgWAHGq3zGmDqDZPd7mvbO0="></latexit><latexit sha1_base64="KgEEUgWAHGq3zGmDqDZPd7mvbO0="></latexit>

Exponential Map
A unique geodesic curve � satisfying �(0) = x and �0(0) = v.

expx(v) = �(1)

Parallel Transport
A tangent vector v at Tx0M can be transported through:

8>>>>><
>>>>>:

dxk(t)
dt
+

d�i

dt
x j�k

i j = 0, k = 1....n,

Pn
i=1 xi(0)ei = v

where �k
i j are the Christo↵el symbols of the connection.

<latexit sha1_base64="+kRYDXoItK1ntowlDhymuu6L7xY="></latexit>
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Numerical realization using vector fields from distance functions [Schonsheck-Dong-Lai]
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Given smooth vector fields {~u1,~u2}, we construct linear trans-
formation among tangent planes L(�)t

s : T�(s)M ! T�(t)M
satisfying:

1. L(�) is smoothly dependent on �.

2. L(�)s
s = Id.

3. L(�)t
u �L(�)u

s = L(�)t
s.

Parallel transport: r�̇V = limh!0
1
h (L(�)h

0(V�(0)) � V�(0))
<latexit sha1_base64="1ct9VZBW5pGM+OnHrexfX7KsKXY="></latexit> The Eikonal equation |rMf | = 1 for local frames

<latexit sha1_base64="zFG2pDe7t7FK/yzxAMVJ1ctObV0="></latexit>
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x
<latexit sha1_base64="i2/gTVsaQ7d3Z/KMM1guwVGITME="></latexit><latexit sha1_base64="i2/gTVsaQ7d3Z/KMM1guwVGITME="></latexit><latexit sha1_base64="i2/gTVsaQ7d3Z/KMM1guwVGITME="></latexit><latexit sha1_base64="i2/gTVsaQ7d3Z/KMM1guwVGITME="></latexit>

x0
<latexit sha1_base64="KgEEUgWAHGq3zGmDqDZPd7mvbO0="></latexit><latexit sha1_base64="KgEEUgWAHGq3zGmDqDZPd7mvbO0="></latexit><latexit sha1_base64="KgEEUgWAHGq3zGmDqDZPd7mvbO0="></latexit><latexit sha1_base64="KgEEUgWAHGq3zGmDqDZPd7mvbO0="></latexit>

Our method: Convolution on manifold via a parallel transportation

A compactly supported kernel function k(x0, ·) :Mx0,� ! R can be extended onM:

k(x, ·) :Mx,� ! R, y 7! k
⇣
x0, expx0 � PT�1

x0,x � exp�1
x (y)
⌘

Then, we define convolution as

f ⇤ k(x) =
Z

M
k(x, y) f (y)dy =

Z

M
k
⇣
x0, expx0 � PT�1

x0,x � exp�1
x (y)
⌘

dy
<latexit sha1_base64="BTX1FYTCD1YaY9i7NztyRxtVwVw="></latexit>

Original Translation Dilation Rotation Mixed

k(x0, ·)
<latexit sha1_base64="UgCSmaACQDnmqangBKSNhdLG7Ag="></latexit>

k(x, ·)
<latexit sha1_base64="Zf8YNipizoSVJUgGvApW/VT+G+E="></latexit>
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Manifold registration using PTCNN
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Training group, 70 surfaces Validation Test 

A siamese neural network [Bromley94, Hadsell06, Masci15]

E(⇥) =
1

2

X̀

k=1

2
666664
X

+

||F⇥({f k
i }) � F⇥({f k,+

i })||2M + �
X

�
max{0, µ � ||F⇥({f k

i }) � F⇥({f k,�
i })||M}2

3
777775

where ` is the number of training data set, F⇥({ f k,+
i }) is the feature set on shapes similar to

the kth
shape and F⇥({ f k,�

i }) is the feature set on shape dissimilar to the kth
shape.

FAUST data: 10 persons in 10 poses; 7 (70 surfs) for training; 1 (10 surfs) for validation; 2

(20 surfs) for testing;
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Unsupervised geometric disentanglement for Surfaces via CFAN-VAE (Tatro-Schonsheck-Lai’20)
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Guass-Cordazzi equations

Extrinsic info. 2nd fund. form

In
tr

in
si
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fo
. 1

st
 fu

nd
. f

or
m• We aim at design an unsupervised method to disentangle

intrinsic and extrinsic information.

• Motivated by all genus-0 surfaces are conformally equiv-
alent, we characterize surface using its conformal factor
(1st fundamental form) and normal feature (2nd funda-
mental form) as:

ci := log

0
BBBBBB@
X

⌧2T ;i2⌧

Area(⌧)
3

1
CCCCCCA , ni :=

P
⌧2T ;i2⌧ Area(⌧)n⌧

||P⌧2T ;i2⌧ Area(⌧)n⌧||
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Geometric disentanglement and disentangled evolution paths

DFAUST: Evolution paths of fixing 
pose and metric, respectively 
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Geometric disentanglement and disentangled evolution paths
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SMAL: Evolution paths of fixing 
pose and metric, respectively 

TargetSource



R. Lai@ RPI Geo inspired DNN 

Narrowband PTC on point clouds [Jin-Lai-Lai-Dong’22]

36

Under review as a conference paper at ICLR 2020

through the associated infinitesimal connection r�̇V = limh!0
1
h (L(�)

h
0 (V�(0)) � V�(0)) can be

induced Knebelman (1951). Therefore, convolution defined by NPTC can be viewed as parallel
transporting the kernels on the manifold with respect to the connection that is reconstructed from
the vector field {~u1

x}x2M.

3.1.2 COMPUTING DISTANCE FUNCTION ON POINT CLOUDS

(a) narrow-band (b) cross section (c) Distance function ⇢ (d) {~u1
x}

Figure 2: Illustration of a point cloud P sampled from the unit sphere. (a) shows the narrow-band
approximation (blue boxes) of part of P (in red). (b) is a cross section of (a). (c), (d) show the
distance function ⇢ and vector field {~u1

x} ({rP⇢(x)}) on the point cloud. We can see that distance
propagates from the bottom center to the top center reflecting the geometry of the sphere.

For simplicity, we consider point clouds in R3 in this subsection, though the arguments is also valid
in Rn. A point cloud is entirely discrete without inherent connectivity. Therefore, it is not straight-
forwardly compute distance function on point clouds although the local mesh method Lai et al.
(2013) can be applied to solve the Eikonal equation. For simplicity, we use voxels to approximate
point clouds and to compute distance functions on the voxels using the well-known fast marching
method based on regular grid provided by the voxelization Sethian (1996). Note that, using voxels
to compute distance functions is fast and robust to noise and local deformations.

The solution ⇢(x) of the Eikonal equation |r⇢(x)| = 1 presents the distance form ⇤ to x limited
inside the narrow-band. Here ⇤ is chosen as certain point on the point cloud.

Although generating multiple vector fields by selecting different starting points is helpful to elimi-
nate singularities, experiments show that the directly selecting one point already provides satisfac-
tory results. Finally, we interpolate the distance function from the voxels to point cloud.

3.1.3 COMPUTING THE VECTOR FIELDS ON POINT CLOUDS

We first compute the tangent plane on each point. Tangent planes are important features of manifolds
and have been well-studied in the literature Lai et al. (2013). In this paper, we use local principal
component analysis (LPCA) to estimate the tangent plane. We estimate the local linear structure
near x 2 P using the covariance matrix

X

xk2N (x)

(xk � c)>(xk � c), c =
1

k

X

xk2N (x)

xk,

where N (x) is the set of neighboring points of x. The eigenvectors of the covariance matrix form
an orthogonal basis. If the point cloud is sampled from a two dimensional manifold, and the local
sampling is dense enough to resolve local features, the eigenvectors corresponding to the largest two
eigenvalues provide the two orthogonal directions of the tangent plane, and the remaining vector
represents the normal direction at x 2 P . Here, we denote the space spanned by the two eigenvectors
of the covariance matrix at x as TxP ⇢ R3.

With the computed distance function ⇢(x), it is nature to define the vector field by projecting r⇢ on
the approximated tangent planes of the point cloud. Given a point xk 2 P close enough to x 2 P ,
we have

hr⇢, xk � xi ⇡ ⇢(xk)� ⇢(x),

where ⇢(xk) and ⇢(x) are known. If we consider k-nearest neighbors of x, we have k� 1 equations
with 3 unknowns that are the three components of r⇢. We can use least squares to find r⇢. We then
project the vector r⇢(x) onto the tangent plane at x. We denote the projected vector rP⇢, which is
the vector we eventually need to define NPTC as described in Section 3.1.1.

6
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Figure 5: ModelNet Dataset. Left: word cloud visualization of the ModelNet dataset based on the number of 3D models in
each category. Larger font size indicates more instances in the category. Right: Examples of 3D chair models.

this sample x and do another bottom up pass. 50 iterations
of up-down sampling are sufficient to get a shape comple-
tion x, and its corresponding label y. The above procedure
is run in parallel for a large number of particles resulting in
a variety of completion results corresponding to potentially
different classes. The final category label corresponds to the
most frequently sampled class.

4.2. Next-Best-View Prediction

Object recognition from a single-view can sometimes be
challenging, both for humans and computers. However, if
an observer is allowed to view the object from another view
point when recognition fails from the first view point, we
may be able to significantly reduce the recognition uncer-
tainty. Given the current view, our model is able to predict
which next view would be optimal for discriminating the
object category.

The inputs to our next-best-view system are observed
voxels xo of an unknown object captured by a depth cam-
era from a single view, and a finite list of next-view candi-
dates {Vi} representing the camera rotation and translation
in 3D. An algorithm chooses the next-view from the list that
has the highest potential to reduce the recognition uncer-
tainty. Note that during this view planning process, we do
not observe any new data, and hence there is no improve-
ment on the confidence of p(y|xo = xo).

The original recognition uncertainty, H , is given by the
entropy of y conditioned on the observed xo:

H = H (p(y|xo = xo))

= �
KX

k=1

p(y = k|xo = xo)log p(y = k|xo = xo)
(2)

where the conditional probability p(y|xo = xo) can be ap-
proximated as before by sampling from p(y,xu|xo = xo)
and marginalizing xu.

When the camera is moved to another view Vi, some of
the previously unobserved voxels xu may become observed
based on its actual shape. Different views Vi will result in

different visibility of these unobserved voxels xu. A view
with the potential to see distinctive parts of objects (e.g.
arms of chairs) may be a better next view. However, since
the actual shape is partially unknown2, we will hallucinate
that region from our model. As shown in Figure 4, condi-
tioning on xo = xo, we can sample many shapes to gen-
erate hypotheses of the actual shape, and then render each
hypothesis to obtain the depth maps observed from differ-
ent views, Vi. In this way, we can simulate the new depth
maps for different views on different samples and compute
the potential reduction in recognition uncertainty.

Mathematically, let xi
n = Render(xu,xo,Vi) \ xo de-

note the new observed voxels (both free space and surface)
in the next view Vi. We have xi

n ✓ xu, and they are un-
known variables that will be marginalized in the following
equation. Then the potential recognition uncertainty for Vi

is measured by this conditional entropy,

Hi = H
�
p(y|xi

n,xo = xo)
�

=
X

xi
n

p(xi
n|xo = xo)H(y|xi

n,xo = xo). (3)

The above conditional entropy could be calculated by first
sampling enough xu from p(xu|xo = xo), doing the 3D
rendering to obtain 2.5D depth map in order to get xi

n

from xu, and then taking each xi
n to calculate H(y|xi

n =
x
i
n,xo = xo) as before.

According to information theory, the reduction of en-
tropy H � Hi = I(y;xi

n|xo = xo) � 0 is the mutual in-
formation between y and xi

n conditioned on xo. This meets
our intuition that observing more data will always poten-
tially reduce the uncertainty. With this definition, our view
planning algorithm is to simply choose the view that maxi-
mizes this mutual information,

V⇤ = argmaxViI(y;xi
n|xo = xo). (4)

Our view planning scheme can naturally be extended to
a sequence of view planning steps. After deciding the best

2If the 3D shape is fully observed, adding more views will not help to
reduce the recognition uncertainty in any algorithm purely based on 3D
shapes, including our 3D ShapeNets.
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state-of-art methods. (If a compared method has results on both 2048 (or 1024) and 5000 points, we
only compare with the former.).

We also evaluate the NPTC-net on ShapeNet Part for segmentation tasks. ShapeNet Part contains
16,680 models from 16 shape categories with 14,006 for training and 2,874 for testing, each anno-
tated with 2 to 6 parts and there are 50 different parts in total. We follow the experiment setup
of previous works, putting object category into networks as known information. We use point
intersection-over-union (IoU) to evaluate our NPTC-net. Table 1 shows that our model ranks second
on this dataset and is fairly close to the best known result.

Table 1: Comparisons of overall accuracy (OA) and mean per-class accuracy (mA) on ModelNet40
as well as comparisons in instance average IoU (mIoU) and class average IoU (mcIoU) on ShapeNet
Part. Models ranking first is colored in red and second in blue.

Modelnet40 ShapeNet part
Method OA(%) mA(%) mIoU mcIoU

kd-net Klokov & Lempitsky (2017) 91.8 88.5 82.3 77.4
pointnet Qi et al. (2017a) 89.2 86.2 83.7 80.4
SO-Net Li et al. (2018a) 90.9 87.3 84.9 81.0

pointnet++ Qi et al. (2017b) 90.7 - 85.1 81.9
SpecGCN Wang et al. (2018a) 92.1 - 85.4 -
SpiderCNN Xu et al. (2018) 92.4 - 85.3 81.7

pointcnn Li et al. (2018b) 92.2 88.1 86.1 84.6
DGCNN Wang et al. (2018c) 92.2 90.2 85.1 82.3

Ours 92.7 90.2 85.8 83.3

4.2 RUBOSTNESS TEST

As pointed out earlier, using voxelization can bring rubustness to the definition of geometric con-
volution. In order to show the robustness of our model for real data, we tested scene semantics
segmentation on the ”Stanford Large-Scale 3D Indoor Spaces Dataset” (S3DIS). S3DIS covers six
large-scale indoor areas from 3 different buildings for a total of 273 million points annotated with
13 classes. This is a real-word scanned dataset without normal and with noise. Following Tchapmi
et al. (2017), we advocate the use of Area-5 as test scene to better measure the generalization ability
of our method. Table 2 shows that geometric convolution methods are close to the methods which do
not need normal estimation. NPTC-net outperforms the best known geometric convolution method
TangentConvXu et al. (2018).

Table 2: Comparisons of overall accuracy (OA) and mean per-class IoU (mIoU) on S3DIS. Models
ranking first is colored in red and second in blue.

Convolution Type Method OA(%) mIoU(%)
no convolution pointnet Qi et al. (2017a) 78.8 41.3

3-d convolution
SegCloud Tchapmi et al. (2017) - 48.9
Eff3DConvZhang et al. (2018) 69.3 51.8
ParamConvWang et al. (2018b) - 58.3

geometric convolution TangentConv Xu et al. (2018) 82.5 52.8
Ours 83.7 54.0

5 CONCLUSION

This paper proposed a new way of defining convolution on point clouds, called the narrow-band
parallel transport convolution (NPTC), based on a point cloud discretization of a manifold parallel
transport. The parallel transport was defined specifically by a vector field generated by the gra-
dient field of a distance function on a narrow-band approximation of the point cloud. The NPTC
was used to design a convolutional neural network (NPTC-net) for point cloud classification and
segmentation. Comparisons with state-of-the-art methods indicated that the proposed NPTC-net is
competitive with the best existing methods.

8
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state-of-art methods. (If a compared method has results on both 2048 (or 1024) and 5000 points, we
only compare with the former.).

We also evaluate the NPTC-net on ShapeNet Part for segmentation tasks. ShapeNet Part contains
16,680 models from 16 shape categories with 14,006 for training and 2,874 for testing, each anno-
tated with 2 to 6 parts and there are 50 different parts in total. We follow the experiment setup
of previous works, putting object category into networks as known information. We use point
intersection-over-union (IoU) to evaluate our NPTC-net. Table 1 shows that our model ranks second
on this dataset and is fairly close to the best known result.

Table 1: Comparisons of overall accuracy (OA) and mean per-class accuracy (mA) on ModelNet40
as well as comparisons in instance average IoU (mIoU) and class average IoU (mcIoU) on ShapeNet
Part. Models ranking first is colored in red and second in blue.

Modelnet40 ShapeNet part
Method OA(%) mA(%) mIoU mcIoU

kd-net Klokov & Lempitsky (2017) 91.8 88.5 82.3 77.4
pointnet Qi et al. (2017a) 89.2 86.2 83.7 80.4
SO-Net Li et al. (2018a) 90.9 87.3 84.9 81.0

pointnet++ Qi et al. (2017b) 90.7 - 85.1 81.9
SpecGCN Wang et al. (2018a) 92.1 - 85.4 -
SpiderCNN Xu et al. (2018) 92.4 - 85.3 81.7

pointcnn Li et al. (2018b) 92.2 88.1 86.1 84.6
DGCNN Wang et al. (2018c) 92.2 90.2 85.1 82.3

Ours 92.7 90.2 85.8 83.3

4.2 RUBOSTNESS TEST

As pointed out earlier, using voxelization can bring rubustness to the definition of geometric con-
volution. In order to show the robustness of our model for real data, we tested scene semantics
segmentation on the ”Stanford Large-Scale 3D Indoor Spaces Dataset” (S3DIS). S3DIS covers six
large-scale indoor areas from 3 different buildings for a total of 273 million points annotated with
13 classes. This is a real-word scanned dataset without normal and with noise. Following Tchapmi
et al. (2017), we advocate the use of Area-5 as test scene to better measure the generalization ability
of our method. Table 2 shows that geometric convolution methods are close to the methods which do
not need normal estimation. NPTC-net outperforms the best known geometric convolution method
TangentConvXu et al. (2018).

Table 2: Comparisons of overall accuracy (OA) and mean per-class IoU (mIoU) on S3DIS. Models
ranking first is colored in red and second in blue.

Convolution Type Method OA(%) mIoU(%)
no convolution pointnet Qi et al. (2017a) 78.8 41.3

3-d convolution
SegCloud Tchapmi et al. (2017) - 48.9
Eff3DConvZhang et al. (2018) 69.3 51.8
ParamConvWang et al. (2018b) - 58.3

geometric convolution TangentConv Xu et al. (2018) 82.5 52.8
Ours 83.7 54.0

5 CONCLUSION

This paper proposed a new way of defining convolution on point clouds, called the narrow-band
parallel transport convolution (NPTC), based on a point cloud discretization of a manifold parallel
transport. The parallel transport was defined specifically by a vector field generated by the gra-
dient field of a distance function on a narrow-band approximation of the point cloud. The NPTC
was used to design a convolutional neural network (NPTC-net) for point cloud classification and
segmentation. Comparisons with state-of-the-art methods indicated that the proposed NPTC-net is
competitive with the best existing methods.

8

S3DIS covers 6 large-scale indoor areas from 3 di↵erent buildings for a total of 273 million points
annotated with 13 classes. This is a real-word scanned dataset without normal and with noise.
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Inspired by differential geometry, we consider a multi-chart latent space to understand 
the geometric structure of latent space in generative models. we theoretically show 
structured latent space is necessary and provide approximation and generalization 
bound on training data size and network size. We also show CAE is robust to noise. 

We proposed a spatial way of defining convolution on manifolds using parallel transport 
which naturally incorporates geometry. This time domain definition enjoy flexibility to 
handle isotropic/anisotropic diffusion. We demonstrate its applications in shape 
matching, geometric disentanglement, point clouds classification and segmentation
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