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Introduction and Combinatorial Concepts

Inés Rodrigues

A composition o = (s, ..., ;) is an ordered sequence of positive
integers. Its size |a| is Y ;. If |a] = n, we say that ais a
composition of n and write o E n. The only composition of 0 is (.
A composition A = (Ay,..., /) such that Ay > ... > )/ is called a
partition of |\|. We denote it by A F |A|.

Given a composition «, we denote by & the underlying partition, i.e.
the partition obtained by reordering its parts.

We identify a partition A = (Aq,..., ;) with its Young diagram, a
sequence of |\| cells, arranged in / rows, left-justified, such that each
row i has A; cells, following the matrix notation.

If A and p are partitions such that u C X (as Young diagrams), the
skew shape A/ is the diagram with the cells of A that are not cells
of p1. A partition ) is a skew shape \/u, with u = 0.
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Introduction and Combinatorial Concepts

Inés Rodrigues

Given a skew shape, the semistandard Young tableau (SSYT) is the
filling of its diagram with positive integers such that

1. the entries in each row are weakly increasing, left to right.
2. the entries in each column are strictly increasing, top to bottom.

A standard Young tableau (SYT) is a SSYT in which the numbers in
{1,...,]\/u|} appear exactly once.

A semistandard reverse tableau (SSRT) is a filling of the diagram
with positive integers such that

1. the entries in each row are weakly decreasing, left to right.
2. the entries in each column are strictly decreasing, top to bottom.

A standard reverse tableau (SRT) is defined in analogous way.

If T is a tableau, its content is the sequence defined as
cont(T) = (p1,- - ., k), where pu; is equal to the number of
occurrences of /.
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Definition
Let n be a nonnegative integer.

1. Given a composition o = (a1, ..., @) F n we define its associated
set by

Set(a) = {a1, 01 + an,...,a1+...+ a1} C[n—1]

If & = (n), then Set(a) = 0.
2. Given a nonempty set A= {a; < ... < ax} C [n— 1] we define its
associated composition by

Comp(A) = (a1,a2 — a1,...,ak — ak—1,n—ax) E n

We set Comp() to be ) if n =0 and (n) otherwise.
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Introduction and Combinatorial Concepts

» Given compositions « = (aq,...,a;) and 8= (f1,...,Pk), we
define the following operations:

» Concatenation a - 8 = (a1, ..., a1, f1,-- ., Bk)

> Near concatenation a ® 8 = (a1,...,a + B1,..., Bk)
Example
(1,2,2,1,3) - (2,3) = (1,2,2,1,3,2,3)
(1,2,2,1,3) ©(2,3) = (1,2,2,1,5,3)

> Let 0 = o(1)...0(n) be a permutation of n. The descent set of ¢ is

defined as
d(o)={i:o(i)>o(i+1)} C[n-1]

Example
If o = 4]136]25, then d(c’) = {1, 4}.
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Definition
Let a be a composition.

» A semistandard reverse composition tableau (SSRCT) 7 of shape «
is a filling of the cells of the composition diagram of « with positive
integers such that

1. The entries in the first column are strictly increasing, from top to
bottom.
2. The entries in each row are weakly decreasing, from left to right.
3. If i <j, (i, k) and (j, k + 1) are cells in the diagram of « and
7(i,k) > 7(j, k + 1), then
> (i,k+ 1) is in the diagram.
> 7(i,k+1) > 7(j,k+1).

» A standard reverse composition tableau (SRCT) of shape « is a
SSRCT of shape « such that the numbers 1, ..., |«| appear exactly
once.

» Given a SRCT 7, its column word we(7) is the sequence obtained
by writing the entries in each column, from left to right, in
increasing order.
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Example
The following are SSRCT fo shape o = (1,3, 2)

‘-bwo—l‘
w
]

[1]
1 =[2]2]1] T2 =
13

3]

Example
The following are SRCT of shape « = (1,3,2) and 8 = (1,2,1)

TL = 4\1\

3]

Moreover, weoi(71) = 256341 and weo(m2) = 1342

[o]]S]
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Proposition

There exists a bijection p between SSRCT and SSRT.

» Given a SSRCT 7, p(7) is the SSRT obtained by taking the entries
in each column and write them in decreasing order, starting on top.
» Given a SSRT T, p~1(T) is the SSRCT obtained by:
1. writing the entries in the first column in increasing order, top to
bottom;
2. taking the entries in column k = 2,... in decreasing order and place
them in the highest row such that the cell in the immediate left is
filled and the entries in that row are weakly decreasing, left to right.

Example

4[3]
|1] bea SSRT. Then,

Let 7 =[3[3[2|be a SSRCT and T =

[4]

[a]w]]

[S]w[s

4]2 . [2]
3] p (T)=]3
4

p(r) =

[~[w]on
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Definition
Let 7 be a SRCT of shape a E n. The descent set of T is defined by

Des(7) = {i: i+ 1 appears weakly right of i} C [n — 1]

Example
Consider the following SRCT

3[1]
[5]

T, =

[o]=]>]

We have,
Des(11) = {2,4} Des(12) = {1,4}
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Symmetric Functions

Symmetric Functions

Let Q[[x1, x2, . ..]] be the algebra of formal power series of infinitely many

commutative variables over Q. The symmetric group S, = |J &, acts
n>0

naturally on Q[[x1, X2, . . .]] by
= (xa(l.l) . .Xa(i"))

Definition

A symmetric function is a function f € Q[[x1, x2, . . .]] with finite degree
that is invariant under the previous action. We denote the set of
symmetric functions by Sym.
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Symmetric Functions

Definition
Let A = (A1,...,Ax) be a partition. The monomial symmetric function
m, is defined by

mA:ZXfl...xifk
where the sum is over the distinct permutations (f1, ..., Sk) of the
entries of (A1,...,Ax), and my = 1.

We have
Sym = @ Sym"

n>0

where Sym” = span{m, : A\ n}

Inés Rodrigues Faculdade de Ciéncias da Universidade de Lisboa LisMath Seminar

Quasisymmetric Schur Functions



Introduction and (¢ sinatorial ¢ Symmetric Functions Quasisymmetric Function uz 'mmetric Schur Funct

Definition
Let A = (A1,..., \k) be a partition. The Schur function sy is defined by

S\ = ZXT
where xT = x"(T) and the sum is over all the SSYT of shape )\, and
Sp = 1.

The Schur functions are symmetric and are a Z-basis for Sym. Moreover,
Sym" = span{sy : A+ n}.

Proposition

S\ = Z K)\Hmu

HEIA|

where K, is equal to the number of SSYT of shape A and content f.
The numbers K}, are called the Kostka numbers.
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A skew shape A/ is said to be an horizontal strip (resp. vertical strip) if
there are no more than one cell in each column (resp. row).

Theorem (Pieri Rules)

Let A\ be a partition. Then,
1.

S(,,)S)\ = Z Su
I

where p is such that p/A is an horizontal strip of size n.

S(]_n)S)\ = Z Su
)7

where 1 is such that p/\ is a vertical strip of size n.
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Theorem (Littlewood Richardson Rule)

Let A,  and v be partitions. Then,
1.
Su/p = Z CruSx
A
S\Sy = Z cius,,
174

where ¢}, is equal to the number of Littlewood-Richardson tableaux of
shape v/ and content A.
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Hopf Algebra structure in Sym

» Product (LR Rule)

S\Sy = E cKus,,
174
» Coproduct

A(sy) = Z Z CxuSv @ S
nov

» Counit
£(sx) = dx
> Antipode
S(s)) = (=1)Msy
Proposition

Sym is an Hopf algebra.
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Quasisymmetric Functions

Quasisymmetric Functions

There is another action of S, on Q[[x1, X2, .. .]], given by

i) = x5

o-(xt X

where | = (i1,..., k) and o - | is the k-tuple obtained by rearranging
o(i),...,o(ix) in increasing order.

Example

If o =132 € &3, then ) )
o - (x1x3x3) = X1X5X3

2 2
o - (xax3x2) = x1x5x3

Definition
A quasisymmetric function is a function f € Q[[x1,x2 . ..]] with finite

degree that is invariant under the previous action. The set of
quasisymmetric functions is denoted by QSym.
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The Monomial Quasisymmetric function

Definition
Let @ = (a1, ..., ax) be a composition. The monomial quasisymmetric
function M, is defined by

Example

2 2 2 2 2 2 2.2
M(1,2,2) = Xx1X3X3 + X1X3 X, + X1X3X5 + Xax3x, + ...

Proposition

We have QSym" = span{M,, : a E n} and QSym = @ QSym".
n>0
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The Fundamental Quasisymmetric function

Definition
Let o = (a1, ..., ak) E n. The fundamental quasisymetric function F, is
defined by
Fa = Z Xy oo« Xy
i1<...<ip
ij<ijy1 if j€Set(ax)
Example

Let o« = (1,2,1) F 4. Then, Set(a) = {1,3} and so
Fa,2,1) = Z Xiy Xip X3 Xiy
i <ip<iz<iy

2 2
= X1X2X3Xs + X1X2X3X5 + XoX3XaXs + X1X3 X4 + X1X3X5 + . . .
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Quasishuffles of compositions

Let o = (a1,...,ax) and B = (B, ..., 5i) be compositions. Consider a
path P from (0,0) to (k,/) that can be obtained with steps (1,0), (0,1)
and (1,1). The composition vp = (71, - .,¥m) defined by

oy if i-th step is (1,0)
vi = < B, if i-th step is (0,1)
ag + B, if i-th step is (1,1)
is a quasishuffle of o and .

Example

B2
B

1] Q2 3 Qg

vp = (a1, @2 + 1, as, B2, as)
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Symmetric Functions Quasisymmetric Functions Quasisymmetric

Introduction and Combinatorial Concept

Shuffles of permutations

Definition

Given permutations o = g(1)...0(n) € &, and 7 =7(1)...7(m) € &,
a shuffle of o and 7 is a permutation of &,,,, such that, for any

2 < i< n-—1, the entry o(i) appears to the right of o(i — 1) and to the
left of o(i + 1), and for any 2 < j < m — 1, the entry 7(j) + n appears to
the right of 7(j — 1) 4+ n and to the left of 7(j + 1) + n. We denote the
set of shuffles of ¢ and 7 by o LU 7.

Example
Let 0 = 132 € G3 and 7 = 21 € &5. Then,

o W 7 = {13254, 15342, 13524, 51432, 51342, 51324, 15324, 15432, 13542, 54132} C S5
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Symmetric Functions Quasisymmetric Functions Quasisymmetric Schur Functions

Hopf algebra structure on QSym

Product of Monomial Quasisymmetric Functions

Proposition

MMy = Y,
P

where the sum is over all quasishuffles of o and 8.

Example
Let o = (1,2) and B = (2). We have

[0 [0 [0 70 7
1 2 1 2 1 2 1 2 1 2

i = (172a2) Y2 = (1a2, 2) 3= (2) 172) Y4 = (3) 2) Y5 = (174)

and so
Ma.2yM@z) = 2Ma2.2) + M2,1,2) + Mz.2) + M)

Inés Rodrigues
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Hopf algebra structure on QSym

Product of Fundamental Quasisymmetric Functions
Proposition

Let 0 € &4 and T € &g be such that d(o) = Set(a) and
d(7) = Set(3). Then,

FaFg= Y Feomp(a(m))

TEoLUT

Example

Let o = (1,1,2) F 4 and B = (1) F 1. Then, Set(a) = {1,2} and Set(8) = 0, and 4|2|13 € G4
and 1 € &, are permutations with these descent sets.

4213111 = {4[2|135, 4[2|15[3, 4|25|13, 45|2(13, 5|4[2|13}
4t d 4 d
Comp(d(m)) (1,1,3) (1,1,2,1) (1,2,2) (2,1,2) (1,1,1,2)

Consequentely,

Fa,1,2Fa) = Fu1,3) + Fai,2,1) + Faze) + Fei2) + Faiae)
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Hopf algebra structure on QSym
» Coproduct of Monomial Quasisymmetric Functions

A(Ma) = Z Mﬁ @ M“/
a=f-y

Example
A(Ma,3,2) = 1® M 3,9 + Muy ® Mz 2) + M3y ® Miz) + Mz,32) ® 1
» Coproduct Fundamental Quasisymmetric Functions

A(F)= > F.@F,

a=p-y
or a=B0Oy

Example
A(F13.2) =1®@ Fus) + Fa) ® Faz) + Fas) ® Fy + Fuse ®1
+ Fu,2) ® Fa2) + Fa,1y) ® Fo) + Fa 3,1y ® F

Inés Rodrigues Faculdade de Ciéncias da Universidade de Lisboa LisMath Seminar

Quasisymmetric Schur Functions



Quasisymmetric Functions

Hopf algebra structure on QSym

» Counit
6(/\/,Dé) = 50a

» Antipode
S(F.) = (=)l F,

where af = Comp(Set(a)) and o' is obtained from « by writing its
parts in reverse order.

Proposition

QSym is an Hopf algebra.

Moreover, Sym is an Hopf subalgebra of QSym. In particular, we have

my = Z Ma
a=\
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Quasisymmetric Schur Functions

Definition (Haglund, Luoto, Mason, van Willigenburg, 2011)

Let a be a composition. The quasisymmetric Schur function S, is given
by
S = ZXT
T
where the sum is over all SSRCT of shape «a, and Sy = 1.

Example

2 2
We have 3(1,2) = x1x2X3 + X1X3X4 + X1%5 + x1x3 + . ..
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Proposition
Let « be a composition. The quasisymmetric Schur function S, is given
by

Soa =Y dasFs
BElal

where d,, g is equal to the number of SRCT 7 of shape o such that
Des(7) = Set(B).

Example
Consider & = (1, 3,2). The only SRCT of shape « are

1 1 1 2
T 43‘2‘ 54‘2‘ 54‘3‘ 43‘1‘
[6[5] [o]B 62 [6]5]
£ i £ s
Des(r) {14}  {1,3,5) {125} {24}
B (1,3,2) (1,2,2,1) (1,1,3,1) (2,2,2)

So, we have
Sas2) = Fuse) + Fueey + Faisy + Feee)
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Proposition (Analogous of Kostka numbers)
Let a be a composition. Then,
Soa= Y KapMs
BFlal

where Sy =1 and K, g is equal to the number of SSRCT of shape « and
content (.

Example

We have
Sw,2) = M1 + Ma 2

corresponding to the SSRCTs
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Quasisymmetric Schur Functions

Theorem (Haglund, Luoto, Mason, van Willigenburg, 2011)

The set of quasisymmetric Schur functions is a Z-basis of QSym.
Furthermore, we have

QSym" = span{S,, : a F n}

Proposition

Given a partition A,

S\ = Z Sa
&=\
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Quasisymmetric Pieri Rules

Let « = (a1, ..., ax) be a composition and let m = max{«a;}. For
s € [m], define the operators:
» Decrementing operator.
0;(a) is equal to (aq,...,ai—1,5 — 1, @jt1,. .., ak), if exists
1 < i < k such that s = ; and s # «; for j > i. Otherwise,
0s(a) = 0. (subtract 1 from the rightmost part of size s, if it exists)
» Horizontal operator.
I7{51<...<sj} =1050...0 Dsj
» Vertical operator:
Oim<..<m} =0m; 0...00m,

Zeros are removed if necessary.
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Theorem (Quasisymmetric Pieri Rules)

Let a be a composition. Then,
1.

SmSa =Y s
B

where (3 is such that B/d is an horizontal strip of size n and
Bs<..<s}(B) = @ where s1, ..., s; are the indices of the columns of

p/a.

SanSa =Y Ss
B
where (5 is such that B/d is an vertical strip of size n and
0(m<..<m}(B) = a where {my,..., m;} is the multiset of the

indices of columns of 5/54 with multiplicities given by the number of
cells in each column.
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Example

We will compute S(1,1yS(1,2)- If @ = (1,2), then & = (2,1) and we have the following vertical
strips of size 2
P
v31(2,3) = (1,2)

v1133(1,3,1) = 0413(1,1,3) = (1,2)
0{1,2}(1727 2)=(1,2)
00113(1,2,1,1) = 0413(1,1,2,1) = 03 13(1,1,1,2) = (1,2)

Then, we have

and so

Sa1)Sa2) = S@3) + 13,1 +Sa,1,3 + Sa2.2) + Sa21,) + Sai2) +Sa11,2)
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Skew quasisymmetric functions

» Given compositions « and 3, we define the skew reverse composition
shape a// 8 as the diagram with the cells of « that are not cells in 3,
with 8 being placed at the bottom left corner of «.

» The skew quasisymmetric Schur function S, is defined implicitely
by

AS, = Z Sa//g ® Sp

3 composition

Proposition (Bessenrodt, Luoto, van Willigenburg, 2011)

Sp=», X = D dosFs
i
where dp; is equal to the number of SRCT 7 of shape D = «// 8 such
that Des(7) = Set(9).
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Theorem (Bessenrodt, Luoto, van Willigenburg, 2011)

Let o and 3 be compositions. Then,
Sayp = D C3551
v

where C; is equal to the number of SRCT 7 of shape «// 3 such that,
when using Schensted insertion for reverse tableaux, we have

p_l(P(Wco/(T))) = U,
with U, being the unique SRCT of shape v and Comp(Des(U,)) = .

However, this does not apply to the product of any quasisymmetric Schur
functions 5,S3.
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@ J. Haglund, K. Luoto, S. Mason, S. van Willigenburg:
Quasisymmetric Schur functions. Combin. Theory Ser. A 118 (2011).
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