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Ci rc le actions →
Periodic Flows

F i xed faints → Equilibriumpoints



Probleui

Find the m i n i m a l number offixed
fits of a c i rc le ac t i on o n a compact

manifold 1 4

Assume Fixed p t →

Ms"
descrete

s e t nonempty



History

l . Foge l (19591 - k i l l e r mflds

A Kahler s'-action o n a compact
Kahler mfld i s Ham i l t o n i a n i f f
i t has fixed points



History:

l . F a d e l (19591 - k i l l e r mflds

A Kahler s'-action o n a compact
Kahler mfldistlaeuiltoniff
i t has fixed points ?



l . Fogel (19591 - k i l l e r mflds

A Kahler s'-action o n a compact
Kahler mfldistlamiltomff
i t has fixed points

1
there i s a n s'- invar iant function t f .MS /R

A. t .
Ex# l e t = d H

H → H a u i l t Function



l . Feekel (1959)- K i eh l mflds
A Kahler s'-action o n a compact

Kahler mfldistlauu.lt#aeeiff
i t has fixed points

-

F i n d s of the act ion
=

h i l t s of the H o w i t t function
Perfect-MaeBo l tfunction



l . F a h d (1959) - K Y mflds

A Kahler s'-action o n a compact
Kahler mf ld i s Ham i l t o n i a n i f f
i t has fixedpoints

- I s o l a ted fixed¥ a s # t function
i Mase inequalities become equalities ⇒ Nia = b n

e v e n i n d i c e s% Na = I I b u y > * pitiedpts
have

k = o

e v e n e v e n

- Nu-#o f cr i t i ca l pts of Mase i n d e x l a
• IDK]EH"{ie, IR)
i s n o n t r i v i a l

dine M = 2 h
⇒ bag 3 1



History:

1. F i d e l (19591 - k i l l e r mflds

A Kahler s'-action o n a compact
Kahler mfld i s Ham i l t o n i a n i f f
i t has fixed points
# Fixed fits 3 h t t

G-quality faerie)



History:

2 . K o s e k 4979) - Unitary manifolds



Weakly a lmos t complexHistory:
" I

2 . K o s e k 4979)⇒ manifolds

←
T M t o 1122"has a fixed complex stz. fors o m e K
-

stab le tangent bundle s'-action

(k=o⇒d#alex) +
h esee ing

the c p x s t ruc tu re§-syrup ⇒ s'-a.e . ⇒ s ' . unitary)



History:

2 . K o s z t a 4979)⇒ manifolds

Conjecture:
• M ' e p t unitary s'-mf ld
• i s o l a t e d fixed points
• M does notboundequivaciantly

M unitary ←
- C a b a d a e e t - a unitary o r i e n t e d L e e t 1 - mefld w i t h
w i t a t a e

eeeepiyimaybes.I.li?
L%aeEI%ffaagd8s+.9a

s e t t h e ledge i s I s o m . t o t h e a r e o n M



History:

2 . K o s e k (1979)⇒ manifolds

Conjecture:
• M ' e p t unitary s'-mf ld
• i s o l a t e d fixed points
• M does n o t bound equivatiantly Mostlikely
⇒ #F i xed points

74%-1814=1
9



History:

2 . K o s z t a 4979)⇒ manifolds

Conjecture:
• M ' e p t unitary s'-mf ld
• i s o l a t e d fixed points
• M does n o t bound equivaciantly
⇒ # F i x e d points? LF I t l



History:

3. Hatori 4984) - Alemostlanklex Malifolds

• Cj E t t l (M,Z ) - Ch a n classes o f
T M

• I r a n class map

c{CM): Ms"→ Z

p -
Ces'Cn) (p) E Z%

Seen of the weights
ofthe s'-isotropy representation]

o n Tph



• f t
Ms" (fixed pt )

• s ' acts o n TpM ± O n (Model for a

a b h d o f p )
A . (Ze,..-ita) = (data,...., da"En)
ad,.... a n → weights ofthesha-tion

A a t p
¥



History:

3. Hatori (1984) -

• M - Blest Emblex Madifold t

• s ' - act ion preserving T

• c i v i l t o
• Injective Chen class map

⇒
# F i x e d points 7 h t t



History:

4 . Pelage-tolman - Symblectic circle actions

• M - Symblect ic mani fo ld t

• s'-ai#saving Flsymp. ci rc le action)
• Chen class mapsomewhereinfective

←
there i s a value t h a t i s a t t a i n e d a tonlyept



History:

4 . Pelage-tolman - Symblectic circle actions

• M - ¥ 1 m o d i f o l d t
• I - a c t i o n preserving c o (symp. c i rc le action)
• Chen class map somewhe re infective

⇒
# F i x e d points 7 h t t



History:

5 . Pingt i -thefeugh - Almostcomplex mflds

• tenAlemostlanklex Malifold t

• s ' - act ion preserving T

• Be,...,@hEZttA.t. @ i t . . - t @n = m e

• (Cpi.-Caa)- (M) t o
①m k :

• of#o ⇒ > n t h⇒
#Fixed points 7 l t 1

. G e n i t o ⇒ 7 2



History:

6 . Cho-Kim-Park - Almostcomplex mflds

• M t AlestlanklexManifold t

• s ' - act ion preserving T

• Be,. . . , @hEZttA.t . @it2pzt .n .t n pm = m e

• (Cf'... chon) (M) t o
⇒
#F i xed points> maxtuber..,@myth



• the last three results u s e t h e

Aliyah-Bolt - Bertine-Vergne

localization formula a n d c a n

be generalized to unitary s'-mflds
•
the last t w o a r e a Mon t e r o C h a n n u m b e r



We w i l l u s e a different method b u t
w e w i l l a l so r e t r i e v e information from
a C h a n n umbe r :

(C, cm) (M)

why 4 c m ?



- Most importantly...

there i s a n expression for t h i s C h e n
number i n tunes of the members o f f i xed
fists w i t h different i n d i c e s .



Theoreen (G. -Sabatini)
= M Y compact a . c . s ' -m f l d

- Discrete fixed pet s e t
- N n - # o f fixedpts w i t h

knegati.ve#shts-
l4cn.flM):=fqqcui-
=E=o(6k(k-e) t 5%312) Nia



Hinebruck genus Xy (M)
→ genies corresponding t o t h e p o w e r s e r i e s

Qy (n ) = m e t y e - nuts))
A t

Ping L i
→ xyln) =

Xs've) = & Nj C-g)
t

(rigidity) y j=o

Salamon → (4cm-1)(M) = 6 d-dxy.gl#/y=tj5n-
z3m2qcm)1993



• " ' " ' " ' " I• ⇐' " ' " * °



Let's s t a r t w i t h the ease@icon-e)( M ) - o

• Satisfied, for example w h e n C e = o

Ex: symplecticCalabi-Yau mflds

I n t h i s e a s e the action c a n n o t be

Ham i l t o n i a n

why?



why? c i a o ⇒ cidlms, i s a t e
(equiv. ext.)

o-
faced

= 2

pens'
95km)) ⇒ d e = o

p

I n particular, H c a n n o t have a m i n i m u m §
Ces'1m
m

= (a. t..-tan) n
Ae,..., a n > O



long Time open question (Madoff)
Does there e a s t a symplectic circle a c t i o n

w i t h i s o l a t e d fixedp t s t h a t i s n o t

Hamiltonian?

A E : Yes Golueae - 2017)

construction of a n example w i t h
4 = 0



E' → 1 6 fixed fats

* *

÷€÷÷i
÷÷÷.

Kumme r

surface
space →'fifty. |•¥fµ→

a dome pts
(delle 4 )

→ e6 fixed pts

→
th3 Reuface

⇒ ¥ e d f t s -



µ
→ 5 k £ ' s÷÷÷*¥÷

÷÷÷÷÷÷
generalized
4 3 seceface

space →'fifty, |•µµ>5 double pts
(delle 4 )

→ 5 fixed fits

→
th3 Reuface

⇒ # d f µ trying to reduce the#fixedpts



c a s e C, c m (M) s o

- verified when 9 = 0
✓

- Considered by thioebueck:

c a lm )=?

Red : conch)= #fixedpts



Watt: Minimize

I ona
knowing t h a t

Gen.IN#(6klk-l)t5nz3-m2)Nk=ok=o



Note: Hattori (1984)
-

(Pe¥-Toluene) dear M = 2 n
symp.

Nn=Nn€



-

N = 2 m t r e e (ex: d ine M=8, n - 4 , m-2)
£ Nia = Nm t 2¥, Nm-k
K E O

v . v t f t e te e n
No Na Na N, N

4

A



-

• N = 2 m t r e e (ex: d ine M=8, n - 4 , m-2)
& Nw =Nmt2¥Nmµ: F,K E O

v . v t f t e te e n
No Na Na Nz Ny

#



Oatheother-rand,

(Gen)(M) = Fg@k(k-e) t 5%312) Nk
r . -

= - m Nn t 2¥,@k2-cm) Nm-k1
.
Also los ing N k = Non-k



O a t h

(c,ca..)(M) = Fg@k(k-e) t 5%312) Nk

"I-mNmt2Eq@k2_mJNni-
fyr.F



When N = 2 m eve r y

w a n t t o m i n i m i z e Fp o n

Fy:'-(No,...,Nm) E 2¥': Geo a n d Fe>o}



-

• N = 2 m t 1 odd (ex: d ine 9=6, n = 3 , m-1)
n

& Nk = L I , Nk
K E o

'toot 'oof te I A
No Na Na N

3

A



-

N = 2 m t 1 odd (ex: d ine 9=6, n = 3 , m-1)
n

& Nk =L§Nµ=
= : F ,K E o

'toot 'oof te I A
No Na Na N

3

A



O a t h

(qq.fm) = Fg@talk-e) t 5%312) Nk
r . -

=2¥,@k(kt))Nmu
Ga:"



N = 2 m t e odd

wa n t t o m i n i m i z e F o n
2

£;EµNo,..., Nm) E 24¥': 62=0 a n d Fz>o}



• 2 = 2 o n every

(4%164)=0 ⇐ > Ge-o

⇐ - m Nn t 2 In@k'-me) Nm-h t o

k = t

II
Nan = 2¥,@In-1) Nm-k



Nme 2%1611-f)Nania
substituting i n f

F, = Want 2 EINm - h

f
)
Fy = ¥ ¥, b i Nan-h



Fy = ¥ § § E E

K

" o m o d
my

h = god(m i l l ) c -µ,43,4, 6,12}
Note: this also implies that

# Fixed pts E O m o d ¥



Fy=¥¥,k2Nm¥¥¥=omdmE,
=

wa n t : F i n d the sma l l e s t positive fateger)
v a l u e o f £, b i Nan-h
which i s a multiple of M o e a n d l . t .

N ' = 2£16-12-l) Nm-n 3 0
then,

# Fixed pts 3 Em x (this value)



Smal les t §=, b iNan-n E Z ,O a n d E O m o d my

s . t . Nm = 2¥,@¥2-e) Nm-n 3 0

⇐ I # z ¥ ¥I



Smal les t §=, b iNan-n E Z ,O a n d E O m o d my

s - t . ¥ ¥ ¥ ¥ (Nuno)

smallest positive multiple of man t h a t c a n be
wr i t ten a s

2 b i Nan-h
a n d i s

z My §, Nan-u
s m a l l @ t z o s . t
l . my = EY, b i Nan-u 3 My ¥, Nae-K



Sma l l es t l E 2 -
g o s . t .

l . my = E § 3 Mf§zNu§
6

Smell of squares
(possibly w i t h repetitions) |

# of squares
u s e d t o w r i t e l-me

a s a A l l e n ofsqualls



Sma l l es t l E Z , a t

l . ¥ = Em b i Nan-u 7
¢f§E*Nw
@k = L

-

w e ←

sma l l e s t lezzo S . t s Nae-K s 6¥,E y
sma l l e s t #of squares

thatoneneedstowpids
elmeasanies



then o u r lower bound i s

B c n ) - ¥ . lmk = 12¥,



We n e e d to find t h e

sm a l l e s t #of squares
t h a t o n e n e e d s t o w r i t e

f .Me a s a A l l e n ofsqualls a . o



Femat ( XV I I century)
Fungpositive integer i s t h e s u m o fa t m o s t 4 squares



Femat ( XV I I century)

Fungpositive integer i s t h e s u m o fu t m o s t 4 squares

Proved by L e e (1770)

Lagrange's 4 square theorem



Fx: 60 = 62 t 42 t 22 t 22
I

1 0 5 = 102 t 22 t 1 2

2 4 5 = 142 t 7 2

there a r e of c o u r s e numbe r s t h a t c a n

b e wr i t t e n a s a Reeve o f 3, 2 o r

1 square



↳g a s 3 1 9 r a d theorem ( t 789)

the s e t of positive integers t h a ta r e
n o t s e e m s o f 3 o z fewer squares i s

{me#+ : r n = 4k(8t t ' t ) , kite#%)

↳these n e e d 4 squares



Ex: 60 = 62 t 42 t 22 t 22=4/8+7)
=

105=102 t 22 t 1 2 = 8. 1 3 f t

245= 142 t 7 2 = 3 0 . 8 + 5



F u l l

A positive integer o n > i c a n be written a s

a s u n of# i f f every p r i m e
factor o f m e congruent t o 3 m o d 4

has a n e v e n exponent



9¥. Go = 62 t 42 t 22 t 22=3.04. 1 5

1 0 5 = 102 t 22 t 1 2 = ③ . 5 .⑦
2 4 5 = 142 t 7 2 = 5.720
1 6 = 42 = 24

A positive integer o n > i c a n be written a s

a m a n of 2 squares i f f every p r i c e d
factor o f m e congruent t o 3 m a d 4

has a n l o b e exponent



Back t o o u r problem



Coal: F i n d the sma l l es t l E zts.t.fm#E6Iz
smallest #ofs q u a re s

←

n e e d e d t o w r i t e l¥m a s a s u m ofsquares

- 2 1 3 6 1 = 1 2 - - 8 % 1

Ex: t-gcdlm.dz)-ly} ⇒ E, Non-as 6 l
m = dam -

• l e t ⇒ EE, N n - u ← 6 always true Bcn§



G o a l : F i n d the sma l l es t l E E t s . t . m e E 6¥
smallest #ofs q u a re s

←

n e e d e d t o w r i t e Em a s a s u m ofsquares

→ B C n ) = l 2 l µ µ z )
Ex: r = god(Milz)-41

,}
⇒ E, Non-a 53¥

m = dam -
⇒ ⇒ FE, Nm-k £32

I f LIM = mg i s a s q u a r e then o k ⇒ BCn§
O . W . e . .



G o a l : F i n d the sma l l es t lezts.tt#eE6l-zk=1
smallest #ofs q u a re s

←

n e e d e d t o w r i t e Em a s a s u m ofsquares

→ B C n ) = l 2 % t =
Fx: h = 4 ¥ , Non-K 53¥

• I f led = mg i s a s q u a r e then ⇒ Bln§
O K

O . O .

s o # ⇒ E, Non-k£3
I f l¥n = me i s a s u m of a tmost3 squares⇒

Bln)=tq2§
2 O k

O-W.



G o a l : F i n d the sma l l es t l E E T s . t . m e a -6¥
smallest #ofs q u a re s

←

n e e d e d t o w r i t e l¥m a s a s u m ofsquares

→ B C n ) = l 2 % t =
Fx: h = 4 ¥ , Non-K 53¥

• I f LIM = mg i s a s q u a r e then z z B l n §
O - D .

• I f LEM
= me i s a s u m of a tmost3 squaresF z B l n¥

O-W. 2

¥ , E . Nm-n 59/2 F L BCn)=%3µ



• n e v e n
✓

What i f n i s odd?



Lead : When n i s o d d w e w a n t t o

m i n i m i z e
F , =

2 &Keo
n N K

•
£ , =hlNo,..., Nm)E#It': Gz-O a n d F , >o}

Where
Gz =

z§o(6kCkte)-cm-l)) Nm-k

No squares!



@eCm.i)(M) s o ⇐ I 62=0

⇐ ,
Fo@klkte)-Cm-l)) Nm-k = o

⇐ > Nm = ¥,@knEIHNm.k

substitute.my#=2Dm
t2E/Nm-aF2/q=o=2'¥ Er k ¥ 1 Nm-k E # +



@econ-1)(M) s o ⇐ I 62=0

⇐ , E-@klkte)-cm-l)) Nm-k = o

Nm = ¥,@knY¥ f ) Nm-k
substituting i n F - = 2 N m t -§fNm-r

Fa Ig , f
d '¥ ¥ ¥ § E # +

h-aged(m-t, 12)
t o m o d my

# F ixed p t s = o m o d 24/2



Fa Ig , f
d ' ¥ I f k¥1Nm-k E # +

triangular number



Fa Ig , f
d i¥¥¥¥NmuE2f t

E O m o d WH

h = g c d l m - ¥
-

Want : s m a l l e s t l E Z > o o . t .

w e

l . MI =¥¥§ , m¥€,,Nm#
Sum o f t o have Nm> o

triangular bombers



Fermat
query positive integer i s a m a n o f
a t m o s t 3 triangular n um b e r s

Proved by Gaius 6796)

Famous N n e k a t h e s e



Ewell (1992)

A positive integer m c a n be represented
a s a R u n e of L t i a u g u l a e s
i f f every prime factor of 4 m m w h i c h

i s congruent t o 3 m a d 4 O c c u r s w i t h

e v e n exponent.





I n particular

①( n ) > L E ) t l iff

a n d s o Kosniowski's conjecture i s t rue fo r
these de c l e n s i o n s w h e n e v e r 9 cm . , s o



Moreover, ①Cm)> n t l i f f



D i r t y ¥ s fo r the # F i x e d pts
( a , equivalently fo r Cnch) w h e n 4cm-Fo

t h i :

(dem M=2u)



We improve Heimbach's divisibility factors fo r
X (4 ) = IMS't w h e n e v e r n f ¥ a n d

o b t a i n t h e s a u c e factors otherwise .
I n particular i f n # o m o d 3 l a nd acn.io)

then

3



what i f w e restrict to H a m i l t o n ?
Ni 7 0 No = Nn = 1

-

Theaux (G.-Pelayo - Sabatini)
. M - compact, connected symplectic
• C, Cu-l (M ) = o

|
#Fi
xed

pts ofa Hami l ton ian se-ac t i on , µ ,
a t least tht1)Cut2) , n w e e{n't

b u t i t t 2 1
godCruz,ey

i
n > 3 o d d



N''=ep2#9dP2
← iCN41kx@61laon.i.ciiqEi1.s.

2412k
v fixed fits

£
112×03

Kroc@✓
d . (-44,2-2,73) 1 = 3

1 1

It,'t,.dz..IE;}



the story continues...

what i f c . c n . , t o ?

Let's s e e for example w h e n n = a m is even)



O o •

Nm = In (2E@KIMNan-h-GE)8 0

'" '"

'ini:÷:÷÷.
IFe¥

Nm t 2#Nm-k



FrfmµqwNmn-
acm)EZ#
FzzENe§

M F, t C,cm-, = 12 En b iNn-K

I e i k = µ ,
l i n e a r

l2n-ml=GCu#Diophantine equation
⇒ ¢ , en-1)(de) = O m o d L

S = god( l 2 , m)



l2n-ml=c,cu# (A)

a) : r
iz n-mjl= Em (B)

• tzu-ni l = 1 (note t h a t god(Kim) =L)
↳
Get a solution (no, lo) (Euclide's algorithm)

⇒ (age n o , a g e lo) i s a s o l u t i o n o f
CA) a n d ( b )



l2n-ml=c,cu# (A)

A l l solutions of CA) a c e of the fam

I

n-C#not'Ian} m e #
Y=-9¥'te m
F a t . d r u g .



Example

l ) (Gana)(M)-Incent,)2 Gomeas EP")
1% 1+1

^=2)%µ¥ttµn = 4 5 0 5 5 3

n = 6 1 4 7 7 7 4

9 = 8 I 3 2 4 I 9 I 6 I 5

Kosmowsk i



2 ) ¢, cm,)(M) = n ( n a n t z ) Cameasleep"#Ep)
1%11-1

8m÷;"%i"g#n=
4) ) 8 I 8 3

M e 6 1 9 2 1 2

9 = 8 I 4 6 4 I 130 I 4 I 5

Kosmowsk i
16



Thanks!


