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Based on:

@ Yael Karshon, “Periodic Hamiltonian flows on four
dimensional manifolds”, arxXiv:dg-ga/9510004.
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e A symplectic manifold (M, w)
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Symplectic Geometry - Basic Objects

e A symplectic manifold (M, w) is a manifold M endowed with

a closed, non-degenerate 2-form w - symplectic form.

Recall:

o Nondegenerate:

Vpe M, if wy(Xp, Yp) =0 forall Y, e T,M, then X, =0.
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Symplectic Geometry - Basic Objects

e A symplectic manifold (M, w) is a manifold M endowed with

a closed, non-degenerate 2-form w - symplectic form.

Recall:

o Nondegenerate:

Vpe M, if wy(Xp, Yp) =0 forall Y, e T,M, then X, =0.

e dimM =dim T,M is even.

e wp #0Vp € M — volume form
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Symplectic Geometry - Basic Objects

e A symplectic manifold (M, w) is a manifold M endowed with

a closed, non-degenerate 2-form w - symplectic form.

e A symplectomorphism p: (My,wp) — (M1, w1) is

a diffeomorphism s.t. p*(w1) = wo.
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Symplectic Geometry - Basic Objects
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a diffeomorphism s.t. p*(w1) = wo.
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Symplectic Geometry - Basic Objects

e A symplectic manifold (M, w) is a manifold M endowed with

a closed, non-degenerate 2-form w - symplectic form.

e A symplectomorphism p: (My,wp) — (M1, w1) is

a diffeomorphism s.t. p*(w1) = wo.

© Locally symplectic manifolds are indistinguishable:

Darboux Theorem: Local model - (R?", wp).

p= (X1, s Xns Y1, .-, ¥n) € R?"

n
wo = Z dxi A dyg
k=1
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Symplectic manifolds

Local model - (R2",wy) p= (X1, s Xn, Y15+, Yn) € R

n
wo = Z dxi N dyy
k=1

@ dwg=0
o wl=nldxg Adys A--- Adxy Ady, # 0 - volume form
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Symplectic manifolds: example

Example: The sphere S = {p € R3: ||p|| = 1}
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Symplectic manifolds: example

Example: The sphere S = {p € R3: ||p|| = 1}
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Symplectic manifolds: example

Example: The sphere S = {p € R3: ||p|| = 1}
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wp(u, v) :== (p,u x v) =det(p, u, v).
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Symplectic manifolds: example

wP(u’ V) = <pa ux V> = det(p7 u, V)
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o dw=0
@ non-degenerate:
wp(u, u x p) = (p,u x (ux p)) #0 when u0
——

/p.
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Symplectic manifolds with symmetries

G: Lie group

(M, w): symplectic manifold
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Symplectic manifolds with symmetries

G: Lie group
(M, w): symplectic manifold
G ~ (M,w): 3 group homomorphism

G — Sympl(M,w)
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Symplectic manifolds with symmetries

G: Lie group
(M, w): symplectic manifold
G ~ (M,w): 3 group homomorphism

G — Sympl(M,w)

Assumptions:

For now, G = S, M compact.
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Symplectic S!-actions

Example:
St~ (S%,w)

£7: vector field associated to the 1-parameter flow of
symplectomorphisms.
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Symplectic S!-actions

Example:
St~ (S%,w)

£7: vector field associated to the 1-parameter flow of
symplectomorphisms.
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Symplectic S!-actions

Flow of symplectomorphisms —
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Symplectic S!-actions

Flow of symplectomorphisms —> (4w is closed.
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Symplectic S!-actions

Flow of symplectomorphisms —> (4w is closed.

0= Lg#w = Lg#dw + d(w(f#a ))
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Hamiltonian S-actions

Flow of symplectomorphisms = (c4w is closed.
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Hamiltonian S-actions

Flow of symplectomorphisms = (c4w is closed.

e Hamiltonian: Le#w is exact,
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Hamiltonian S-actions

Flow of symplectomorphisms = (c4w is closed.

e Hamiltonian: (4w is exact, i.e. H e C*°(M) s.t.

Lepw = dH.
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Hamiltonian S-actions

Flow of symplectomorphisms = (c4w is closed.

e Hamiltonian: (4w is exact, i.e. H e C*°(M) s.t.
Lepw = dH.

H: M —R - moment map
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Hamiltonian S-actions

52
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Hamiltonian S-actions

(M, w) compact symplectic manifold.

H : M — R Hamiltonian function = moment map

Hamiltonian vector-field (cw = dH that generates a circle action,
i.e. the corresponing flow is 27-periodic.

= (M, w, H) is called Hamiltonian S*-space

(We will always assume the group action to be effective.)
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Symplectic reduction

Theorem - Marsden-Weinstein and Meyer

(M,w, i), compact Lie group G.
Let i : u~1(0) = M be the inclusion map. G acts freely on
p~1(0). Then

@ the orbit space M,y := 1~1(0)/G is a symplectic manifold
with symplectic form w,eq defined by i * w = T * Weq, Where
7 (0) = Mg

(Mhed, wreq) is called the reduced space
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Toric action

Convexity Theorem - Atiyah, Guillemin and Sternberg '82

e (M,w) compact, connected symplectic manifold.

k —times
——
o T ~ (M,w) Hamiltonian (TK =S x ... x S%)
o i : M — RK - Moment map

Then u(M) is a convex polytope of dimension k
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Symplectic toric manifolds

o "Best case”: dim(Tk) = k = dimT(M)-
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Symplectic toric manifolds

o "Best case”: dim(Tk) = k = dimT(M).
@ (M,w, ) is called a symplectic toric manifold, and
u(M) =: A a Delzant polytope:
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Symplectic toric manifolds

o "Best case”: dim(Tk) = k = dimT(M).
@ (M,w, ) is called a symplectic toric manifold, and
u(M) =: A a Delzant polytope:

O A simple: exactly n edges meeting at each vertex.

@ A rational: edges meeting at each v:
e/ = {v+tuy | u’ primitive in Z", t € [0, /(e})]} .

© A smooth: rational and Z(uy, ..., uy) = Z" for all v.
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Symplectic toric manifolds

o "Best case”: dim(Tk) = k = dimT(M).
@ (M,w, ) is called a symplectic toric manifold, and
u(M) =: A a Delzant polytope:

@ A simple: exactly n edges meeting at each vertex.

@ A rational: edges meeting at each v:
e/ = {v+tuy | u’ primitive in Z", t € [0, /(e})]} .

© A smooth: rational and Z(uy, ..., uy) = Z" for all v.

Delzant '88: Every Delzant polytope A has an associated
symplectic toric manifold (M,w, p), i.e. u(M) = A.
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Delzant Polytopes
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Delzant Polytopes
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Delzant Polytope

by (e 01 ei‘g?) - 20, 21, 22] = [20, ez, ei9222],
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Hamiltonian S!-action, dim=4

(M,w, H) Hamiltonian Sl-space, dim(M) = 4

Neighbourhood of a fixed point

Let p € M be a fixed point. There exist complex coordinates z, w
on a nbhd of p in M and unique integers m and n, such that

e the circle action is A - (z,w) = (A"z, \"w)
@ the symplectic form is w = %(dz ANdzZ+dw A dw)

o the moment map is H(z, w) = H(p) + 2|z|*> + 5|w|?
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Hamiltonian S!-action, dim=4

(M,w, H) Hamiltonian Sl-space, dim(M) = 4

Neighbourhood of a fixed point

Let p € M be a fixed point. There exist complex coordinates z, w
on a nbhd of p in M and unique integers m and n, such that

e the circle action is A - (z,w) = (A"z, \"w)
@ the symplectic form is w = %(dz ANdzZ+dw A dw)

o the moment map is H(z, w) = H(p) + 2|z|*> + 5|w|?

=-for m, n # 0 moment map is Morse function.
m, n are called the isotropy weights.
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Hamiltonian S!-action, dim=4

Each component of the fixed point set is either a single point or a
symplectic surface. The max and min of the moment map is each
attained on exactly one component of the fixed point set.
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Hamiltonian S!-action, dim=4

Each component of the fixed point set is either a single point or a
symplectic surface. The max and min of the moment map is each
attained on exactly one component of the fixed point set.

For each k > 2 consider the set of points whose stabilizer is

Zy ={r e S\ =1}.

Each connected component of the closure of this set is a closed
symplectic 2-sphere, on which the quotient circle, S'/Zj, acts with
two fixed points.

Such a sphere is called Zx-sphere.

(We restrict to only isolated fixed points.)
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Hamiltonian S!-action, dim=4

Construction of the Graph
@ isolated fixed point = vertex, label: value of moment map

@ Zi-sphere = edge connecting corresponding vertices, label:
isotropy weight k

@ label: cohomology class of symplectic form
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Symplectic manifolds with symmetries

Example: G = S! ~ (52 x S%2,w @ w) by A(u,v) = (Au, \2v)

N

> S

4 Fixed points: SxS, SxN, NxS and NxN.
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Classification

Uniqueness Theorem

Let (M,w,v) and (M',w’, %) be two compact four dimensional
Hamiltonian S! spaces. Then any isomorphism between their
corresponding graphs is induced by an equivariant
symplectomorphism.
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Classification

Existence Theorem

Every four dimensional, compact Hamiltonian S1-space with
isolated fixed points comes from a toric action by restricting the
action to a sub-circle
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Classification

S
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Symplectic blow up

Which spaces occur?
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Symplectic blow up

Which spaces occur? = Symplectic blow up:
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Symplectic blow up

Which spaces occur? = Symplectic blow up:

_ a+mA
@ - = m+n
a—nh
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Symplectic blow up

Every compact 4-dimensional Hamiltonian S* space can be
obtained by a sequence of S!-equivariant symplectic blow ups from
CP? or a Hirzebruch surface, with a symplectic form and a circle
action that comes from a toric action.
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Symplectic blow up

Delzant polygon of CP? and Hirzebruch surface

0.5) o o (r+ns.s)

(0,0) (r0)
(0,0) (r,0)
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Obrigadal!

Grace Mwakyoma iodic Hamiltonian flows on 4-m



