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DEEP LEARNING TODAY: EXPERIMENTAL REVOLUTION
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Figure 3. Images that combine the content of a photograph with the style of several well-known artworks. The images were created by
finding an image that simultaneously matches the content representation of the photograph and the style representation of the artwork.
The original photograph depicting the Neckarfront in Tübingen, Germany, is shown in A (Photo: Andreas Praefcke). The painting that
provided the style for the respective generated image is shown in the bottom left corner of each panel. B The Shipwreck of the Minotaur
by J.M.W. Turner, 1805. C The Starry Night by Vincent van Gogh, 1889. D Der Schrei by Edvard Munch, 1893. E Femme nue assise by
Pablo Picasso, 1910. F Composition VII by Wassily Kandinsky, 1913.
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DEEP LEARNING TODAY: EXPERIMENTAL REVOLUTION

▸ Phenomenal capacity to extract information from complex high-
dimensional observations. 

▸ In essence: non-linear, compositional feature learning. 

▸ “Right” balance between model-based and data-based 
estimation, using simple algorithmic principle (1st order optim).  
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Figure 3. Images that combine the content of a photograph with the style of several well-known artworks. The images were created by
finding an image that simultaneously matches the content representation of the photograph and the style representation of the artwork.
The original photograph depicting the Neckarfront in Tübingen, Germany, is shown in A (Photo: Andreas Praefcke). The painting that
provided the style for the respective generated image is shown in the bottom left corner of each panel. B The Shipwreck of the Minotaur
by J.M.W. Turner, 1805. C The Starry Night by Vincent van Gogh, 1889. D Der Schrei by Edvard Munch, 1893. E Femme nue assise by
Pablo Picasso, 1910. F Composition VII by Wassily Kandinsky, 1913.

5

Unpaired Image-to-Image Translation
using Cycle-Consistent Adversarial Networks

Jun-Yan Zhu⇤ Taesung Park⇤ Phillip Isola Alexei A. Efros
Berkeley AI Research (BAIR) laboratory, UC Berkeley
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Figure 1: Given any two unordered image collections X and Y , our algorithm learns to automatically “translate” an image
from one into the other and vice versa: (left) 1074 Monet paintings and 6753 landscape photos from Flickr; (center) 1177 ze-
bras and 939 horses from ImageNet; (right) 1273 summer and 854 winter Yosemite photos from Flickr. Example application
(bottom): using a collection of paintings of a famous artist, learn to render a user’s photograph into their style.

Abstract
Image-to-image translation is a class of vision and

graphics problems where the goal is to learn the mapping
between an input image and an output image using a train-
ing set of aligned image pairs. However, for many tasks,
paired training data will not be available. We present an
approach for learning to translate an image from a source
domain X to a target domain Y in the absence of paired
examples. Our goal is to learn a mapping G : X ! Y
such that the distribution of images from G(X) is indistin-
guishable from the distribution Y using an adversarial loss.
Because this mapping is highly under-constrained, we cou-
ple it with an inverse mapping F : Y ! X and introduce
a cycle consistency loss to push F (G(X)) ⇡ X (and vice
versa). Qualitative results are presented on several tasks
where paired training data does not exist, including col-
lection style transfer, object transfiguration, season trans-
fer, and photo enhancement, etc. Quantitative comparisons
against several prior methods demonstrate the superiority
of our approach.

1. Introduction

What did Claude Monet see as he placed his easel by the
bank of the Seine near Argenteuil on a lovely spring day
in 1873 (Figure 1, top-left)? A color photograph, had it
been invented, may have documented a crisp blue sky and
a glassy river reflecting it. Monet conveyed his impression
of this same scene through wispy brush strokes and a bright
palette.

What if Monet had happened upon the little harbor in
Cassis on a cool summer evening (Figure 1, bottom-left)?
A brief stroll through a gallery of Monet paintings makes
it easy to imagine how he would have rendered the scene:
perhaps in pastel shades, with abrupt dabs of paint, and a
somewhat flattened dynamic range.

We can imagine all this despite never having seen a side
by side example of a Monet painting next to a photo of the
scene he painted. Instead we have knowledge of the set of
Monet paintings and of the set of landscape photographs.

* indicates equal contribution
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SUPERVISED LEARNING SETUP

▸ Data : 

▸ Noise-free setting:  

▸ Model:

{(xi, yi)} ⇠ ⌫ 2 M(Rm ⇥ R).
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

yi = f⇤(xi) for some f⇤ 2 L2(Rm, d⌫).
<latexit sha1_base64="ILc67V4vZ6INjOhuvycSCajgPDg="></latexit>

f(x;⇥), ⇥ 2 D .
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

F := {f(·,⇥);⇥ 2 D}.
<latexit sha1_base64="jCwGN4UtFnAPKDmb/SK93TqVsds=">AAACJnicjVDLSsNAFJ3UV62vqks3g0WoIKVRQVEKRUVcVugLmlAm00k7dDIJMzdCCfkaN/6KGxcVEXd+iklbREXBAwOHc87l3jlOILiGcvnNyMzNLywuZZdzK6tr6xv5za2m9kNFWYP6wldth2gmuGQN4CBYO1CMeI5gLWd4mfqtO6Y092UdRgGzPdKX3OWUQCJ18xXLIzCgRETX8VkFWxF2ixbt+XCArfqAAdk/nxFscYk/01cxtuJSN18wS+UJ8N+kgGaodfNjq+fT0GMSqCBad8xyAHZEFHAqWJyzQs0CQoekzzoJlcRj2o4m34zxXqL0sOur5EnAE/XrREQ8rUeekyTTM/VPLxV/8zohuKd2xGUQApN0usgNBQYfp53hHleMghglhFDFk1sxHRBFKCTN5v5XQvOwZB6VzNvjQvViVkcW7aBdVEQmOkFVdINqqIEoukePaIyejQfjyXgxXqfRjDGb2UbfYLx/ANiKpCk=</latexit>



SUPERVISED LEARNING SETUP

▸ Data : 

▸ Noise-free setting:  

▸ Model:  

▸ Loss:  

▸ Empirical loss: 

{(xi, yi)} ⇠ ⌫ 2 M(Rm ⇥ R).
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yi = f⇤(xi) for some f⇤ 2 L2(Rm, d⌫).
<latexit sha1_base64="ILc67V4vZ6INjOhuvycSCajgPDg="></latexit>

R(f) convex, e.g.
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R(f) =

Z
|f(x)� f⇤(x)|2d⌫(x) .
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bR(f) =

Z
|f(x)� f⇤(x)|2d⌫̂(x) = 1

L

LX

l=1

|f(xl)� f⇤(xl)|2 .
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F := {f(·,⇥);⇥ 2 D}.
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f 2 F .
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SUPERVISED LEARNING SETUP

▸ Empirical Risk Minimisation: F� = {f 2 F ; kfk  �}.
<latexit sha1_base64="PIxXb1LaYXieiH1P6wX12YTzW98=">AAACK3icjVDLSgMxFM34rPU16tLNxSK4Kh0VFEQoCuKyglWhKSWT3rGhmcyYZIQy9n/c+CsudOEDt/6Hae1CRcEDgcM553JvTphKYWyl8uKNjU9MTk0XZoqzc/MLi/7S8plJMs2xzhOZ6IuQGZRCYd0KK/Ei1cjiUOJ52D0c+OfXqI1I1KntpdiM2aUSkeDMOqnlH9CY2Q5nMj/qt2gbpWWwDzSHCKhQ8MXdA3rjxBugEq9gFKX9MrT8UlCuDAF/kxIZodbyH2g74VmMynLJjGkEldQ2c6at4BL7RZoZTBnvsktsOKpYjKaZD//ah3WntCFKtHvKwlD9OpGz2JheHLrk4Hbz0xuIv3mNzEa7zVyoNLOo+OeiKJNgExgUB22hkVvZc4RxLdytwDtMM25dvcX/lXC2WQ62ysHJdql6MKqjQFbJGtkgAdkhVXJMaqROOLkl9+SJPHt33qP36r19Rse80cwK+Qbv/QMn6KZb</latexit>

(⇤) Find f̂ such that bR(f̂)  minf2F�
bR(f) + ✏.

<latexit sha1_base64="Faj1gNjgcqRcbWUjEE41MJWgWQA="></latexit>



SUPERVISED LEARNING SETUP

▸ Empirical Risk Minimisation: 

▸ Basic decomposition of error:

F� = {f 2 F ; kfk  �}.
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(⇤) Find f̂ such that bR(f̂)  minf2F�
bR(f) + ✏.

<latexit sha1_base64="Faj1gNjgcqRcbWUjEE41MJWgWQA="></latexit>

R(f̂)� inf
f2F

R(f)  inf
f2F�

R(f)� inf
f2F

R(f)
| {z }

approx error

+2 sup
F�

|R(f)� bR(f)|
| {z }

statistical error

+ ✏|{z}
optim. error

.

<latexit sha1_base64="bXLQoR6GrqhLN3bKgmW143h60z8="></latexit>
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SUPERVISED LEARNING SETUP

▸ Empirical Risk Minimisation: 

▸ Basic decomposition of error: 

▸ Main challenges in High-dimensional ML: 

▸ Approximation: Functional Approximation that is not cursed by input 
dimensionality. 

▸ Statistical: Statistical Error handled with uniform concentration bounds. 

▸ Computational: How to solve (*) efficiently in the high-dimensional 
regime? 

F� = {f 2 F ; kfk  �}.
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THE CURSE OF DIMENSIONALITY

▸ “Classic” functional spaces do not play well with this tradeoff. 



THE CURSE OF DIMENSIONALITY

▸ “Classic” functional spaces do not play well with this tradeoff.  

▸                                                                     is too big: the number of 
samples required to identify                 up to error    is                 [von 
Luxburg & Bousquet].

f⇤ 2 F
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THE CURSE OF DIMENSIONALITY

▸ “Classic” functional spaces do not play well with this tradeoff.  

▸                                                                     is too big: the number of 
samples required to identify                 up to error    is                 [von 
Luxburg & Bousquet]. 

▸                                                     . Minimax rate of approximation is 
cursed unless                    : only very smooth functions are allowed.
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THE CURSE OF DIMENSIONALITY

▸ “Classic” functional spaces do not play well with this tradeoff.  

▸                                                                     is too big: the number of 
samples required to identify                 up to error    is                 [von 
Luxburg & Bousquet]. 

▸                                                     . Minimax rate of approximation is 
cursed unless                    : only very smooth functions are allowed. 

▸ Which functions can be provably learnt in the high-
dimensional regime?
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THE CURSE OF DIMENSIONALITY

▸ “Classic” functional spaces do not play well with this tradeoff.  

▸                                                                     is too big: the number of 
samples required to identify                 up to error    is                 [von 
Luxburg & Bousquet]. 

▸                                                     . Minimax rate of approximation is 
cursed unless                    : only very smooth functions are allowed. 

▸ Which functions can be provably learnt in the high-
dimensional regime?  

▸ … with neural networks (and using gradient descent)?  

▸ … with deep neural networks? 

▸ … with deep structured neural networks? 
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THIS TALK

▸ Simplest instance of nonlinear feature learning: shallow NNs. 

▸ Gradient-descent Optimization analyzed as measure dynamics. 
Retains non-linear essence with Mean-field global convergence 
guarantees.  

▸ Towards Finite-width guarantees by CLT and fine-grained analysis 
of ReLU activations. 

▸ Beyond Shallow Learning 

▸ Depth-Separation for ReLU networks 

▸ Depth-Separation and Learning for Symmetric Functions 

▸ [Mean-Field Dynamics on zero-sum two-player games].



SINGLE HIDDEN-LAYER NEURAL NETWORK

▸                                            is a sum of ridge functions: 

▸ Three basic scaling quantities:  

▸    datapoints,     input dimensions,     neurons.
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X

jn
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<latexit sha1_base64="QQMLTqPo7d851qKdCPddLyU8Zl4=">AAACJHicjVDLSsNAFJ34rPVVdelmsAi6KY0KCkUQ3bis0IfQlDCZ3tjRySTO3Igl9GPc+CtuXPjAhRu/xSTtQkXBAxcO55zLzD1eJIXBavXdmpicmp6ZLcwV5xcWl5ZLK6stE8aaQ5OHMtTnHjMghYImCpRwHmlggSeh7V2dZH77BrQRoWrgIIJuwC6U8AVnmEpuqeZv3dao0+gDsm16SB0TB25ySR0J11QNqYNC9iBxbpiO+mKYhzELu5fbbqlsV6o56N+kTMaou6UXpxfyOACFXDJjOnY1wm7CNAouYVh0YgMR41fsAjopVSwA003yI4d0M1V61A91Ogpprn7dSFhgzCDw0mTAsG9+epn4m9eJ0T/oJkJFMYLio4f8WFIMadYY7QkNHOUgJYxrkf6V8j7TjGPaa/F/JbR2KvZuxT7bKx8dj+sokHWyQbaITfbJETklddIknNyRB/JEnq1769F6td5G0QlrvLNGvsH6+AQN0KPh</latexit>

'̃(x; ✓) = a'(x; z),

'(x; z) = �(hx,wi+ b),

✓ = {a, z} 2 R⇥D.
<latexit sha1_base64="gALuGr0tyz/CTJdJGyfavU2SdP4="></latexit>



SINGLE HIDDEN-LAYER NEURAL NETWORK

▸ As               , for appropriate base measure                     , we 
have the integral representation 
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Z

D
'(x, z)g(z)�(dz).

<latexit sha1_base64="I+zwjAUx/wD8uiFIyXuaRrE//CQ=">AAACH3icjVBNSwMxEM36WetX1aOXYBG2IKWrol6Eoh48VrAqdJdlNs22wSS7JFmxLv0nXvwrXjwoIt76b0xrDyoKPpjh8d4Mybwo5UybWm3gTExOTc/MFuaK8wuLS8ulldULnWSK0CZJeKKuItCUM0mbhhlOr1JFQUScXkbXx0P/8oYqzRJ5bnopDQR0JIsZAWOlsLQXu7cVfIh9Jk3oCzBdAjw/6WP/BlTaZe7tFr6r4I5rm98BIcBt31WqYansVWsj4L9JGY3RCEvvfjshmaDSEA5at7xaaoIclGGE037RzzRNgVxDh7YslSCoDvLRfX28aZU2jhNlSxo8Ur9u5CC07onITg4v0D+9ofib18pMfBDkTKaZoZJ8PhRnHJsED8PCbaYoMbxnCRDF7F8x6YICYmykxf+FcLFd9Xaq3tluuX40jqOA1tEGcpGH9lEdnaIGaiKC7tEjekYvzoPz5Lw6b5+jE854Zw19gzP4AGd6oLQ=</latexit>

n ! 1
<latexit sha1_base64="nQ/RNaAICeXP13qSSjxMHEN5ddc=">AAAB83icjVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Ac0oWy2m3bpZhN2J0II/RtePCji1T/jzX/j9uOgouCDgcd7M8zMC1MpDLruh1NaWV1b3yhvVra2d3b3qvsHHZNkmvE2S2SieyE1XArF2yhQ8l6qOY1Dybvh5Hrmd++5NiJRd5inPIjpSIlIMIpW8hXxMSG+UBHmg2rNq7tzkL9JDZZoDarv/jBhWcwVMkmN6XtuikFBNQom+bTiZ4anlE3oiPctVTTmJijmN0/JiVWGJEq0LYVkrn6dKGhsTB6HtjOmODY/vZn4m9fPMLoMCqHSDLlii0VRJon9cxYAGQrNGcrcEsq0sLcSNqaaMrQxVf4XQues7p3XvdtGrXm1jKMMR3AMp+DBBTThBlrQBgYpPMATPDuZ8+i8OK+L1pKznDmEb3DePgGhUZFr</latexit>

� 2 M(D)
<latexit sha1_base64="AhG4W9w7ZhW2IMmvQSALhobE03s=">AAACDHicjVDLSgMxFM3UV62vqks3wSLUTZlRQZdFXbgRKtgHdIZyJ820oUlmSDJCGfoBbvwVNy4UcesHuPNvTB+IioIHAodzzuXenDDhTBvXfXdyc/MLi0v55cLK6tr6RnFzq6HjVBFaJzGPVSsETTmTtG6Y4bSVKAoi5LQZDs7GfvOGKs1ieW2GCQ0E9CSLGAFjpU6x5PdACMA+k9gXYPoEeHY5Kn/y89G+TXkVdwL8NymhGWqd4pvfjUkqqDSEg9Ztz01MkIEyjHA6KvippgmQAfRo21IJguogm3xmhPes0sVRrOyTBk/UrxMZCK2HIrTJ8Y36pzcWf/PaqYlOgozJJDVUkumiKOXYxHjcDO4yRYnhQ0uAKGZvxaQPCoix/RX+V0LjoOIdVryro1L1dFZHHu2gXVRGHjpGVXSBaqiOCLpF9+gRPTl3zoPz7LxMozlnNrONvsF5/QBFGpsf</latexit>

f(x;⇥) =
X

jn

'̃(x; ✓j)

<latexit sha1_base64="QQMLTqPo7d851qKdCPddLyU8Zl4=">AAACJHicjVDLSsNAFJ34rPVVdelmsAi6KY0KCkUQ3bis0IfQlDCZ3tjRySTO3Igl9GPc+CtuXPjAhRu/xSTtQkXBAxcO55zLzD1eJIXBavXdmpicmp6ZLcwV5xcWl5ZLK6stE8aaQ5OHMtTnHjMghYImCpRwHmlggSeh7V2dZH77BrQRoWrgIIJuwC6U8AVnmEpuqeZv3dao0+gDsm16SB0TB25ySR0J11QNqYNC9iBxbpiO+mKYhzELu5fbbqlsV6o56N+kTMaou6UXpxfyOACFXDJjOnY1wm7CNAouYVh0YgMR41fsAjopVSwA003yI4d0M1V61A91Ogpprn7dSFhgzCDw0mTAsG9+epn4m9eJ0T/oJkJFMYLio4f8WFIMadYY7QkNHOUgJYxrkf6V8j7TjGPaa/F/JbR2KvZuxT7bKx8dj+sokHWyQbaITfbJETklddIknNyRB/JEnq1769F6td5G0QlrvLNGvsH6+AQN0KPh</latexit>

'̃(x; ✓) = a'(x; z),

'(x; z) = �(hx,wi+ b),

✓ = {a, z} 2 R⇥D.
<latexit sha1_base64="gALuGr0tyz/CTJdJGyfavU2SdP4="></latexit>



SINGLE HIDDEN-LAYER NEURAL NETWORK

▸ As               , for appropriate base measure                     , we 
have the integral representation  

▸ Universal Approx: shallow representations are dense in            
under uniform compact convergence iff     is not a polynomial     
[Barron, Bartlett, Petrushev, Lehno, Cybenko, Hornik, Pinkus].

x 2 Rd
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

n ‘neurons’
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ŷ = f(x;⇥),
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

f(x) =

Z

D
'(x, z)g(z)�(dz).

<latexit sha1_base64="I+zwjAUx/wD8uiFIyXuaRrE//CQ=">AAACH3icjVBNSwMxEM36WetX1aOXYBG2IKWrol6Eoh48VrAqdJdlNs22wSS7JFmxLv0nXvwrXjwoIt76b0xrDyoKPpjh8d4Mybwo5UybWm3gTExOTc/MFuaK8wuLS8ulldULnWSK0CZJeKKuItCUM0mbhhlOr1JFQUScXkbXx0P/8oYqzRJ5bnopDQR0JIsZAWOlsLQXu7cVfIh9Jk3oCzBdAjw/6WP/BlTaZe7tFr6r4I5rm98BIcBt31WqYansVWsj4L9JGY3RCEvvfjshmaDSEA5at7xaaoIclGGE037RzzRNgVxDh7YslSCoDvLRfX28aZU2jhNlSxo8Ur9u5CC07onITg4v0D+9ofib18pMfBDkTKaZoZJ8PhRnHJsED8PCbaYoMbxnCRDF7F8x6YICYmykxf+FcLFd9Xaq3tluuX40jqOA1tEGcpGH9lEdnaIGaiKC7tEjekYvzoPz5Lw6b5+jE854Zw19gzP4AGd6oLQ=</latexit>

n ! 1
<latexit sha1_base64="nQ/RNaAICeXP13qSSjxMHEN5ddc=">AAAB83icjVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Ac0oWy2m3bpZhN2J0II/RtePCji1T/jzX/j9uOgouCDgcd7M8zMC1MpDLruh1NaWV1b3yhvVra2d3b3qvsHHZNkmvE2S2SieyE1XArF2yhQ8l6qOY1Dybvh5Hrmd++5NiJRd5inPIjpSIlIMIpW8hXxMSG+UBHmg2rNq7tzkL9JDZZoDarv/jBhWcwVMkmN6XtuikFBNQom+bTiZ4anlE3oiPctVTTmJijmN0/JiVWGJEq0LYVkrn6dKGhsTB6HtjOmODY/vZn4m9fPMLoMCqHSDLlii0VRJon9cxYAGQrNGcrcEsq0sLcSNqaaMrQxVf4XQues7p3XvdtGrXm1jKMMR3AMp+DBBTThBlrQBgYpPMATPDuZ8+i8OK+L1pKznDmEb3DePgGhUZFr</latexit>

� 2 M(D)
<latexit sha1_base64="AhG4W9w7ZhW2IMmvQSALhobE03s=">AAACDHicjVDLSgMxFM3UV62vqks3wSLUTZlRQZdFXbgRKtgHdIZyJ820oUlmSDJCGfoBbvwVNy4UcesHuPNvTB+IioIHAodzzuXenDDhTBvXfXdyc/MLi0v55cLK6tr6RnFzq6HjVBFaJzGPVSsETTmTtG6Y4bSVKAoi5LQZDs7GfvOGKs1ieW2GCQ0E9CSLGAFjpU6x5PdACMA+k9gXYPoEeHY5Kn/y89G+TXkVdwL8NymhGWqd4pvfjUkqqDSEg9Ztz01MkIEyjHA6KvippgmQAfRo21IJguogm3xmhPes0sVRrOyTBk/UrxMZCK2HIrTJ8Y36pzcWf/PaqYlOgozJJDVUkumiKOXYxHjcDO4yRYnhQ0uAKGZvxaQPCoix/RX+V0LjoOIdVryro1L1dFZHHu2gXVRGHjpGVXSBaqiOCLpF9+gRPTl3zoPz7LxMozlnNrONvsF5/QBFGpsf</latexit>

f(x;⇥) =
X

jn

'̃(x; ✓j)

<latexit sha1_base64="QQMLTqPo7d851qKdCPddLyU8Zl4=">AAACJHicjVDLSsNAFJ34rPVVdelmsAi6KY0KCkUQ3bis0IfQlDCZ3tjRySTO3Igl9GPc+CtuXPjAhRu/xSTtQkXBAxcO55zLzD1eJIXBavXdmpicmp6ZLcwV5xcWl5ZLK6stE8aaQ5OHMtTnHjMghYImCpRwHmlggSeh7V2dZH77BrQRoWrgIIJuwC6U8AVnmEpuqeZv3dao0+gDsm16SB0TB25ySR0J11QNqYNC9iBxbpiO+mKYhzELu5fbbqlsV6o56N+kTMaou6UXpxfyOACFXDJjOnY1wm7CNAouYVh0YgMR41fsAjopVSwA003yI4d0M1V61A91Ogpprn7dSFhgzCDw0mTAsG9+epn4m9eJ0T/oJkJFMYLio4f8WFIMadYY7QkNHOUgJYxrkf6V8j7TjGPaa/F/JbR2KvZuxT7bKx8dj+sokHWyQbaITfbJETklddIknNyRB/JEnq1769F6td5G0QlrvLNGvsH6+AQN0KPh</latexit>

'̃(x; ✓) = a'(x; z),

'(x; z) = �(hx,wi+ b),

✓ = {a, z} 2 R⇥D.
<latexit sha1_base64="gALuGr0tyz/CTJdJGyfavU2SdP4="></latexit>

C(Rd)
<latexit sha1_base64="LOjLWUQrxXtx4qO506nvgtNBA7M=">AAACAnicjVBNS8NAEJ34WetX1JN4WSxCvZREBT0We/FYxX5AG8tms2mXbjZhdyOUELz4V7x4UMSrv8Kb/8Yk7UFFwQcDj/dmmJnnRpwpbVkfxtz8wuLScmmlvLq2vrFpbm23VRhLQlsk5KHsulhRzgRtaaY57UaS4sDltOOOG7nfuaVSsVBc60lEnQAPBfMZwTqTBuZuP8B6RDBPGmm14K6bXKU33uHArNg1qwD6m1RghubAfO97IYkDKjThWKmebUXaSbDUjHCalvuxohEmYzykvYwKHFDlJMULKTrIFA/5ocxKaFSoXycSHCg1CdysMz9S/fRy8TevF2v/zEmYiGJNBZku8mOOdIjyPJDHJCWaTzKCiWTZrYiMsMREZ6mV/xdC+6hmH9fsy5NK/XwWRwn2YB+qYMMp1OECmtACAnfwAE/wbNwbj8aL8TptnTNmMzvwDcbbJyc+l0M=</latexit>

�
<latexit sha1_base64="c8TXR4hGmA6LTZvqasqG7cvy9tM=">AAAB7nicjVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4jmAckS5idzCZDZmaXmV4hLPkILx4U8er3ePNvnDwOKgoWNBRV3XR3RakUFn3/wyusrK6tbxQ3S1vbO7t75f2Dlk0yw3iTJTIxnYhaLoXmTRQoeSc1nKpI8nY0vp757XturEj0HU5SHio61CIWjKKT2j0rhoqSfrkSVP05yN+kAks0+uX33iBhmeIamaTWdgM/xTCnBgWTfFrqZZanlI3pkHcd1VRxG+bzc6fkxCkDEifGlUYyV79O5FRZO1GR61QUR/anNxN/87oZxpdhLnSaIddssSjOJMGEzH4nA2E4QzlxhDIj3K2EjaihDF1Cpf+F0DqrBufV4LZWqV8t4yjCERzDKQRwAXW4gQY0gcEYHuAJnr3Ue/RevNdFa8FbzhzCN3hvn/mbj1M=</latexit>



SINGLE HIDDEN-LAYER NEURAL NETWORK

▸ As               , for appropriate base measure                     , we 
have the integral representation  

▸ Universal Approx: shallow representations are dense in            
under uniform compact convergence iff     is not a polynomial     
[Barron, Bartlett, Petrushev, Lehno, Cybenko, Hornik, Pinkus]. 

▸ What are the associated functional spaces? 

x 2 Rd
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

n ‘neurons’
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ŷ = f(x;⇥),
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

f(x) =

Z

D
'(x, z)g(z)�(dz).

<latexit sha1_base64="I+zwjAUx/wD8uiFIyXuaRrE//CQ=">AAACH3icjVBNSwMxEM36WetX1aOXYBG2IKWrol6Eoh48VrAqdJdlNs22wSS7JFmxLv0nXvwrXjwoIt76b0xrDyoKPpjh8d4Mybwo5UybWm3gTExOTc/MFuaK8wuLS8ulldULnWSK0CZJeKKuItCUM0mbhhlOr1JFQUScXkbXx0P/8oYqzRJ5bnopDQR0JIsZAWOlsLQXu7cVfIh9Jk3oCzBdAjw/6WP/BlTaZe7tFr6r4I5rm98BIcBt31WqYansVWsj4L9JGY3RCEvvfjshmaDSEA5at7xaaoIclGGE037RzzRNgVxDh7YslSCoDvLRfX28aZU2jhNlSxo8Ur9u5CC07onITg4v0D+9ofib18pMfBDkTKaZoZJ8PhRnHJsED8PCbaYoMbxnCRDF7F8x6YICYmykxf+FcLFd9Xaq3tluuX40jqOA1tEGcpGH9lEdnaIGaiKC7tEjekYvzoPz5Lw6b5+jE854Zw19gzP4AGd6oLQ=</latexit>

n ! 1
<latexit sha1_base64="nQ/RNaAICeXP13qSSjxMHEN5ddc=">AAAB83icjVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Ac0oWy2m3bpZhN2J0II/RtePCji1T/jzX/j9uOgouCDgcd7M8zMC1MpDLruh1NaWV1b3yhvVra2d3b3qvsHHZNkmvE2S2SieyE1XArF2yhQ8l6qOY1Dybvh5Hrmd++5NiJRd5inPIjpSIlIMIpW8hXxMSG+UBHmg2rNq7tzkL9JDZZoDarv/jBhWcwVMkmN6XtuikFBNQom+bTiZ4anlE3oiPctVTTmJijmN0/JiVWGJEq0LYVkrn6dKGhsTB6HtjOmODY/vZn4m9fPMLoMCqHSDLlii0VRJon9cxYAGQrNGcrcEsq0sLcSNqaaMrQxVf4XQues7p3XvdtGrXm1jKMMR3AMp+DBBTThBlrQBgYpPMATPDuZ8+i8OK+L1pKznDmEb3DePgGhUZFr</latexit>

� 2 M(D)
<latexit sha1_base64="AhG4W9w7ZhW2IMmvQSALhobE03s=">AAACDHicjVDLSgMxFM3UV62vqks3wSLUTZlRQZdFXbgRKtgHdIZyJ820oUlmSDJCGfoBbvwVNy4UcesHuPNvTB+IioIHAodzzuXenDDhTBvXfXdyc/MLi0v55cLK6tr6RnFzq6HjVBFaJzGPVSsETTmTtG6Y4bSVKAoi5LQZDs7GfvOGKs1ieW2GCQ0E9CSLGAFjpU6x5PdACMA+k9gXYPoEeHY5Kn/y89G+TXkVdwL8NymhGWqd4pvfjUkqqDSEg9Ztz01MkIEyjHA6KvippgmQAfRo21IJguogm3xmhPes0sVRrOyTBk/UrxMZCK2HIrTJ8Y36pzcWf/PaqYlOgozJJDVUkumiKOXYxHjcDO4yRYnhQ0uAKGZvxaQPCoix/RX+V0LjoOIdVryro1L1dFZHHu2gXVRGHjpGVXSBaqiOCLpF9+gRPTl3zoPz7LxMozlnNrONvsF5/QBFGpsf</latexit>

f(x;⇥) =
X

jn

'̃(x; ✓j)

<latexit sha1_base64="QQMLTqPo7d851qKdCPddLyU8Zl4=">AAACJHicjVDLSsNAFJ34rPVVdelmsAi6KY0KCkUQ3bis0IfQlDCZ3tjRySTO3Igl9GPc+CtuXPjAhRu/xSTtQkXBAxcO55zLzD1eJIXBavXdmpicmp6ZLcwV5xcWl5ZLK6stE8aaQ5OHMtTnHjMghYImCpRwHmlggSeh7V2dZH77BrQRoWrgIIJuwC6U8AVnmEpuqeZv3dao0+gDsm16SB0TB25ySR0J11QNqYNC9iBxbpiO+mKYhzELu5fbbqlsV6o56N+kTMaou6UXpxfyOACFXDJjOnY1wm7CNAouYVh0YgMR41fsAjopVSwA003yI4d0M1V61A91Ogpprn7dSFhgzCDw0mTAsG9+epn4m9eJ0T/oJkJFMYLio4f8WFIMadYY7QkNHOUgJYxrkf6V8j7TjGPaa/F/JbR2KvZuxT7bKx8dj+sokHWyQbaITfbJETklddIknNyRB/JEnq1769F6td5G0QlrvLNGvsH6+AQN0KPh</latexit>

'̃(x; ✓) = a'(x; z),

'(x; z) = �(hx,wi+ b),

✓ = {a, z} 2 R⇥D.
<latexit sha1_base64="gALuGr0tyz/CTJdJGyfavU2SdP4="></latexit>

C(Rd)
<latexit sha1_base64="LOjLWUQrxXtx4qO506nvgtNBA7M=">AAACAnicjVBNS8NAEJ34WetX1JN4WSxCvZREBT0We/FYxX5AG8tms2mXbjZhdyOUELz4V7x4UMSrv8Kb/8Yk7UFFwQcDj/dmmJnnRpwpbVkfxtz8wuLScmmlvLq2vrFpbm23VRhLQlsk5KHsulhRzgRtaaY57UaS4sDltOOOG7nfuaVSsVBc60lEnQAPBfMZwTqTBuZuP8B6RDBPGmm14K6bXKU33uHArNg1qwD6m1RghubAfO97IYkDKjThWKmebUXaSbDUjHCalvuxohEmYzykvYwKHFDlJMULKTrIFA/5ocxKaFSoXycSHCg1CdysMz9S/fRy8TevF2v/zEmYiGJNBZku8mOOdIjyPJDHJCWaTzKCiWTZrYiMsMREZ6mV/xdC+6hmH9fsy5NK/XwWRwn2YB+qYMMp1OECmtACAnfwAE/wbNwbj8aL8TptnTNmMzvwDcbbJyc+l0M=</latexit>

�
<latexit sha1_base64="c8TXR4hGmA6LTZvqasqG7cvy9tM=">AAAB7nicjVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4jmAckS5idzCZDZmaXmV4hLPkILx4U8er3ePNvnDwOKgoWNBRV3XR3RakUFn3/wyusrK6tbxQ3S1vbO7t75f2Dlk0yw3iTJTIxnYhaLoXmTRQoeSc1nKpI8nY0vp757XturEj0HU5SHio61CIWjKKT2j0rhoqSfrkSVP05yN+kAks0+uX33iBhmeIamaTWdgM/xTCnBgWTfFrqZZanlI3pkHcd1VRxG+bzc6fkxCkDEifGlUYyV79O5FRZO1GR61QUR/anNxN/87oZxpdhLnSaIddssSjOJMGEzH4nA2E4QzlxhDIj3K2EjaihDF1Cpf+F0DqrBufV4LZWqV8t4yjCERzDKQRwAXW4gQY0gcEYHuAJnr3Ue/RevNdFa8FbzhzCN3hvn/mbj1M=</latexit>



REPRODUCING KERNEL HILBERT SPACES

▸ Consider first       to be a fixed probability measure on     . 

▸      is a Reproducing Kernel Hilbert Space, with kernel given 
by 

�0
<latexit sha1_base64="zHPfegNsfn5o2MEBx6EYzvBtLvw=">AAAB73icjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzAOSJfROZpMhM7PrzKwQlvyEFw+KePV3vPk3Th4HFQULGoqqbrq7olRwY33/wyssLa+srhXXSxubW9s75d29pkkyTVmDJiLR7QgNE1yxhuVWsHaqGcpIsFY0upr6rXumDU/UrR2nLJQ4UDzmFK2T2t0BSok9v1euBFV/BvI3qcAC9V75vdtPaCaZslSgMZ3AT22Yo7acCjYpdTPDUqQjHLCOowolM2E+u3dCjpzSJ3GiXSlLZurXiRylMWMZuU6Jdmh+elPxN6+T2fgizLlKM8sUnS+KM0FsQqbPkz7XjFoxdgSp5u5WQoeokVoXUel/ITRPqsFpNbg5q9QuF3EU4QAO4RgCOIcaXEMdGkBBwAM8wbN35z16L97rvLXgLWb24Ru8t0+0Eo++</latexit>

D
<latexit sha1_base64="F5yZCa8MF/edRvWpAw+DKfHVTIE=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LKoC5cV7APSUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctF2oKHhg4HDOvdwzJ0ylMOi6H05paXllda28XtnY3Nreqe7utU2SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E46vC79xzbUSi7nCS8iCmQyUiwShaye/FFEeMyvx62q/WvLo7A/mb1GCBZr/63hskLIu5QiapMb7nphjkVKNgkk8rvczwlLIxHXLfUkVjboJ8FnlKjqwyIFGi7VNIZurXjZzGxkzi0E4WEc1PrxB/8/wMo4sgFyrNkCs2PxRlkmBCiv+TgdCcoZxYQpkWNithI6opQ9tS5X8ltE/q3mnduz2rNS4XdZThAA7hGDw4hwbcQBNawCCBB3iCZwedR+fFeZ2PlpzFzj58g/P2CXo+kWA=</latexit>

F2 =

⇢
f : Rd ! R ; f(x) =

Z

D
'(x, z)g(z)µ0(dz) and g 2 L2(D, dµ0)

�
.

<latexit sha1_base64="VYTctwkFpax6wnLYNXmXNAngVkM="></latexit>

F2
<latexit sha1_base64="kc7Qf4zD0IC39WK01dvBrCUK/6Y=">AAAB9XicjVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEoiMcI5gHJGnons8mQ2dllZlYJS/7DiwdFvPov3vwbZ5McVBQsaCiquumigkRwbVz3w1lYXFpeWS2sFdc3Nre2Szu7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6CL3W3dMaR7LGzNOmB/hQPKQUzRWuu1GaIYURXY56VVJr1T2Ku4U5G9ShjnqvdJ7tx/TNGLSUIFadzw3MX6GynAq2KTYTTVLkI5wwDqWSoyY9rNp6gk5tEqfhLGyIw2Zql8vMoy0HkeB3cxT6p9eLv7mdVITnvkZl0lqmKSzR2EqiIlJXgHpc8WoEWNLkCpusxI6RIXU2KKK/yuhWa14xxXv+qRcO5/XUYB9OIAj8OAUanAFdWgABQUP8ATPzr3z6Lw4r7PVBWd+swff4Lx9AgbkkjE=</latexit>

k(x, x0) =

Z
'(x, z)'(x0, z)µ0(dz)

<latexit sha1_base64="1BNEX0mEFkbR+/D6kUpy55tohPs=">AAACHXicjVDLSgMxFM3UV62vUZdugkXaQikzWtCNUHTjsoJ9QGcYMmmmDc08SDKl7dAfceOvuHGhiAs34t+YaQs+UPBA4Nxz7uXeHDdiVEjDeNcyS8srq2vZ9dzG5tb2jr671xRhzDFp4JCFvO0iQRgNSENSyUg74gT5LiMtd3CZ+q0h4YKGwY0cR8T2US+gHsVIKsnRq4PiqDwqlOA5tGggoTVEPOpTJcJJ6bMqlNPKjx2j2J2UHD1vVowZ4N8kDxaoO/qr1Q1x7JNAYoaE6JhGJO0EcUkxI9OcFQsSITxAPdJRNEA+EXYy+90UHimlC72Qq6cunKlfJxLkCzH2XdXpI9kXP71U/M3rxNI7sxMaRLEkAZ4v8mIGZQjTqGCXcoIlGyuCMKfqVoj7iCMsVaC5/4XQPK6YJxXzupqvXSziyIIDcAiKwASnoAauQB00AAa34B48giftTnvQnrWXeWtGW8zsg2/Q3j4AoOqfKQ==</latexit>

[Bach’17a]



REPRODUCING KERNEL HILBERT SPACES

▸ Consider first       to be a fixed probability measure on     . 

▸      is a Reproducing Kernel Hilbert Space, with kernel given 
by  

▸ Learning in these RKHS is well-understood (kernel ridge 
regression), with efficient optimization algorithms. 
▸ Random feature expansions [Rahimi/Recht’08, Bach’17b] .

�0
<latexit sha1_base64="zHPfegNsfn5o2MEBx6EYzvBtLvw=">AAAB73icjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzAOSJfROZpMhM7PrzKwQlvyEFw+KePV3vPk3Th4HFQULGoqqbrq7olRwY33/wyssLa+srhXXSxubW9s75d29pkkyTVmDJiLR7QgNE1yxhuVWsHaqGcpIsFY0upr6rXumDU/UrR2nLJQ4UDzmFK2T2t0BSok9v1euBFV/BvI3qcAC9V75vdtPaCaZslSgMZ3AT22Yo7acCjYpdTPDUqQjHLCOowolM2E+u3dCjpzSJ3GiXSlLZurXiRylMWMZuU6Jdmh+elPxN6+T2fgizLlKM8sUnS+KM0FsQqbPkz7XjFoxdgSp5u5WQoeokVoXUel/ITRPqsFpNbg5q9QuF3EU4QAO4RgCOIcaXEMdGkBBwAM8wbN35z16L97rvLXgLWb24Ru8t0+0Eo++</latexit>

D
<latexit sha1_base64="F5yZCa8MF/edRvWpAw+DKfHVTIE=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LKoC5cV7APSUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctF2oKHhg4HDOvdwzJ0ylMOi6H05paXllda28XtnY3Nreqe7utU2SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E46vC79xzbUSi7nCS8iCmQyUiwShaye/FFEeMyvx62q/WvLo7A/mb1GCBZr/63hskLIu5QiapMb7nphjkVKNgkk8rvczwlLIxHXLfUkVjboJ8FnlKjqwyIFGi7VNIZurXjZzGxkzi0E4WEc1PrxB/8/wMo4sgFyrNkCs2PxRlkmBCiv+TgdCcoZxYQpkWNithI6opQ9tS5X8ltE/q3mnduz2rNS4XdZThAA7hGDw4hwbcQBNawCCBB3iCZwedR+fFeZ2PlpzFzj58g/P2CXo+kWA=</latexit>

F2
<latexit sha1_base64="kc7Qf4zD0IC39WK01dvBrCUK/6Y=">AAAB9XicjVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEoiMcI5gHJGnons8mQ2dllZlYJS/7DiwdFvPov3vwbZ5McVBQsaCiquumigkRwbVz3w1lYXFpeWS2sFdc3Nre2Szu7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6CL3W3dMaR7LGzNOmB/hQPKQUzRWuu1GaIYURXY56VVJr1T2Ku4U5G9ShjnqvdJ7tx/TNGLSUIFadzw3MX6GynAq2KTYTTVLkI5wwDqWSoyY9rNp6gk5tEqfhLGyIw2Zql8vMoy0HkeB3cxT6p9eLv7mdVITnvkZl0lqmKSzR2EqiIlJXgHpc8WoEWNLkCpusxI6RIXU2KKK/yuhWa14xxXv+qRcO5/XUYB9OIAj8OAUanAFdWgABQUP8ATPzr3z6Lw4r7PVBWd+swff4Lx9AgbkkjE=</latexit>

k(x, x0) =

Z
'(x, z)'(x0, z)µ0(dz)

<latexit sha1_base64="1BNEX0mEFkbR+/D6kUpy55tohPs=">AAACHXicjVDLSgMxFM3UV62vUZdugkXaQikzWtCNUHTjsoJ9QGcYMmmmDc08SDKl7dAfceOvuHGhiAs34t+YaQs+UPBA4Nxz7uXeHDdiVEjDeNcyS8srq2vZ9dzG5tb2jr671xRhzDFp4JCFvO0iQRgNSENSyUg74gT5LiMtd3CZ+q0h4YKGwY0cR8T2US+gHsVIKsnRq4PiqDwqlOA5tGggoTVEPOpTJcJJ6bMqlNPKjx2j2J2UHD1vVowZ4N8kDxaoO/qr1Q1x7JNAYoaE6JhGJO0EcUkxI9OcFQsSITxAPdJRNEA+EXYy+90UHimlC72Qq6cunKlfJxLkCzH2XdXpI9kXP71U/M3rxNI7sxMaRLEkAZ4v8mIGZQjTqGCXcoIlGyuCMKfqVoj7iCMsVaC5/4XQPK6YJxXzupqvXSziyIIDcAiKwASnoAauQB00AAa34B48giftTnvQnrWXeWtGW8zsg2/Q3j4AoOqfKQ==</latexit>

[Bach’17a]

F2 =

⇢
f : Rd ! R ; f(x) =

Z

D
'(x, z)g(z)µ0(dz) and g 2 L2(D, dµ0)

�
.

<latexit sha1_base64="VYTctwkFpax6wnLYNXmXNAngVkM="></latexit>



REPRODUCING KERNEL HILBERT SPACES

▸ Consider first       to be a fixed probability measure on     . 

▸      is a Reproducing Kernel Hilbert Space, with kernel given 
by  

▸ Learning in these RKHS is well-understood (kernel ridge 
regression), with efficient optimization algorithms. 
▸ Random feature expansions [Rahimi/Recht’08, Bach’17b] .  

▸ However, they are cursed by dimensionality: only contain 
very smooth functions (derivatives of order          must exist).  
▸ Kernels arising from linearizing NNs recently studied [NTK, Jacot et 

al, Arora et al., Mei et al. Tibshirani, Belkin, Bietti & Mairal].

�0
<latexit sha1_base64="zHPfegNsfn5o2MEBx6EYzvBtLvw=">AAAB73icjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzAOSJfROZpMhM7PrzKwQlvyEFw+KePV3vPk3Th4HFQULGoqqbrq7olRwY33/wyssLa+srhXXSxubW9s75d29pkkyTVmDJiLR7QgNE1yxhuVWsHaqGcpIsFY0upr6rXumDU/UrR2nLJQ4UDzmFK2T2t0BSok9v1euBFV/BvI3qcAC9V75vdtPaCaZslSgMZ3AT22Yo7acCjYpdTPDUqQjHLCOowolM2E+u3dCjpzSJ3GiXSlLZurXiRylMWMZuU6Jdmh+elPxN6+T2fgizLlKM8sUnS+KM0FsQqbPkz7XjFoxdgSp5u5WQoeokVoXUel/ITRPqsFpNbg5q9QuF3EU4QAO4RgCOIcaXEMdGkBBwAM8wbN35z16L97rvLXgLWb24Ru8t0+0Eo++</latexit>

D
<latexit sha1_base64="F5yZCa8MF/edRvWpAw+DKfHVTIE=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LKoC5cV7APSUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctF2oKHhg4HDOvdwzJ0ylMOi6H05paXllda28XtnY3Nreqe7utU2SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E46vC79xzbUSi7nCS8iCmQyUiwShaye/FFEeMyvx62q/WvLo7A/mb1GCBZr/63hskLIu5QiapMb7nphjkVKNgkk8rvczwlLIxHXLfUkVjboJ8FnlKjqwyIFGi7VNIZurXjZzGxkzi0E4WEc1PrxB/8/wMo4sgFyrNkCs2PxRlkmBCiv+TgdCcoZxYQpkWNithI6opQ9tS5X8ltE/q3mnduz2rNS4XdZThAA7hGDw4hwbcQBNawCCBB3iCZwedR+fFeZ2PlpzFzj58g/P2CXo+kWA=</latexit>

F2
<latexit sha1_base64="kc7Qf4zD0IC39WK01dvBrCUK/6Y=">AAAB9XicjVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEoiMcI5gHJGnons8mQ2dllZlYJS/7DiwdFvPov3vwbZ5McVBQsaCiquumigkRwbVz3w1lYXFpeWS2sFdc3Nre2Szu7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6CL3W3dMaR7LGzNOmB/hQPKQUzRWuu1GaIYURXY56VVJr1T2Ku4U5G9ShjnqvdJ7tx/TNGLSUIFadzw3MX6GynAq2KTYTTVLkI5wwDqWSoyY9rNp6gk5tEqfhLGyIw2Zql8vMoy0HkeB3cxT6p9eLv7mdVITnvkZl0lqmKSzR2EqiIlJXgHpc8WoEWNLkCpusxI6RIXU2KKK/yuhWa14xxXv+qRcO5/XUYB9OIAj8OAUanAFdWgABQUP8ATPzr3z6Lw4r7PVBWd+swff4Lx9AgbkkjE=</latexit>

k(x, x0) =

Z
'(x, z)'(x0, z)µ0(dz)

<latexit sha1_base64="1BNEX0mEFkbR+/D6kUpy55tohPs=">AAACHXicjVDLSgMxFM3UV62vUZdugkXaQikzWtCNUHTjsoJ9QGcYMmmmDc08SDKl7dAfceOvuHGhiAs34t+YaQs+UPBA4Nxz7uXeHDdiVEjDeNcyS8srq2vZ9dzG5tb2jr671xRhzDFp4JCFvO0iQRgNSENSyUg74gT5LiMtd3CZ+q0h4YKGwY0cR8T2US+gHsVIKsnRq4PiqDwqlOA5tGggoTVEPOpTJcJJ6bMqlNPKjx2j2J2UHD1vVowZ4N8kDxaoO/qr1Q1x7JNAYoaE6JhGJO0EcUkxI9OcFQsSITxAPdJRNEA+EXYy+90UHimlC72Qq6cunKlfJxLkCzH2XdXpI9kXP71U/M3rxNI7sxMaRLEkAZ4v8mIGZQjTqGCXcoIlGyuCMKfqVoj7iCMsVaC5/4XQPK6YJxXzupqvXSziyIIDcAiKwASnoAauQB00AAa34B48giftTnvQnrWXeWtGW8zsg2/Q3j4AoOqfKQ==</latexit>

O(d)
<latexit sha1_base64="Nu5rlva1F0LFCBFGHl26m7yCa5Q=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBahXkqjgh6LXrxZwX5AG8pms2mX7m7C7kQooX/BiwdFvPqHvPlvTNoeVBR8MPB4b4aZeX4shcV6/cMpLC2vrK4V10sbm1vbO+XdvbaNEsN4i0UyMl2fWi6F5i0UKHk3NpwqX/KOP77K/c49N1ZE+g4nMfcUHWoRCkYxl26qwfGgXHFr9RnI36QCCzQH5fd+ELFEcY1MUmt7bj1GL6UGBZN8WuonlseUjemQ9zKqqeLWS2e3TslRpgQkjExWGslM/TqRUmXtRPlZp6I4sj+9XPzN6yUYXnip0HGCXLP5ojCRBCOSP04CYThDOckIZUZktxI2ooYyzOIp/S+E9knNPa25t2eVxuUijiIcwCFUwYVzaMA1NKEFDEbwAE/w7Cjn0XlxXuetBWcxsw/f4Lx9AjA7jaw=</latexit>

[Bach’17a]

F2 =

⇢
f : Rd ! R ; f(x) =

Z

D
'(x, z)g(z)µ0(dz) and g 2 L2(D, dµ0)

�
.

<latexit sha1_base64="VYTctwkFpax6wnLYNXmXNAngVkM="></latexit>



VARIATION-NORM SPACES

▸ Alternatively, we can consider  

▸      is a Banach space, with norm 

▸ Also known as Barron Spaces [Barron’90s, E et al ’19].  

kfkF1 := inf

⇢
kµkTV ; f =

Z
'dµ

�
.

<latexit sha1_base64="cMxa1o/JiAh95ElicDzQzlVuGqA="></latexit>

F1 =

⇢
f : Rd ! R ; f(x) =

Z

D
'(x, z)µ(dz); kµkTV < 1.

�
.

<latexit sha1_base64="hkYwinU2PICS0SpsbchJi0Svc0s="></latexit>

F1
<latexit sha1_base64="31Fnd0WXq4F/cd+UUXESUKZu9Yc=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegIB4jmAckS5idzCZDZmfXmd5AWPIdXjwo4tWP8ebfOJvkoKJgQUNR1U0XFSRSGHTdD6ewtLyyulZcL21sbm3vlHf3miZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0VXut8ZcGxGrO5wk3I/oQIlQMIpW8rsRxSGjMrue9rxeueJV3RnI36QCC9R75fduP2ZpxBUySY3peG6CfkY1Cib5tNRNDU8oG9EB71iqaMSNn81CT8mRVfokjLUdhWSmfr3IaGTMJArsZh7S/PRy8Tevk2J44WdCJSlyxeaPwlQSjEneAOkLzRnKiSWUaWGzEjakmjK0PZX+V0LzpOqdVr3bs0rtclFHEQ7gEI7Bg3OowQ3UoQEM7uEBnuDZGTuPzovzOl8tOIubffgG5+0TqtCSBg==</latexit>

[Bengio et al’06, Rosset et al.’07, Bach’17]



VARIATION-NORM SPACES

▸ Alternatively, we can consider  

▸      is a Banach space, with norm 

▸ Also known as Barron Spaces [Barron’90s, E et al ’19].   

▸                (by Jensen’s inequality), and       contains sums of 
ridge functions.  

▸ A single neuron                  belongs to       but not      . 

▸ Adaptivity to low-dimensional structures via feature learning. 

kfkF1 := inf

⇢
kµkTV ; f =

Z
'dµ

�
.

<latexit sha1_base64="cMxa1o/JiAh95ElicDzQzlVuGqA="></latexit>

F1 =

⇢
f : Rd ! R ; f(x) =

Z

D
'(x, z)µ(dz); kµkTV < 1.

�
.

<latexit sha1_base64="hkYwinU2PICS0SpsbchJi0Svc0s="></latexit>

F1
<latexit sha1_base64="31Fnd0WXq4F/cd+UUXESUKZu9Yc=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegIB4jmAckS5idzCZDZmfXmd5AWPIdXjwo4tWP8ebfOJvkoKJgQUNR1U0XFSRSGHTdD6ewtLyyulZcL21sbm3vlHf3miZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0VXut8ZcGxGrO5wk3I/oQIlQMIpW8rsRxSGjMrue9rxeueJV3RnI36QCC9R75fduP2ZpxBUySY3peG6CfkY1Cib5tNRNDU8oG9EB71iqaMSNn81CT8mRVfokjLUdhWSmfr3IaGTMJArsZh7S/PRy8Tevk2J44WdCJSlyxeaPwlQSjEneAOkLzRnKiSWUaWGzEjakmjK0PZX+V0LzpOqdVr3bs0rtclFHEQ7gEI7Bg3OowQ3UoQEM7uEBnuDZGTuPzovzOl8tOIubffgG5+0TqtCSBg==</latexit>

F2 ⇢ F1
<latexit sha1_base64="n/YpZOR/PcGQRYh5UIR4B/VDARc=">AAACDHicjVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTxGMA/ILmF20psMmX0wMyuEJR/gxV/x4kERr36AN//G2SSHKAoWDBRV1XRP+YngStv2p1VYWl5ZXSuulzY2t7Z3yrt7LRWnkmGTxSKWHZ8qFDzCpuZaYCeRSENfYNsfXeZ++w6l4nF0q8cJeiEdRDzgjGoj9coVN6R6yKjIria9GnFV6ivUZFF1TMqp2lOQv0kF5mj0yh9uP2ZpiJFmgirVdexEexmVmjOBk5KbKkwoG9EBdg2NaIjKy6afmZAjo/RJEEvzIk2m6uJERkOlxqFvkvmR6qeXi7953VQH517GoyTVGLHZoiAVRMckb4b0uUSmxdgQyiQ3txI2pJIybfor/a+EVq3qnFSdm9NK/WJeRxEO4BCOwYEzqMM1NKAJDO7hEZ7hxXqwnqxX620WLVjzmX34Buv9C4yjm0o=</latexit>

F1
<latexit sha1_base64="31Fnd0WXq4F/cd+UUXESUKZu9Yc=">AAAB9HicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegIB4jmAckS5idzCZDZmfXmd5AWPIdXjwo4tWP8ebfOJvkoKJgQUNR1U0XFSRSGHTdD6ewtLyyulZcL21sbm3vlHf3miZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0VXut8ZcGxGrO5wk3I/oQIlQMIpW8rsRxSGjMrue9rxeueJV3RnI36QCC9R75fduP2ZpxBUySY3peG6CfkY1Cib5tNRNDU8oG9EB71iqaMSNn81CT8mRVfokjLUdhWSmfr3IaGTMJArsZh7S/PRy8Tevk2J44WdCJSlyxeaPwlQSjEneAOkLzRnKiSWUaWGzEjakmjK0PZX+V0LzpOqdVr3bs0rtclFHEQ7gEI7Bg3OowQ3UoQEM7uEBnuDZGTuPzovzOl8tOIubffgG5+0TqtCSBg==</latexit>

<latexit sha1_base64="Ngi1+RG+Id1UpN9NHWHIrIJ/5Gk=">AAAB+HicdVDLSgMxFM34rPXRUZdugkWoIkNGKzPdFd24rGAf0I4lk6ZtaOZBkim2Q7/EjQtF3Pop7vwb04egogcu93DOveTm+DFnUiH0YSwtr6yurWc2sptb2zs5c3evJqNEEFolEY9Ew8eSchbSqmKK00YsKA58Tuv+4Grq14dUSBaFt2oUUy/AvZB1GcFKS20z1xpiEfdZ4f50fHdyDNtmHlmuU0JOESJLN/vc0cQtuXbJgbaFZsiDBSpt873ViUgS0FARjqVs2ihWXoqFYoTTSbaVSBpjMsA92tQ0xAGVXjo7fAKPtNKB3UjoChWcqd83UhxIOQp8PRlg1Ze/van4l9dMVNf1UhbGiaIhmT/UTThUEZymADtMUKL4SBNMBNO3QtLHAhOls8rqEL5+Cv8ntTPLvrDQTTFfvlzEkQEH4BAUgA0cUAbXoAKqgIAEPIAn8GyMjUfjxXidjy4Zi5198APG2yf9AJKq</latexit>

'(x, z⇤)
<latexit sha1_base64="zPLp52hUNblxLOaZ7Y9e2ZAsIno=">AAAB9HicdVBLSwMxGMzWV62vqkcvwSJ4WrJa2e2tKIjHCvYB7VKyabYNzWbXJFsoS3+HFw+KePXHePPfmG0rqOhAyDDzfWQyQcKZ0gh9WIWV1bX1jeJmaWt7Z3evvH/QUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvsr99oRKxWJxp6cJ9SM8FCxkBGsj+b0I6xHBPLue9Z1+uYJsz60htwqRbS7n3DXEq3lOzYWOjeaogCUa/fJ7bxCTNKJCE46V6joo0X6GpWaE01mplyqaYDLGQ9o1VOCIKj+bh57BE6MMYBhLc4SGc/X7RoYjpaZRYCbzkOq3l4t/ed1Uh56fMZGkmgqyeChMOdQxzBuAAyYp0XxqCCaSmayQjLDERJueSqaEr5/C/0nrzHYubHRbrdQvl3UUwRE4BqfAAS6ogxvQAE1AwD14AE/g2ZpYj9aL9boYLVjLnUPwA9bbJz0tkmw=</latexit>F1

<latexit sha1_base64="i3vtMmWRIk5kpeFjFyFubM15h2U=">AAAB9HicdVBLSwMxGMz6rPVV9eglWARPS7ZWdnsrCuKxgn1Au5Rsmm1Ds9k1yRbK0t/hxYMiXv0x3vw3ZtsKKjoQMsx8H5lMkHCmNEIf1srq2vrGZmGruL2zu7dfOjhsqTiVhDZJzGPZCbCinAna1Exz2kkkxVHAaTsYX+V+e0KlYrG409OE+hEeChYygrWR/F6E9Yhgnl3P+pV+qYxsz60htwqRbS7n3DXEq3lOzYWOjeYogyUa/dJ7bxCTNKJCE46V6joo0X6GpWaE01mxlyqaYDLGQ9o1VOCIKj+bh57BU6MMYBhLc4SGc/X7RoYjpaZRYCbzkOq3l4t/ed1Uh56fMZGkmgqyeChMOdQxzBuAAyYp0XxqCCaSmayQjLDERJueiqaEr5/C/0mrYjsXNrqtluuXyzoK4BicgDPgABfUwQ1ogCYg4B48gCfwbE2sR+vFel2MrljLnSPwA9bbJz6xkm0=</latexit>F2

[Bengio et al’06, Rosset et al.’07, Bach’17]



VARIATION-NORM SPACES

▸ Alternatively, we can consider  

▸      is a Banach space, with norm 

▸ Also known as Barron Spaces [Barron’90s, E et al ’19].   

▸                (by Jensen’s inequality), and       contains sums of 
ridge functions.  

▸ A single neuron                  belongs to       but not      . 

▸ Adaptivity to low-dimensional structures via feature learning. 

▸ How to perform optimization and approximation in these 
spaces? 
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NEURAL NETWORKS AS PARTICLE INTERACTION SYSTEMS

▸ No noise on targets: 

▸ Single-hidden layer architecture

f⇤ 2 L2(Rd, d⌫) : target function.
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NEURAL NETWORKS AS PARTICLE INTERACTION SYSTEMS

▸ No noise on targets: 

▸ Single-hidden layer architecture 

▸ With Square loss,     -penalized ERM becomes 

▸ Scaling in         contrasts with            , which leads to lazy or 
NTK regime [Chizat et al., Jacot et al., Arora et al, etc].

f⇤ 2 L2(Rd, d⌫) : target function.
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EULERIAN PERSPECTIVE

▸ Taking step-size of gradient-descent to zero, we have a 
gradient flow in parameter space: 

▸ Non-convex functional, generically hard [Shamir et al., Venturi et al]
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EULERIAN PERSPECTIVE

▸ Taking step-size of gradient-descent to zero, we have a 
gradient flow in parameter space: 

▸ Non-convex functional, generically hard [Shamir et al., Venturi et al] 

▸ Eulerian perspective: Rewrite the energy in terms of the 
empirical measure 

‣ The regularised loss becomes 

‣ quadratic since we consider mean-squared loss.
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EULERIAN PERSPECTIVE

▸ Taking step-size of gradient-descent to zero, we have a 
gradient flow in parameter space: 

▸ Non-convex functional, generically hard [Shamir et al., Venturi et al] 

▸ Eulerian perspective: Rewrite the energy in terms of the 
empirical measure 

‣ The regularised loss becomes 

‣ quadratic since we consider mean-squared loss. 

‣ Dynamics in the space of measures?
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CONTINUITY EQUATION

‣ Particle gradients correspond to evaluating a scaled velocity 
field:

[Mei, Montanari, Nguyen, PNAS’18]
[Rotskoff, EVE, NeurIPS’18] [Chizat, Bach, NeurIPS’18]

[Sirignano, Spiliopoulos,’18]
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✓i
<latexit sha1_base64="R3LCz8ICS43OhRVhZfNzen8/7rg=">AAAB73icdVDJSgNBEO2JW4xb1KOXxiB4GnqGbMegF48RzALJEHo6PUmbnsXuGiEM+QkvHhTx6u9482/sLIKKPih4vFdFVT0/kUIDIR9Wbm19Y3Mrv13Y2d3bPygeHrV1nCrGWyyWser6VHMpIt4CAZJ3E8Vp6Eve8SeXc79zz5UWcXQD04R7IR1FIhCMgpG6fRhzoIPbQbFEbKfmVJ0qJnalVibENaTulstuFTs2WaCEVmgOiu/9YczSkEfAJNW655AEvIwqEEzyWaGfap5QNqEj3jM0oiHXXra4d4bPjDLEQaxMRYAX6veJjIZaT0PfdIYUxvq3Nxf/8nopBHUvE1GSAo/YclGQSgwxnj+Ph0JxBnJqCGVKmFsxG1NFGZiICiaEr0/x/6Tt2k7FJtflUuNiFUcenaBTdI4cVEMNdIWaqIUYkugBPaFn6856tF6s12VrzlrNHKMfsN4+AYSgkEs=</latexit>

✓j

<latexit sha1_base64="hL4xMwz4LbEJjHbO4V83GBqCsHE=">AAACAHicdVA9SwNBEN3zM8avqIWFzWIQIki4M0ZjJ9pYKpgYyB1hbrMxS/b2jt05IRxp/Cs2ForY+jPs/DduYgQVfTDweG+GmXlhIoVB1313pqZnZufmcwv5xaXlldXC2nrDxKlmvM5iGetmCIZLoXgdBUreTDSHKJT8OuyfjfzrW66NiNUVDhIeRHCjRFcwQCu1C5u+glACbZR87HGEtrdH/SjdbReKbrla9SreAXXL7hiWVGqH1eMj6k2UIpngol148zsxSyOukEkwpuW5CQYZaBRM8mHeTw1PgPXhhrcsVRBxE2TjB4Z0xyod2o21LYV0rH6fyCAyZhCFtjMC7Jnf3kj8y2ul2K0FmVBJilyxz0XdVFKM6SgN2hGaM5QDS4BpYW+lrAcaGNrM8jaEr0/p/6SxX/aqZffyoHhyOokjR7bINikRjxyRE3JOLkidMDIk9+SRPDl3zoPz7Lx8tk45k5kN8gPO6wck3ZV7</latexit>

rV (✓1, µ)

<latexit sha1_base64="Xj4yLir81tdwaVidWl/1zQ+krTc=">AAACAHicdVA9SwNBEN3zM8avqIWFzWIQIki4M0ZjJ9pYKpgYyB1hbrMxS/b2jt05IRxp/Cs2ForY+jPs/DduYgQVfTDweG+GmXlhIoVB1313pqZnZufmcwv5xaXlldXC2nrDxKlmvM5iGetmCIZLoXgdBUreTDSHKJT8OuyfjfzrW66NiNUVDhIeRHCjRFcwQCu1C5u+glACbZR87HGEttijfpTutgtFt1ytehXvgLpldwxLKrXD6vER9SZKkUxw0S68+Z2YpRFXyCQY0/LcBIMMNAom+TDvp4YnwPpww1uWKoi4CbLxA0O6Y5UO7cbalkI6Vr9PZBAZM4hC2xkB9sxvbyT+5bVS7NaCTKgkRa7Y56JuKinGdJQG7QjNGcqBJcC0sLdS1gMNDG1meRvC16f0f9LYL3vVsnt5UDw5ncSRI1tkm5SIR47ICTknF6ROGBmSe/JInpw758F5dl4+W6ecycwG+QHn9QN7DZWz</latexit>

rV (✓i, µ)



‣ Particle gradients correspond to evaluating a scaled velocity 
field: 

▸ For general time-dependent measures     , their evolution 
under a time-varying velocity field                is given by a 
continuity equation: 

▸ Gradient flow of     for the Wasserstein metric 

▸ Exact description of particle gradient for atomic measures.

CONTINUITY EQUATION

@tµt = div(µtrV ) , µ(0) = µ(0) , with
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V (✓;µ) = �F (✓) +

Z
U(✓, ✓0)µ(d✓0) .

<latexit sha1_base64="NRA0BnnJBUv63DJyXSkR+FQZDBM=">AAACLnicjVBdSwJBFJ21L7Mvq8dehiRSssWtoCACKYoeDVoV3EVmx1EHZz+YuRuI+It66a/UQ1ARvfYzGnWDioIODHPm3HO5d44XCa6gVHoyUlPTM7Nz6fnMwuLS8kp2da2qwlhSZtNQhLLuEcUED5gNHASrR5IR3xOs5vXORvXaDZOKh8E19CPm+qQT8DanBLTUzJ5X8w50GZBjx48L+ATvXiRCAe9ghweA7UQo4sm9XcDam299vpyi2czmLLM0Bv6b5FCCSjP74LRCGvssACqIUg2rFIE7IBI4FWyYcWLFIkJ7pMMamgbEZ8odjL87xFtaaeF2KPXR+43Vrx0D4ivV9z3t9Al01c/aSPyt1oihfeQOeBDFwAI6GdSOBYYQj7LDLS4ZBdHXhFDJ9a6YdokkFHTCmf+FUN0zrX3TujrIlU+TONJoA22iPLLQISqjS1RBNqLoFt2jZ/Ri3BmPxqvxNrGmjKRnHX2D8f4Bla2lOQ==</latexit>

n

2
r✓iE(⇥) = rV |✓=✓i ,with

<latexit sha1_base64="6mNJSs0Ry/zKjwNB+L9I5vs5K5k="></latexit>

µt
<latexit sha1_base64="UIuqydSkmGW3wnnzcowKQRAo1pY=">AAAB7HicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48R3BhIljA7mU2GzMwuM71CWPINXjwo4tUP8ubfOHkcVBQsaCiquunuijMpLPr+h1daWl5ZXSuvVzY2t7Z3qrt7LZvmhvGQpTI17ZhaLoXmIQqUvJ0ZTlUs+V08upr6d/fcWJHqWxxnPFJ0oEUiGEUnhV2V97BXrQV1fwbyN6nBAs1e9b3bT1muuEYmqbWdwM8wKqhBwSSfVLq55RllIzrgHUc1VdxGxezYCTlySp8kqXGlkczUrxMFVdaOVew6FcWh/elNxd+8To7JRVQIneXINZsvSnJJMCXTz0lfGM5Qjh2hzAh3K2FDaihDl0/lfyG0TurBaT24Oas1LhdxlOEADuEYAjiHBlxDE0JgIOABnuDZ096j9+K9zltL3mJmH77Be/sE70eOww==</latexit>

V (✓;µt)
<latexit sha1_base64="tYL/u0iuzUCK6gCUdcnL1WQ7IgE=">AAAB+HicjVDLSgMxFM3UV62Pjrp0EyxC3ZSOCgpuim5cVrAP6AxDJs20oZnMkNwIdeiXuHGhiFs/xZ1/Y/pYqCh44MLhnHu5hxNlgmuo1z+cwtLyyupacb20sbm1XXZ3dts6NYqyFk1FqroR0UxwyVrAQbBuphhJIsE60ehq6nfumNI8lbcwzliQkIHkMacErBS65XbVhyEDcuEnJoSj0K14tfoM+G9SQQs0Q/fd76fUJEwCFUTrnlfPIMiJAk4Fm5R8o1lG6IgMWM9SSRKmg3wWfIIPrdLHcarsSMAz9etFThKtx0lkNxMCQ/3Tm4q/eT0D8XmQc5kZYJLOH8VGYEjxtAXc54pREGNLCFXcZsV0SBShYLsq/a+E9nHNO6l5N6eVxuWijiLaRweoijx0hhroGjVRC1Fk0AN6Qs/OvfPovDiv89WCs7jZQ9/gvH0CBbWSrA==</latexit>

8� 2 C1
c (⌦) , @t

✓Z
�µt(d✓)

◆
= �

Z
hr�,rV iµt(d✓) .

<latexit sha1_base64="Ojv91s1ntfBoO7X2NGsFvIegfKs="></latexit>

E
<latexit sha1_base64="yk55CgQkhBocWJqbaT9VXKk4Df0=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LIogssK9gFpKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2i5UFDwwcDjnXu6ZE6ZSGHTdD6e0tLyyulZer2xsbm3vVHf32ibJNOMtlshEd0NquBSKt1Cg5N1UcxqHknfC8VXhd+65NiJRdzhJeRDToRKRYBSt5PdiiiNGZX497VdrXt2dgfxNarBAs1997w0SlsVcIZPUGN9zUwxyqlEwyaeVXmZ4StmYDrlvqaIxN0E+izwlR1YZkCjR9ikkM/XrRk5jYyZxaCeLiOanV4i/eX6G0UWQC5VmyBWbH4oySTAhxf/JQGjOUE4soUwLm5WwEdWUoW2p8r8S2id177Tu3Z7VGpeLOspwAIdwDB6cQwNuoAktYJDAAzzBs4POo/PivM5HS85iZx++wXn7BHvDkWE=</latexit>

[Mei, Montanari, Nguyen, PNAS’18]
[Rotskoff, EVE, NeurIPS’18] [Chizat, Bach, NeurIPS’18]

[Sirignano, Spiliopoulos,’18]

<latexit sha1_base64="l2Zv0vKzrIFiJG8mX6Zpim4Kefk="></latexit>

W2 in P(⌦)



‣ Particle gradients correspond to evaluating a scaled velocity 
field: 

▸ For general time-dependent measures     , their evolution 
under a time-varying velocity field                is given by a 
continuity equation: 

▸ Gradient flow of     for the Wasserstein metric 

▸ Exact description of particle gradient for atomic measures.

CONTINUITY EQUATION

@tµt = div(µtrV ) , µ(0) = µ(0) , with
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V (✓;µ) = �F (✓) +

Z
U(✓, ✓0)µ(d✓0) .

<latexit sha1_base64="NRA0BnnJBUv63DJyXSkR+FQZDBM=">AAACLnicjVBdSwJBFJ21L7Mvq8dehiRSssWtoCACKYoeDVoV3EVmx1EHZz+YuRuI+It66a/UQ1ARvfYzGnWDioIODHPm3HO5d44XCa6gVHoyUlPTM7Nz6fnMwuLS8kp2da2qwlhSZtNQhLLuEcUED5gNHASrR5IR3xOs5vXORvXaDZOKh8E19CPm+qQT8DanBLTUzJ5X8w50GZBjx48L+ATvXiRCAe9ghweA7UQo4sm9XcDam299vpyi2czmLLM0Bv6b5FCCSjP74LRCGvssACqIUg2rFIE7IBI4FWyYcWLFIkJ7pMMamgbEZ8odjL87xFtaaeF2KPXR+43Vrx0D4ivV9z3t9Al01c/aSPyt1oihfeQOeBDFwAI6GdSOBYYQj7LDLS4ZBdHXhFDJ9a6YdokkFHTCmf+FUN0zrX3TujrIlU+TONJoA22iPLLQISqjS1RBNqLoFt2jZ/Ri3BmPxqvxNrGmjKRnHX2D8f4Bla2lOQ==</latexit>

n

2
r✓iE(⇥) = rV |✓=✓i ,with

<latexit sha1_base64="6mNJSs0Ry/zKjwNB+L9I5vs5K5k="></latexit>

µt
<latexit sha1_base64="UIuqydSkmGW3wnnzcowKQRAo1pY=">AAAB7HicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48R3BhIljA7mU2GzMwuM71CWPINXjwo4tUP8ubfOHkcVBQsaCiquunuijMpLPr+h1daWl5ZXSuvVzY2t7Z3qrt7LZvmhvGQpTI17ZhaLoXmIQqUvJ0ZTlUs+V08upr6d/fcWJHqWxxnPFJ0oEUiGEUnhV2V97BXrQV1fwbyN6nBAs1e9b3bT1muuEYmqbWdwM8wKqhBwSSfVLq55RllIzrgHUc1VdxGxezYCTlySp8kqXGlkczUrxMFVdaOVew6FcWh/elNxd+8To7JRVQIneXINZsvSnJJMCXTz0lfGM5Qjh2hzAh3K2FDaihDl0/lfyG0TurBaT24Oas1LhdxlOEADuEYAjiHBlxDE0JgIOABnuDZ096j9+K9zltL3mJmH77Be/sE70eOww==</latexit>

V (✓;µt)
<latexit sha1_base64="tYL/u0iuzUCK6gCUdcnL1WQ7IgE=">AAAB+HicjVDLSgMxFM3UV62Pjrp0EyxC3ZSOCgpuim5cVrAP6AxDJs20oZnMkNwIdeiXuHGhiFs/xZ1/Y/pYqCh44MLhnHu5hxNlgmuo1z+cwtLyyupacb20sbm1XXZ3dts6NYqyFk1FqroR0UxwyVrAQbBuphhJIsE60ehq6nfumNI8lbcwzliQkIHkMacErBS65XbVhyEDcuEnJoSj0K14tfoM+G9SQQs0Q/fd76fUJEwCFUTrnlfPIMiJAk4Fm5R8o1lG6IgMWM9SSRKmg3wWfIIPrdLHcarsSMAz9etFThKtx0lkNxMCQ/3Tm4q/eT0D8XmQc5kZYJLOH8VGYEjxtAXc54pREGNLCFXcZsV0SBShYLsq/a+E9nHNO6l5N6eVxuWijiLaRweoijx0hhroGjVRC1Fk0AN6Qs/OvfPovDiv89WCs7jZQ9/gvH0CBbWSrA==</latexit>

8� 2 C1
c (⌦) , @t

✓Z
�µt(d✓)

◆
= �

Z
hr�,rV iµt(d✓) .

<latexit sha1_base64="Ojv91s1ntfBoO7X2NGsFvIegfKs="></latexit>

E
<latexit sha1_base64="yk55CgQkhBocWJqbaT9VXKk4Df0=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LIogssK9gFpKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2i5UFDwwcDjnXu6ZE6ZSGHTdD6e0tLyyulZer2xsbm3vVHf32ibJNOMtlshEd0NquBSKt1Cg5N1UcxqHknfC8VXhd+65NiJRdzhJeRDToRKRYBSt5PdiiiNGZX497VdrXt2dgfxNarBAs1997w0SlsVcIZPUGN9zUwxyqlEwyaeVXmZ4StmYDrlvqaIxN0E+izwlR1YZkCjR9ikkM/XrRk5jYyZxaCeLiOanV4i/eX6G0UWQC5VmyBWbH4oySTAhxf/JQGjOUE4soUwLm5WwEdWUoW2p8r8S2id177Tu3Z7VGpeLOspwAIdwDB6cQwNuoAktYJDAAzzBs4POo/PivM5HS85iZx++wXn7BHvDkWE=</latexit>

[Mei, Montanari, Nguyen, PNAS’18]
[Rotskoff, EVE, NeurIPS’18] [Chizat, Bach, NeurIPS’18]

[Sirignano, Spiliopoulos,’18]

<latexit sha1_base64="l2Zv0vKzrIFiJG8mX6Zpim4Kefk="></latexit>

W2 in P(⌦)

LAGRANGIAN  
Non-Convexity

Euclidean Dynamics

EULERIAN 
Convexity

Non-Euclidean Dynamics



▸ Consider the evolution of the particle system as     grows. 

▸         : state of the system after time t, with   

MEAN-FIELD LIMIT

n
<latexit sha1_base64="7CvCkWdvtl64l7IzZGGwDmpg5gI=">AAAB6HicjVDLSgNBEOzxGeMr6tHLYBA8hV0V9Bj04jEB84BkCbOT3mTM7OwyMyuEJV/gxYMiXv0kb/6Nk8dBRcGChqKqm+6uMJXCWM/7IEvLK6tr64WN4ubW9s5uaW+/aZJMc2zwRCa6HTKDUihsWGEltlONLA4ltsLR9dRv3aM2IlG3dpxiELOBEpHgzDqprnqlsl/xZqB/kzIsUOuV3rv9hGcxKsslM6bje6kNcqat4BInxW5mMGV8xAbYcVSxGE2Qzw6d0GOn9GmUaFfK0pn6dSJnsTHjOHSdMbND89Obir95ncxGl0EuVJpZVHy+KMoktQmdfk37QiO3cuwI41q4WykfMs24ddkU/xdC87Tin1X8+nm5erWIowCHcAQn4MMFVOEGatAADggP8ATP5I48khfyOm9dIouZA/gG8vYJ3HKM+A==</latexit>

µ(n)
t

<latexit sha1_base64="Gx9/SBuS7hFIwWPP8ZqUc+51uTQ=">AAAB8nicjVDJSgNBEO2JW4xb1KOXxiDES5hRQY9BLx4jmAUmY+jp9CRNehm6a4Qw5DO8eFDEq1/jzb+xsxxUFHxQ8Hiviqp6cSq4Bd//8ApLyyura8X10sbm1vZOeXevZXVmKGtSLbTpxMQywRVrAgfBOqlhRMaCtePR1dRv3zNjuVa3ME5ZJMlA8YRTAk4KuzLrwV1eVceTXrkS1PwZ8N+kghZo9Mrv3b6mmWQKqCDWhoGfQpQTA5wKNil1M8tSQkdkwEJHFZHMRvns5Ak+ckofJ9q4UoBn6teJnEhrxzJ2nZLA0P70puJvXphBchHlXKUZMEXni5JMYNB4+j/uc8MoiLEjhBrubsV0SAyh4FIq/S+E1kktOK0FN2eV+uUijiI6QIeoigJ0juroGjVQE1Gk0QN6Qs8eeI/ei/c6by14i5l99A3e2ycGsZEU</latexit>

✓i(0) ⇠ µ̄ iid.
<latexit sha1_base64="7Nw3QUXEv1pyfO559sxNYWEaHlA=">AAACE3icjVA9SwNBEN2LXzF+RS1tFhMhWhx3sdAyaGMZwcRALoS9zVyyZPfu2J0Tw5H/YONfsbFQxNbGzn/j5aNQUfDBwOO9GWbm+bEUBh3nw8otLC4tr+RXC2vrG5tbxe2dpokSzaHBIxnpls8MSBFCAwVKaMUamPIlXPvD84l/fQPaiCi8wlEMHcX6oQgEZ5hJ3eJR2cMBIOuKinNIPSMU9XymU08l4zL1EG4xpUL0xjbtFkuu7UxB/yYlMke9W3z3ehFPFITIJTOm7ToxdlKmUXAJ44KXGIgZH7I+tDMaMgWmk05/GtODTOnRINJZhUin6teJlCljRsrPOhXDgfnpTcTfvHaCwWknFWGcIIR8tihIJMWITgKiPaGBoxxlhHEtslspHzDNOGYxFv4XQrNqu8e2e1kt1c7mceTJHtknFeKSE1IjF6ROGoSTO/JAnsizdW89Wi/W66w1Z81ndsk3WG+f1Aqc3w==</latexit>

<latexit sha1_base64="Nrv75owkMjeLhTyrJDpgudjElDw=">AAAB/HicdVBLS8NAGNzUV62vaI9eFotQLyHRStJb0Ys3K9gHNKFstpt26ebB7kYIof4VLx4U8eoP8ea/cdNWUNGBZYeZ72Nnx08YFdI0P7TSyura+kZ5s7K1vbO7p+8fdEWcckw6OGYx7/tIEEYj0pFUMtJPOEGhz0jPn14Wfu+OcEHj6FZmCfFCNI5oQDGSShrqVTdEcoIRy9uzunsdkjE6Geo103Dspmk3oGmoyzqzFXGajtW0oWWYc9TAEu2h/u6OYpyGJJKYISEGlplIL0dcUszIrOKmgiQIT9GYDBSNUEiEl8/Dz+CxUkYwiLk6kYRz9ftGjkIhstBXk0VU8dsrxL+8QSoDx8tplKSSRHjxUJAyKGNYNAFHlBMsWaYIwpyqrBBPEEdYqr4qqoSvn8L/SffUsM4N86ZRa10s6yiDQ3AE6sACNmiBK9AGHYBBBh7AE3jW7rVH7UV7XYyWtOVOFfyA9vYJ13CU6Q==</latexit>

P(⌦)

<latexit sha1_base64="/epSznu365m3dPXTPR7+pZ2YHv4=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJamemu6MZlBfuQzlAyadqGJpkhyQhl6Fe4caGIWz/HnX9j+hBU9EDI4Zx7ufeeOOVMG4Q+nMLK6tr6RnGztLW9s7tX3j9o6SRThDZJwhPVibGmnEnaNMxw2kkVxSLmtB2Pr2Z++54qzRJ5ayYpjQQeSjZgBBsr3YUxVnkosmmvXEFu4NeQX4XItZ937lsS1AKv5kPPRXNUwBKNXvk97CckE1QawrHWXQ+lJsqxMoxwOi2FmaYpJmM8pF1LJRZUR/l84Sk8sUofDhJlnzRwrn7vyLHQeiJiWymwGenf3kz8y+tmZhBEOZNpZqgki0GDjEOTwNn1sM8UJYZPLMFEMbsrJCOsMDE2o5IN4etS+D9pnbnehYtuqpX65TKOIjgCx+AUeMAHdXANGqAJCBDgATyBZ0c5j86L87ooLTjLnkPwA87bJ7fCkQc=</latexit>

µ̄

<latexit sha1_base64="+5RP8EV1WkCnYyfYkSPNGyjAIKA=">AAAB9HicdVDLSgMxFM3UV62vqks3wSLUzZDRykx3RTcuK9gHtGPJpGkbmsmMSaZQhvkONy4UcevHuPNvTB+Cih643MM595KbE8ScKY3Qh5VbWV1b38hvFra2d3b3ivsHTRUlktAGiXgk2wFWlDNBG5ppTtuxpDgMOG0F46uZ35pQqVgkbvU0pn6Ih4INGMHaSH7aDZOsh+7SsjjNesUSsj23itwKRLZpzrlriFf1nKoLHRvNUQJL1HvF924/IklIhSYcK9VxUKz9FEvNCKdZoZsoGmMyxkPaMVTgkCo/nR+dwROj9OEgkqaEhnP1+0aKQ6WmYWAmQ6xH6rc3E//yOokeeH7KRJxoKsjioUHCoY7gLAHYZ5ISzaeGYCKZuRWSEZaYaJNTwYTw9VP4P2me2c6FjW4qpdrlMo48OALHoAwc4IIauAZ10AAE3IMH8ASerYn1aL1Yr4vRnLXcOQQ/YL19Av0ikkI=</latexit>

µ(n)
0

<latexit sha1_base64="Hn0W/NWxu0FMsahGNetD4oCJIS0=">AAAB9HicdVDLSgMxFM3UV62vqks3wSLUzTCjlZnuim5cVrAPaMeSSdM2NMmMSaZQhvkONy4UcevHuPNvTB+Cih643MM595KbE8aMKu04H1ZuZXVtfSO/Wdja3tndK+4fNFWUSEwaOGKRbIdIEUYFaWiqGWnHkiAeMtIKx1czvzUhUtFI3OppTAKOhoIOKEbaSEHa5UnW03dpWZxmvWLJsX2v6ngV6NimueeeIX7Vd6sedG1njhJYot4rvnf7EU44ERozpFTHdWIdpEhqihnJCt1EkRjhMRqSjqECcaKCdH50Bk+M0oeDSJoSGs7V7xsp4kpNeWgmOdIj9dubiX95nUQP/CClIk40EXjx0CBhUEdwlgDsU0mwZlNDEJbU3ArxCEmEtcmpYEL4+in8nzTPbPfCdm4qpdrlMo48OALHoAxc4IEauAZ10AAY3IMH8ASerYn1aL1Yr4vRnLXcOQQ/YL19AmXZkoY=</latexit>

µ(n)
t



▸ Consider the evolution of the particle system as     grows. 

▸         : state of the system after time t, with   

MEAN-FIELD LIMIT

n
<latexit sha1_base64="7CvCkWdvtl64l7IzZGGwDmpg5gI=">AAAB6HicjVDLSgNBEOzxGeMr6tHLYBA8hV0V9Bj04jEB84BkCbOT3mTM7OwyMyuEJV/gxYMiXv0kb/6Nk8dBRcGChqKqm+6uMJXCWM/7IEvLK6tr64WN4ubW9s5uaW+/aZJMc2zwRCa6HTKDUihsWGEltlONLA4ltsLR9dRv3aM2IlG3dpxiELOBEpHgzDqprnqlsl/xZqB/kzIsUOuV3rv9hGcxKsslM6bje6kNcqat4BInxW5mMGV8xAbYcVSxGE2Qzw6d0GOn9GmUaFfK0pn6dSJnsTHjOHSdMbND89Obir95ncxGl0EuVJpZVHy+KMoktQmdfk37QiO3cuwI41q4WykfMs24ddkU/xdC87Tin1X8+nm5erWIowCHcAQn4MMFVOEGatAADggP8ATP5I48khfyOm9dIouZA/gG8vYJ3HKM+A==</latexit>

µ(n)
t

<latexit sha1_base64="Gx9/SBuS7hFIwWPP8ZqUc+51uTQ=">AAAB8nicjVDJSgNBEO2JW4xb1KOXxiDES5hRQY9BLx4jmAUmY+jp9CRNehm6a4Qw5DO8eFDEq1/jzb+xsxxUFHxQ8Hiviqp6cSq4Bd//8ApLyyura8X10sbm1vZOeXevZXVmKGtSLbTpxMQywRVrAgfBOqlhRMaCtePR1dRv3zNjuVa3ME5ZJMlA8YRTAk4KuzLrwV1eVceTXrkS1PwZ8N+kghZo9Mrv3b6mmWQKqCDWhoGfQpQTA5wKNil1M8tSQkdkwEJHFZHMRvns5Ak+ckofJ9q4UoBn6teJnEhrxzJ2nZLA0P70puJvXphBchHlXKUZMEXni5JMYNB4+j/uc8MoiLEjhBrubsV0SAyh4FIq/S+E1kktOK0FN2eV+uUijiI6QIeoigJ0juroGjVQE1Gk0QN6Qs8eeI/ei/c6by14i5l99A3e2ycGsZEU</latexit>

✓i(0) ⇠ µ̄ iid.
<latexit sha1_base64="7Nw3QUXEv1pyfO559sxNYWEaHlA=">AAACE3icjVA9SwNBEN2LXzF+RS1tFhMhWhx3sdAyaGMZwcRALoS9zVyyZPfu2J0Tw5H/YONfsbFQxNbGzn/j5aNQUfDBwOO9GWbm+bEUBh3nw8otLC4tr+RXC2vrG5tbxe2dpokSzaHBIxnpls8MSBFCAwVKaMUamPIlXPvD84l/fQPaiCi8wlEMHcX6oQgEZ5hJ3eJR2cMBIOuKinNIPSMU9XymU08l4zL1EG4xpUL0xjbtFkuu7UxB/yYlMke9W3z3ehFPFITIJTOm7ToxdlKmUXAJ44KXGIgZH7I+tDMaMgWmk05/GtODTOnRINJZhUin6teJlCljRsrPOhXDgfnpTcTfvHaCwWknFWGcIIR8tihIJMWITgKiPaGBoxxlhHEtslspHzDNOGYxFv4XQrNqu8e2e1kt1c7mceTJHtknFeKSE1IjF6ROGoSTO/JAnsizdW89Wi/W66w1Z81ndsk3WG+f1Aqc3w==</latexit>

<latexit sha1_base64="Nrv75owkMjeLhTyrJDpgudjElDw=">AAAB/HicdVBLS8NAGNzUV62vaI9eFotQLyHRStJb0Ys3K9gHNKFstpt26ebB7kYIof4VLx4U8eoP8ea/cdNWUNGBZYeZ72Nnx08YFdI0P7TSyura+kZ5s7K1vbO7p+8fdEWcckw6OGYx7/tIEEYj0pFUMtJPOEGhz0jPn14Wfu+OcEHj6FZmCfFCNI5oQDGSShrqVTdEcoIRy9uzunsdkjE6Geo103Dspmk3oGmoyzqzFXGajtW0oWWYc9TAEu2h/u6OYpyGJJKYISEGlplIL0dcUszIrOKmgiQIT9GYDBSNUEiEl8/Dz+CxUkYwiLk6kYRz9ftGjkIhstBXk0VU8dsrxL+8QSoDx8tplKSSRHjxUJAyKGNYNAFHlBMsWaYIwpyqrBBPEEdYqr4qqoSvn8L/SffUsM4N86ZRa10s6yiDQ3AE6sACNmiBK9AGHYBBBh7AE3jW7rVH7UV7XYyWtOVOFfyA9vYJ13CU6Q==</latexit>

P(⌦)

<latexit sha1_base64="/epSznu365m3dPXTPR7+pZ2YHv4=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJamemu6MZlBfuQzlAyadqGJpkhyQhl6Fe4caGIWz/HnX9j+hBU9EDI4Zx7ufeeOOVMG4Q+nMLK6tr6RnGztLW9s7tX3j9o6SRThDZJwhPVibGmnEnaNMxw2kkVxSLmtB2Pr2Z++54qzRJ5ayYpjQQeSjZgBBsr3YUxVnkosmmvXEFu4NeQX4XItZ937lsS1AKv5kPPRXNUwBKNXvk97CckE1QawrHWXQ+lJsqxMoxwOi2FmaYpJmM8pF1LJRZUR/l84Sk8sUofDhJlnzRwrn7vyLHQeiJiWymwGenf3kz8y+tmZhBEOZNpZqgki0GDjEOTwNn1sM8UJYZPLMFEMbsrJCOsMDE2o5IN4etS+D9pnbnehYtuqpX65TKOIjgCx+AUeMAHdXANGqAJCBDgATyBZ0c5j86L87ooLTjLnkPwA87bJ7fCkQc=</latexit>

µ̄

<latexit sha1_base64="+5RP8EV1WkCnYyfYkSPNGyjAIKA=">AAAB9HicdVDLSgMxFM3UV62vqks3wSLUzZDRykx3RTcuK9gHtGPJpGkbmsmMSaZQhvkONy4UcevHuPNvTB+Cih643MM595KbE8ScKY3Qh5VbWV1b38hvFra2d3b3ivsHTRUlktAGiXgk2wFWlDNBG5ppTtuxpDgMOG0F46uZ35pQqVgkbvU0pn6Ih4INGMHaSH7aDZOsh+7SsjjNesUSsj23itwKRLZpzrlriFf1nKoLHRvNUQJL1HvF924/IklIhSYcK9VxUKz9FEvNCKdZoZsoGmMyxkPaMVTgkCo/nR+dwROj9OEgkqaEhnP1+0aKQ6WmYWAmQ6xH6rc3E//yOokeeH7KRJxoKsjioUHCoY7gLAHYZ5ISzaeGYCKZuRWSEZaYaJNTwYTw9VP4P2me2c6FjW4qpdrlMo48OALHoAwc4IIauAZ10AAE3IMH8ASerYn1aL1Yr4vRnLXcOQQ/YL19Av0ikkI=</latexit>

µ(n)
0

<latexit sha1_base64="YauTsAQpVGCidtSOCQu1ULsbzBA=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXQ0YrM90V3bisYB8wM5RMmrahmQfJHaEM/Qw3LhRx69e4829MH4KKHgg5nHMv994TZVJoIOTDWlldW9/YLG2Vt3d29/YrB4dtneaK8RZLZaq6EdVcioS3QIDk3UxxGkeSd6Lx9czv3HOlRZrcwSTjYUyHiRgIRsFIfhBRVQRxPu1Br1IltufWiVvDxDafc+Ea4tU9p+5ixyZzVNESzV7lPeinLI95AkxSrX2HZBAWVIFgkk/LQa55RtmYDrlvaEJjrsNivvIUnxqljwepMi8BPFe/dxQ01noSR6YypjDSv72Z+Jfn5zDwwkIkWQ48YYtBg1xiSPHsftwXijOQE0MoU8LsitmIKsrApFQ2IXxdiv8n7XPbubTJba3auFrGUULH6ASdIQe5qIFuUBO1EEMpekBP6NkC69F6sV4XpSvWsucI/YD19glJg5Hu</latexit>

µ̄t

<latexit sha1_base64="Hn0W/NWxu0FMsahGNetD4oCJIS0=">AAAB9HicdVDLSgMxFM3UV62vqks3wSLUzTCjlZnuim5cVrAPaMeSSdM2NMmMSaZQhvkONy4UcevHuPNvTB+Cih643MM595KbE8aMKu04H1ZuZXVtfSO/Wdja3tndK+4fNFWUSEwaOGKRbIdIEUYFaWiqGWnHkiAeMtIKx1czvzUhUtFI3OppTAKOhoIOKEbaSEHa5UnW03dpWZxmvWLJsX2v6ngV6NimueeeIX7Vd6sedG1njhJYot4rvnf7EU44ERozpFTHdWIdpEhqihnJCt1EkRjhMRqSjqECcaKCdH50Bk+M0oeDSJoSGs7V7xsp4kpNeWgmOdIj9dubiX95nUQP/CClIk40EXjx0CBhUEdwlgDsU0mwZlNDEJbU3ArxCEmEtcmpYEL4+in8nzTPbPfCdm4qpdrlMo48OALHoAxc4IEauAZ10AAY3IMH8ASerYn1aL1Yr4vRnLXcOQQ/YL19AmXZkoY=</latexit>

µ(n)
t



▸ Consider the evolution of the particle system as     grows. 

▸         : state of the system after time t, with    

▸ Dynamics and sampling commute in the limit (when it exists).

MEAN-FIELD LIMIT

n
<latexit sha1_base64="7CvCkWdvtl64l7IzZGGwDmpg5gI=">AAAB6HicjVDLSgNBEOzxGeMr6tHLYBA8hV0V9Bj04jEB84BkCbOT3mTM7OwyMyuEJV/gxYMiXv0kb/6Nk8dBRcGChqKqm+6uMJXCWM/7IEvLK6tr64WN4ubW9s5uaW+/aZJMc2zwRCa6HTKDUihsWGEltlONLA4ltsLR9dRv3aM2IlG3dpxiELOBEpHgzDqprnqlsl/xZqB/kzIsUOuV3rv9hGcxKsslM6bje6kNcqat4BInxW5mMGV8xAbYcVSxGE2Qzw6d0GOn9GmUaFfK0pn6dSJnsTHjOHSdMbND89Obir95ncxGl0EuVJpZVHy+KMoktQmdfk37QiO3cuwI41q4WykfMs24ddkU/xdC87Tin1X8+nm5erWIowCHcAQn4MMFVOEGatAADggP8ATP5I48khfyOm9dIouZA/gG8vYJ3HKM+A==</latexit>

✓i(0) ⇠ µ̄ iid.
<latexit sha1_base64="7Nw3QUXEv1pyfO559sxNYWEaHlA=">AAACE3icjVA9SwNBEN2LXzF+RS1tFhMhWhx3sdAyaGMZwcRALoS9zVyyZPfu2J0Tw5H/YONfsbFQxNbGzn/j5aNQUfDBwOO9GWbm+bEUBh3nw8otLC4tr+RXC2vrG5tbxe2dpokSzaHBIxnpls8MSBFCAwVKaMUamPIlXPvD84l/fQPaiCi8wlEMHcX6oQgEZ5hJ3eJR2cMBIOuKinNIPSMU9XymU08l4zL1EG4xpUL0xjbtFkuu7UxB/yYlMke9W3z3ehFPFITIJTOm7ToxdlKmUXAJ44KXGIgZH7I+tDMaMgWmk05/GtODTOnRINJZhUin6teJlCljRsrPOhXDgfnpTcTfvHaCwWknFWGcIIR8tihIJMWITgKiPaGBoxxlhHEtslspHzDNOGYxFv4XQrNqu8e2e1kt1c7mceTJHtknFeKSE1IjF6ROGoSTO/JAnsizdW89Wi/W66w1Z81ndsk3WG+f1Aqc3w==</latexit>

Theorem: [R,EVE,’18],[CB’18],[MMN’18],[SS’18]

For any fixed t > 0, µ(n)
t converges weakly to µt as

n ! 1, which solves @tµt = div(rV µt) with µ0 = µ̄.
<latexit sha1_base64="G2YF2ylvi1hfKg+/54di7OCvf0Q="></latexit>

<latexit sha1_base64="Nrv75owkMjeLhTyrJDpgudjElDw=">AAAB/HicdVBLS8NAGNzUV62vaI9eFotQLyHRStJb0Ys3K9gHNKFstpt26ebB7kYIof4VLx4U8eoP8ea/cdNWUNGBZYeZ72Nnx08YFdI0P7TSyura+kZ5s7K1vbO7p+8fdEWcckw6OGYx7/tIEEYj0pFUMtJPOEGhz0jPn14Wfu+OcEHj6FZmCfFCNI5oQDGSShrqVTdEcoIRy9uzunsdkjE6Geo103Dspmk3oGmoyzqzFXGajtW0oWWYc9TAEu2h/u6OYpyGJJKYISEGlplIL0dcUszIrOKmgiQIT9GYDBSNUEiEl8/Dz+CxUkYwiLk6kYRz9ftGjkIhstBXk0VU8dsrxL+8QSoDx8tplKSSRHjxUJAyKGNYNAFHlBMsWaYIwpyqrBBPEEdYqr4qqoSvn8L/SffUsM4N86ZRa10s6yiDQ3AE6sACNmiBK9AGHYBBBh7AE3jW7rVH7UV7XYyWtOVOFfyA9vYJ13CU6Q==</latexit>

P(⌦)

<latexit sha1_base64="/epSznu365m3dPXTPR7+pZ2YHv4=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJamemu6MZlBfuQzlAyadqGJpkhyQhl6Fe4caGIWz/HnX9j+hBU9EDI4Zx7ufeeOOVMG4Q+nMLK6tr6RnGztLW9s7tX3j9o6SRThDZJwhPVibGmnEnaNMxw2kkVxSLmtB2Pr2Z++54qzRJ5ayYpjQQeSjZgBBsr3YUxVnkosmmvXEFu4NeQX4XItZ937lsS1AKv5kPPRXNUwBKNXvk97CckE1QawrHWXQ+lJsqxMoxwOi2FmaYpJmM8pF1LJRZUR/l84Sk8sUofDhJlnzRwrn7vyLHQeiJiWymwGenf3kz8y+tmZhBEOZNpZqgki0GDjEOTwNn1sM8UJYZPLMFEMbsrJCOsMDE2o5IN4etS+D9pnbnehYtuqpX65TKOIjgCx+AUeMAHdXANGqAJCBDgATyBZ0c5j86L87ooLTjLnkPwA87bJ7fCkQc=</latexit>

µ̄

<latexit sha1_base64="+5RP8EV1WkCnYyfYkSPNGyjAIKA=">AAAB9HicdVDLSgMxFM3UV62vqks3wSLUzZDRykx3RTcuK9gHtGPJpGkbmsmMSaZQhvkONy4UcevHuPNvTB+Cih643MM595KbE8ScKY3Qh5VbWV1b38hvFra2d3b3ivsHTRUlktAGiXgk2wFWlDNBG5ppTtuxpDgMOG0F46uZ35pQqVgkbvU0pn6Ih4INGMHaSH7aDZOsh+7SsjjNesUSsj23itwKRLZpzrlriFf1nKoLHRvNUQJL1HvF924/IklIhSYcK9VxUKz9FEvNCKdZoZsoGmMyxkPaMVTgkCo/nR+dwROj9OEgkqaEhnP1+0aKQ6WmYWAmQ6xH6rc3E//yOokeeH7KRJxoKsjioUHCoY7gLAHYZ5ISzaeGYCKZuRWSEZaYaJNTwYTw9VP4P2me2c6FjW4qpdrlMo48OALHoAwc4IIauAZ10AAE3IMH8ASerYn1aL1Yr4vRnLXcOQQ/YL19Av0ikkI=</latexit>

µ(n)
0

<latexit sha1_base64="YauTsAQpVGCidtSOCQu1ULsbzBA=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXQ0YrM90V3bisYB8wM5RMmrahmQfJHaEM/Qw3LhRx69e4829MH4KKHgg5nHMv994TZVJoIOTDWlldW9/YLG2Vt3d29/YrB4dtneaK8RZLZaq6EdVcioS3QIDk3UxxGkeSd6Lx9czv3HOlRZrcwSTjYUyHiRgIRsFIfhBRVQRxPu1Br1IltufWiVvDxDafc+Ea4tU9p+5ixyZzVNESzV7lPeinLI95AkxSrX2HZBAWVIFgkk/LQa55RtmYDrlvaEJjrsNivvIUnxqljwepMi8BPFe/dxQ01noSR6YypjDSv72Z+Jfn5zDwwkIkWQ48YYtBg1xiSPHsftwXijOQE0MoU8LsitmIKsrApFQ2IXxdiv8n7XPbubTJba3auFrGUULH6ASdIQe5qIFuUBO1EEMpekBP6NkC69F6sV4XpSvWsucI/YD19glJg5Hu</latexit>

µ̄t

<latexit sha1_base64="Hn0W/NWxu0FMsahGNetD4oCJIS0=">AAAB9HicdVDLSgMxFM3UV62vqks3wSLUzTCjlZnuim5cVrAPaMeSSdM2NMmMSaZQhvkONy4UcevHuPNvTB+Cih643MM595KbE8aMKu04H1ZuZXVtfSO/Wdja3tndK+4fNFWUSEwaOGKRbIdIEUYFaWiqGWnHkiAeMtIKx1czvzUhUtFI3OppTAKOhoIOKEbaSEHa5UnW03dpWZxmvWLJsX2v6ngV6NimueeeIX7Vd6sedG1njhJYot4rvnf7EU44ERozpFTHdWIdpEhqihnJCt1EkRjhMRqSjqECcaKCdH50Bk+M0oeDSJoSGs7V7xsp4kpNeWgmOdIj9dubiX95nUQP/CClIk40EXjx0CBhUEdwlgDsU0mwZlNDEJbU3ArxCEmEtcmpYEL4+in8nzTPbPfCdm4qpdrlMo48OALHoAxc4IEauAZ10AAY3IMH8ASerYn1aL1Yr4vRnLXcOQQ/YL19AmXZkoY=</latexit>

µ(n)
t

µ(n)
t

<latexit sha1_base64="Gx9/SBuS7hFIwWPP8ZqUc+51uTQ=">AAAB8nicjVDJSgNBEO2JW4xb1KOXxiDES5hRQY9BLx4jmAUmY+jp9CRNehm6a4Qw5DO8eFDEq1/jzb+xsxxUFHxQ8Hiviqp6cSq4Bd//8ApLyyura8X10sbm1vZOeXevZXVmKGtSLbTpxMQywRVrAgfBOqlhRMaCtePR1dRv3zNjuVa3ME5ZJMlA8YRTAk4KuzLrwV1eVceTXrkS1PwZ8N+kghZo9Mrv3b6mmWQKqCDWhoGfQpQTA5wKNil1M8tSQkdkwEJHFZHMRvns5Ak+ckofJ9q4UoBn6teJnEhrxzJ2nZLA0P70puJvXphBchHlXKUZMEXni5JMYNB4+j/uc8MoiLEjhBrubsV0SAyh4FIq/S+E1kktOK0FN2eV+uUijiI6QIeoigJ0juroGjVQE1Gk0QN6Qs8eeI/ei/c6by14i5l99A3e2ycGsZEU</latexit>



▸ Consider the evolution of the particle system as     grows. 

▸         : state of the system after time t, with    

▸ Dynamics and sampling commute in the limit (when it exists). 

▸ Convergence properties of this PDE?  

▸ LLN result. What is the scale of the fluctuations? 

MEAN-FIELD LIMIT

n
<latexit sha1_base64="7CvCkWdvtl64l7IzZGGwDmpg5gI=">AAAB6HicjVDLSgNBEOzxGeMr6tHLYBA8hV0V9Bj04jEB84BkCbOT3mTM7OwyMyuEJV/gxYMiXv0kb/6Nk8dBRcGChqKqm+6uMJXCWM/7IEvLK6tr64WN4ubW9s5uaW+/aZJMc2zwRCa6HTKDUihsWGEltlONLA4ltsLR9dRv3aM2IlG3dpxiELOBEpHgzDqprnqlsl/xZqB/kzIsUOuV3rv9hGcxKsslM6bje6kNcqat4BInxW5mMGV8xAbYcVSxGE2Qzw6d0GOn9GmUaFfK0pn6dSJnsTHjOHSdMbND89Obir95ncxGl0EuVJpZVHy+KMoktQmdfk37QiO3cuwI41q4WykfMs24ddkU/xdC87Tin1X8+nm5erWIowCHcAQn4MMFVOEGatAADggP8ATP5I48khfyOm9dIouZA/gG8vYJ3HKM+A==</latexit>

✓i(0) ⇠ µ̄ iid.
<latexit sha1_base64="7Nw3QUXEv1pyfO559sxNYWEaHlA=">AAACE3icjVA9SwNBEN2LXzF+RS1tFhMhWhx3sdAyaGMZwcRALoS9zVyyZPfu2J0Tw5H/YONfsbFQxNbGzn/j5aNQUfDBwOO9GWbm+bEUBh3nw8otLC4tr+RXC2vrG5tbxe2dpokSzaHBIxnpls8MSBFCAwVKaMUamPIlXPvD84l/fQPaiCi8wlEMHcX6oQgEZ5hJ3eJR2cMBIOuKinNIPSMU9XymU08l4zL1EG4xpUL0xjbtFkuu7UxB/yYlMke9W3z3ehFPFITIJTOm7ToxdlKmUXAJ44KXGIgZH7I+tDMaMgWmk05/GtODTOnRINJZhUin6teJlCljRsrPOhXDgfnpTcTfvHaCwWknFWGcIIR8tihIJMWITgKiPaGBoxxlhHEtslspHzDNOGYxFv4XQrNqu8e2e1kt1c7mceTJHtknFeKSE1IjF6ROGoSTO/JAnsizdW89Wi/W66w1Z81ndsk3WG+f1Aqc3w==</latexit>

Theorem: [R,EVE,’18],[CB’18],[MMN’18],[SS’18]

For any fixed t > 0, µ(n)
t converges weakly to µt as

n ! 1, which solves @tµt = div(rV µt) with µ0 = µ̄.
<latexit sha1_base64="G2YF2ylvi1hfKg+/54di7OCvf0Q="></latexit>

<latexit sha1_base64="Nrv75owkMjeLhTyrJDpgudjElDw=">AAAB/HicdVBLS8NAGNzUV62vaI9eFotQLyHRStJb0Ys3K9gHNKFstpt26ebB7kYIof4VLx4U8eoP8ea/cdNWUNGBZYeZ72Nnx08YFdI0P7TSyura+kZ5s7K1vbO7p+8fdEWcckw6OGYx7/tIEEYj0pFUMtJPOEGhz0jPn14Wfu+OcEHj6FZmCfFCNI5oQDGSShrqVTdEcoIRy9uzunsdkjE6Geo103Dspmk3oGmoyzqzFXGajtW0oWWYc9TAEu2h/u6OYpyGJJKYISEGlplIL0dcUszIrOKmgiQIT9GYDBSNUEiEl8/Dz+CxUkYwiLk6kYRz9ftGjkIhstBXk0VU8dsrxL+8QSoDx8tplKSSRHjxUJAyKGNYNAFHlBMsWaYIwpyqrBBPEEdYqr4qqoSvn8L/SffUsM4N86ZRa10s6yiDQ3AE6sACNmiBK9AGHYBBBh7AE3jW7rVH7UV7XYyWtOVOFfyA9vYJ13CU6Q==</latexit>

P(⌦)
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UNBALANCED TRANSPORT

▸ Inspired from [Wei et al.’18], we consider the following 
unbalanced modification of the dynamics:
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UNBALANCED TRANSPORT

▸ Inspired from [Wei et al.’18], we consider the following 
unbalanced modification of the dynamics: 

▸ For all    , we verify that   

▸ Mass is preserved. In particular, for atomic measures, population is 
constant. 

▸ Full PDE corresponds to gradient flow for the Wasserstein-Fisher-Rao 
metric [Kondratiev et al.], [Chizat et al.] (aka Hellinger-Kantorovich).  

▸ Admits easy discretization using birth/death processes.  

▸ Wasserstein-Fisher-Rao dynamics can also be used to study equilibria 
in zero-sum two-player games [D-E, J R, M,B’20].
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GLOBAL CONVERGENCE

▸ Interaction kernel                symmetric and positive semi-
definite, twice differentiable.  

▸               and          such that energy         is bounded below.   

▸ The only fixed points of the dynamics are global minimizers of 
the energy:
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Theorem: [RJBV’19] Let µt denote the solution of the
dynamics for initial condition µ0 with full support. Then,
if µt ! µ⇤ in the weak sense, then µ⇤ is a global minimiser
of E [µ]. Also, 9C, tc > 0 such that E [µt]  E [µ⇤] + Ct�1 if t � tc.
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GLOBAL CONVERGENCE

▸ Interaction kernel                symmetric and positive semi-
definite, twice differentiable.  

▸               and          such that energy         is bounded below.   

▸ The only fixed points of the dynamics are global minimizers of 
the energy: 

▸ We avoid the fixed points of the Liouville PDE which are not 
minimizers of the energy  

▸ Extends results from [Chizat & Bach] beyond homogeneous models. 

▸ How to leverage this mean-field guarantee for finite data/units?
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dynamics for initial condition µ0 with full support. Then,
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▸ Minimisers of          can be efficiently discretized if                :   

▸ Monte-Carlo approximation bounds 

APPROXIMATION AND GENERALIZATION IN VARIATION-
NORM
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Proposition [RCBE’19]: Let µ⇤ 2 M+(R⇥D) be
a minimiser of E . Then
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▸ Minimisers of          can be efficiently discretized if                :   

▸ Monte-Carlo approximation bounds  

▸ Generalisation bound: Let       be a minimiser of the empirical 
(regularised) loss, and              

▸ Based on Rademacher bounds for        [Bach’17] 

▸ Terms R1,R2 only depend on activation function. Not cursed by 
dimensionality using e.g. ReLU. 

APPROXIMATION AND GENERALIZATION IN VARIATION-
NORM

E [µ]
<latexit sha1_base64="fLMs+zKa1YUgqLSbDHt4+RXxoMg=">AAAB+XicjVBNS8NAFHypX7V+RT16WSyCp5KooMeiCB4r2FZIQtlsN+3S3U3Y3RRK6D/x4kERr/4Tb/4bN20PKgoOPBhm3uMNE2ecaeN5H05laXllda26XtvY3NrecXf3OjrNFaFtkvJU3cdYU84kbRtmOL3PFMUi5rQbj65KvzumSrNU3plJRiOBB5IljGBjpZ7rhgKbIcG8uJ4Gocijnlv3G94M6G9ShwVaPfc97KckF1QawrHWge9lJiqwMoxwOq2FuaYZJiM8oIGlEguqo2KWfIqOrNJHSarsSINm6teLAgutJyK2m2VO/dMrxd+8IDfJRVQwmeWGSjJ/lOQcmRSVNaA+U5QYPrEEE8VsVkSGWGFibFm1/5XQOWn4pw3/9qzevFzUUYUDOIRj8OEcmnADLWgDgTE8wBM8O4Xz6Lw4r/PVirO42YdvcN4+Ab+lk7o=</latexit>

f⇤ 2 F1
<latexit sha1_base64="0JG+ZRPqhOGDaTITr98hTwfECcY=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAI4qIkKuiyKIjLCvYBTQyT6aQdOpmEmYlQQsFfceNCEbd+hzv/xknbhYqCBy4czrmXezhhypnSjvNhlebmFxaXysuVldW19Q17c6ulkkwS2iQJT2QnxIpyJmhTM81pJ5UUxyGn7XB4UfjtOyoVS8SNHqXUj3FfsIgRrI0U2DvR7SHymEBejPWAYJ5fjgM3sKtuzZkA/U2qMEMjsN+9XkKymApNOFaq6zqp9nMsNSOcjitepmiKyRD3addQgWOq/HwSf4z2jdJDUSLNCI0m6teLHMdKjeLQbBYh1U+vEH/zupmOzvyciTTTVJDpoyjjSCeo6AL1mKRE85EhmEhmsiIywBITbRqr/K+E1lHNPa651yfV+vmsjjLswh4cgAunUIcraEATCOTwAE/wbN1bj9aL9TpdLVmzm234BuvtEw5GlOg=</latexit>

Proposition [RCBE’19]: Let µ⇤ 2 M+(R⇥D) be
a minimiser of E . Then

R
U(✓, ✓)µ⇤(d✓)  Ckf⇤k21.

<latexit sha1_base64="ZCF7jFlgEpRUMi7+lbQVXctqNzU="></latexit>

kfn,t � ftk2⌫  Ckf⇤k21
n

<latexit sha1_base64="SNYUo7GCShJ0SFIaUrzxo8R9gw8=">AAACInicjZBLSwMxFIUz9VXrq+rSTbAIIlo6VVB3xW5cVrCt0GmHTJqxoZnMmNwRynR+ixv/ihsXiroS/DGmj4WKggcCh3PuJcnnRYJrKJXerczM7Nz8QnYxt7S8srqWX99o6DBWlNVpKEJ15RHNBJesDhwEu4oUI4EnWNPrV0d985YpzUN5CYOItQNyLbnPKQETuflTZ4h9N5H7kOID4wA7w07ZTRwZp9gR7AY7viI0qZrc7+w5Q9fulNNEptjNF+xiaSz8tymgqWpu/tXphjQOmAQqiNYtuxRBOyEKOBUszTmxZhGhfXLNWsZKEjDdTsZfTPGOSbrYD5U5EvA4/bqRkEDrQeCZyYBAT//sRuFvXSsG/6SdcBnFwCSdXOTHAkOIR7xwlytGQQyMIVRx81ZMe8QgAUM19z8IjXLRPizaF0eFytkURxZtoW20i2x0jCroHNVQHVF0hx7QE3q27q1H68V6m4xmrOnOJvom6+MTR5Oi5w==</latexit>

µ⇤
L

<latexit sha1_base64="sOhqGrVtsyPYbtxdDvxYCKk0ROM=">AAAB8HicjVDLSgNBEOz1GeMr6tHLYBDEQ8iqoMegFw8eIpiHJGuYnfQmQ2Zml5lZISz5Ci8eFPHq53jzb5w8DioKFjQUVd10d4WJ4MaWyx/e3PzC4tJybiW/ura+sVnY2q6bONUMaywWsW6G1KDgCmuWW4HNRCOVocBGOLgY+4171IbH6sYOEwwk7SkecUatk27bMr077GRXo06h6JfKE5C/SRFmqHYK7+1uzFKJyjJBjWn55cQGGdWWM4GjfDs1mFA2oD1sOaqoRBNkk4NHZN8pXRLF2pWyZKJ+ncioNGYoQ9cpqe2bn95Y/M1rpTY6CzKuktSiYtNFUSqIjcn4e9LlGpkVQ0co09zdSlifasqsyyj/vxDqRyX/uORfnxQr57M4crALe3AAPpxCBS6hCjVgIOEBnuDZ096j9+K9TlvnvNnMDnyD9/YJlgaQQw==</latexit>

f̂L =

Z
a'(z)µ⇤

L(da, dz).
<latexit sha1_base64="CsPzO54abPl2CGQ1uMTcD2thWPE=">AAACFnicjVDJSgNBEO2JW4xb1KOXxiAkoiGjgl6EoBcPOUQwC2TiUNPTkzTpWejuCSRDvsKLv+LFgyJexZt/Y2c5qCj4oODxXhVV9ZyIM6lKpQ8jNTe/sLiUXs6srK6tb2Q3t+oyjAWhNRLyUDQdkJSzgNYUU5w2I0HBdzhtOL3Lsd/oUyFZGNyoQUTbPnQC5jECSkt29tDqgkq8kV3B59higcKArT6IqMvywwK2/Niu3O7nXThwh4Winc2ZxdIE+G+SQzNU7ey75YYk9mmgCAcpW2YpUu0EhGKE01HGiiWNgPSgQ1uaBuBT2U4mb43wnlZc7IVClz5son6dSMCXcuA7utMH1ZU/vbH4m9eKlXfWTlgQxYoGZLrIizlWIR5nhF0mKFF8oAkQwfStmHRBAFE6ycz/QqgfFc3jonl9kitfzOJIox20i/LIRKeojK5QFdUQQXfoAT2hZ+PeeDRejNdpa8qYzWyjbzDePgEYMZ1q</latexit>

Theorem [RCBE’19]: Then
<latexit sha1_base64="U9+3OgZFdn8GqBbVbMElZUZQdtI=">AAACFnicjVDLSgMxFM34rPVVdekmWEQ3lo4ufKykRXBZxbbCzFAymTs2NJMMSUYsQ7/Cjb/ixoUibsWdf2Nau1BR8MCFwzn3JveeMOVMm2r13ZmYnJqemS3MFecXFpeWSyurLS0zRaFJJZfqMiQaOBPQNMxwuEwVkCTk0A579aHfvgalmRQXpp9CkJArwWJGibFSp7TjC8lEBMJg38CNCeP8ogtSQYK983rtZMs9DI4G2GoC+36nVHYr1RHw36SMxmh0Sm9+JGmW2PcpJ1p7bjU1QU6UYZTDoOhnGlJCe+QKPEsFSUAH+eisAd60SoRjqWzZ/Ubq14mcJFr3k9B2JsR09U9vKP7meZmJD4KciTQzIOjnR3HGsZF4mBGOmAJqeN8SQhWzu2LaJYpQY5Ms/i+E1m7F3au4Z7vl49o4jgJaRxtoG7loHx2jU9RATUTRLbpHj+jJuXMenGfn5bN1whnPrKFvcF4/AIUjnkc=</latexit>

Ekf̂L � f⇤k2⌫  2kf⇤k1
✓
R1kf⇤k1 +R2p

L
+ �

◆

<latexit sha1_base64="dPJ+k/VbNVZ3G6f1/3hcyci2aeo="></latexit>

<latexit sha1_base64="zPLp52hUNblxLOaZ7Y9e2ZAsIno=">AAAB9HicdVBLSwMxGMzWV62vqkcvwSJ4WrJa2e2tKIjHCvYB7VKyabYNzWbXJFsoS3+HFw+KePXHePPfmG0rqOhAyDDzfWQyQcKZ0gh9WIWV1bX1jeJmaWt7Z3evvH/QUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvsr99oRKxWJxp6cJ9SM8FCxkBGsj+b0I6xHBPLue9Z1+uYJsz60htwqRbS7n3DXEq3lOzYWOjeaogCUa/fJ7bxCTNKJCE46V6joo0X6GpWaE01mplyqaYDLGQ9o1VOCIKj+bh57BE6MMYBhLc4SGc/X7RoYjpaZRYCbzkOq3l4t/ed1Uh56fMZGkmgqyeChMOdQxzBuAAyYp0XxqCCaSmayQjLDERJueSqaEr5/C/0nrzHYubHRbrdQvl3UUwRE4BqfAAS6ogxvQAE1AwD14AE/g2ZpYj9aL9boYLVjLnUPwA9bbJz0tkmw=</latexit>F1



DYNAMIC CLT FOR SHALLOW NEURAL NETWORKS

▸ This suggests                                      to obtain an efficient 
learning algorithm in  

▸ However, previous Monte-Carlo bound is static: if  

    we need to control 

� ' L�1/2, n &
p
L

<latexit sha1_base64="AMlnFjNgsyHTfWqZO091O8/tJ5c=">AAACFXicjVBJSwMxGM3UrdZt1KOXYBE81Nqpgh6LXjz0UMEu0Kklk6Y1NMlMk2+EMvRPePGvePGgiFfBm//GdDmoKPgg8HgLSV4QCW6gUPhwUnPzC4tL6eXMyura+oa7uVUzYawpq9JQhLoREMMEV6wKHARrRJoRGQhWD/rnY79+y7ThobqCYcRakvQU73JKwEptN+cLG+4Q7Bsu2QCXr5MD77A4ymGF/R7YorTWQENSHuG2m/XyhQnw3ySLZqi03Xe/E9JYMgVUEGOaXiGCVkI0cCrYKOPHhkWE9kmPNS1VRDLTSia/GuE9q3RwN9T2KMAT9WsjIdKYoQxsUhK4MT+9sfib14yhe9pKuIpiYIpOL+rGAkOIxxPhDteMghhaQqjm9q2Y3hBNKNghM/8boVbMe0d57/I4WzqbzZFGO2gX7SMPnaASukAVVEUU3aEH9ISenXvn0XlxXqfRlDPrbKNvcN4+AWaTnbg=</latexit>

F1.
<latexit sha1_base64="Gks5IEFAclR+nVWBFzqu7eHDSBc=">AAAB+HicjVDLSsNAFL2pr1ofjbp0M1gEVyFRQZdFQVxWsA9oQ5hMJ+3QySTMTIQa+iVuXCji1k9x5984SbtQUfDAhcM593IPJ0w5U9p1P6zK0vLK6lp1vbaxubVdt3d2OyrJJKFtkvBE9kKsKGeCtjXTnPZSSXEcctoNJ5eF372jUrFE3OppSv0YjwSLGMHaSIFdH8RYjwnm+dUs8BwU2A3PcUugv0kDFmgF9vtgmJAspkITjpXqe26q/RxLzQins9ogUzTFZIJHtG+owDFVfl4Gn6FDowxRlEgzQqNS/XqR41ipaRyazSKm+ukV4m9eP9PRuZ8zkWaaCjJ/FGUc6QQVLaAhk5RoPjUEE8lMVkTGWGKiTVe1/5XQOXa8E8e7OW00LxZ1VGEfDuAIPDiDJlxDC9pAIIMHeIJn6956tF6s1/lqxVrc7ME3WG+f7PySmQ==</latexit>

kf (n)
t �

Z
a'(z)µt(da, dz)k2⌫

<latexit sha1_base64="nLQRAjr09ABiN7q/VISwEjzYaEo=">AAACIHicjVBNSwMxEM36bf2qevQSLEIFLV0V9Ch68ahgbaHbLrPZrA1ms0syK9S1P8WLf8WLB0X0pr/G9OOgouCDgZf3ZsjMC1IpDFar787Y+MTk1PTMbGFufmFxqbi8cmGSTDNeY4lMdCMAw6VQvIYCJW+kmkMcSF4Pro77fv2aayMSdY7dlLdiuFQiEgzQSn5x37ulkY/tvKw2e3SbekIhBepdg047onyzSb0487EcwlbYf9y2d3xPZdQvltxKdQD6NymREU794psXJiyLuUImwZimW02xlYNGwSTvFbzM8BTYFVzypqUKYm5a+eDAHt2wSkijRNuy+w3UrxM5xMZ048B2xoAd89Pri795zQyjg1YuVJohV2z4UZRJigntp0VDoTlD2bUEmBZ2V8o6oIGhzbTwvxAudirubsU92ysdHo3imCFrZJ2UiUv2ySE5IaekRhi5Iw/kiTw7986j8+K8DlvHnNHMKvkG5+MTJCWhGg==</latexit>

f (n)
t =

1

n

X

j

aj(t)'(zj(t)) , (aj(0), zj(0)) ⇠ µ0 iid,

<latexit sha1_base64="gcMzhM8jc4S3Xp9IuBQwxw5XKE4="></latexit>

<latexit sha1_base64="Nrv75owkMjeLhTyrJDpgudjElDw=">AAAB/HicdVBLS8NAGNzUV62vaI9eFotQLyHRStJb0Ys3K9gHNKFstpt26ebB7kYIof4VLx4U8eoP8ea/cdNWUNGBZYeZ72Nnx08YFdI0P7TSyura+kZ5s7K1vbO7p+8fdEWcckw6OGYx7/tIEEYj0pFUMtJPOEGhz0jPn14Wfu+OcEHj6FZmCfFCNI5oQDGSShrqVTdEcoIRy9uzunsdkjE6Geo103Dspmk3oGmoyzqzFXGajtW0oWWYc9TAEu2h/u6OYpyGJJKYISEGlplIL0dcUszIrOKmgiQIT9GYDBSNUEiEl8/Dz+CxUkYwiLk6kYRz9ftGjkIhstBXk0VU8dsrxL+8QSoDx8tplKSSRHjxUJAyKGNYNAFHlBMsWaYIwpyqrBBPEEdYqr4qqoSvn8L/SffUsM4N86ZRa10s6yiDQ3AE6sACNmiBK9AGHYBBBh7AE3jW7rVH7UV7XYyWtOVOFfyA9vYJ13CU6Q==</latexit>

P(⌦)

<latexit sha1_base64="/epSznu365m3dPXTPR7+pZ2YHv4=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJamemu6MZlBfuQzlAyadqGJpkhyQhl6Fe4caGIWz/HnX9j+hBU9EDI4Zx7ufeeOOVMG4Q+nMLK6tr6RnGztLW9s7tX3j9o6SRThDZJwhPVibGmnEnaNMxw2kkVxSLmtB2Pr2Z++54qzRJ5ayYpjQQeSjZgBBsr3YUxVnkosmmvXEFu4NeQX4XItZ937lsS1AKv5kPPRXNUwBKNXvk97CckE1QawrHWXQ+lJsqxMoxwOi2FmaYpJmM8pF1LJRZUR/l84Sk8sUofDhJlnzRwrn7vyLHQeiJiWymwGenf3kz8y+tmZhBEOZNpZqgki0GDjEOTwNn1sM8UJYZPLMFEMbsrJCOsMDE2o5IN4etS+D9pnbnehYtuqpX65TKOIjgCx+AUeMAHdXANGqAJCBDgATyBZ0c5j86L87ooLTjLnkPwA87bJ7fCkQc=</latexit>

µ̄

<latexit sha1_base64="+5RP8EV1WkCnYyfYkSPNGyjAIKA=">AAAB9HicdVDLSgMxFM3UV62vqks3wSLUzZDRykx3RTcuK9gHtGPJpGkbmsmMSaZQhvkONy4UcevHuPNvTB+Cih643MM595KbE8ScKY3Qh5VbWV1b38hvFra2d3b3ivsHTRUlktAGiXgk2wFWlDNBG5ppTtuxpDgMOG0F46uZ35pQqVgkbvU0pn6Ih4INGMHaSH7aDZOsh+7SsjjNesUSsj23itwKRLZpzrlriFf1nKoLHRvNUQJL1HvF924/IklIhSYcK9VxUKz9FEvNCKdZoZsoGmMyxkPaMVTgkCo/nR+dwROj9OEgkqaEhnP1+0aKQ6WmYWAmQ6xH6rc3E//yOokeeH7KRJxoKsjioUHCoY7gLAHYZ5ISzaeGYCKZuRWSEZaYaJNTwYTw9VP4P2me2c6FjW4qpdrlMo48OALHoAwc4IIauAZ10AAE3IMH8ASerYn1aL1Yr4vRnLXcOQQ/YL19Av0ikkI=</latexit>

µ(n)
0

<latexit sha1_base64="YauTsAQpVGCidtSOCQu1ULsbzBA=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXQ0YrM90V3bisYB8wM5RMmrahmQfJHaEM/Qw3LhRx69e4829MH4KKHgg5nHMv994TZVJoIOTDWlldW9/YLG2Vt3d29/YrB4dtneaK8RZLZaq6EdVcioS3QIDk3UxxGkeSd6Lx9czv3HOlRZrcwSTjYUyHiRgIRsFIfhBRVQRxPu1Br1IltufWiVvDxDafc+Ea4tU9p+5ixyZzVNESzV7lPeinLI95AkxSrX2HZBAWVIFgkk/LQa55RtmYDrlvaEJjrsNivvIUnxqljwepMi8BPFe/dxQ01noSR6YypjDSv72Z+Jfn5zDwwkIkWQ48YYtBg1xiSPHsftwXijOQE0MoU8LsitmIKsrApFQ2IXxdiv8n7XPbubTJba3auFrGUULH6ASdIQe5qIFuUBO1EEMpekBP6NkC69F6sV4XpSvWsucI/YD19glJg5Hu</latexit>

µ̄t

<latexit sha1_base64="Hn0W/NWxu0FMsahGNetD4oCJIS0=">AAAB9HicdVDLSgMxFM3UV62vqks3wSLUzTCjlZnuim5cVrAPaMeSSdM2NMmMSaZQhvkONy4UcevHuPNvTB+Cih643MM595KbE8aMKu04H1ZuZXVtfSO/Wdja3tndK+4fNFWUSEwaOGKRbIdIEUYFaWiqGWnHkiAeMtIKx1czvzUhUtFI3OppTAKOhoIOKEbaSEHa5UnW03dpWZxmvWLJsX2v6ngV6NimueeeIX7Vd6sedG1njhJYot4rvnf7EU44ERozpFTHdWIdpEhqihnJCt1EkRjhMRqSjqECcaKCdH50Bk+M0oeDSJoSGs7V7xsp4kpNeWgmOdIj9dubiX95nUQP/CClIk40EXjx0CBhUEdwlgDsU0mwZlNDEJbU3ArxCEmEtcmpYEL4+in8nzTPbPfCdm4qpdrlMo48OALHoAxc4IEauAZ10AAY3IMH8ASerYn1aL1Yr4vRnLXcOQQ/YL19AmXZkoY=</latexit>

µ(n)
t



DYNAMIC CLT FOR SHALLOW NEURAL NETWORKS

▸ This suggests                                      to obtain an efficient 
learning algorithm in  

▸ However, previous Monte-Carlo bound is static: if  

    we need to control  

‣ Extends finite horizon CLT bounds from [Braun & Hepp,’70s] (also 
[Spilopoulos’19, De Bortoli et al.’20]) using Volterra systems. 
[Chizat’19] establishes zero fluctuations on sparse well-conditioned. 

‣ Fluctuations vanish at the MC scale in the interpolating, 
unregularised regime. 

� ' L�1/2, n &
p
L

<latexit sha1_base64="AMlnFjNgsyHTfWqZO091O8/tJ5c=">AAACFXicjVBJSwMxGM3UrdZt1KOXYBE81Nqpgh6LXjz0UMEu0Kklk6Y1NMlMk2+EMvRPePGvePGgiFfBm//GdDmoKPgg8HgLSV4QCW6gUPhwUnPzC4tL6eXMyura+oa7uVUzYawpq9JQhLoREMMEV6wKHARrRJoRGQhWD/rnY79+y7ThobqCYcRakvQU73JKwEptN+cLG+4Q7Bsu2QCXr5MD77A4ymGF/R7YorTWQENSHuG2m/XyhQnw3ySLZqi03Xe/E9JYMgVUEGOaXiGCVkI0cCrYKOPHhkWE9kmPNS1VRDLTSia/GuE9q3RwN9T2KMAT9WsjIdKYoQxsUhK4MT+9sfib14yhe9pKuIpiYIpOL+rGAkOIxxPhDteMghhaQqjm9q2Y3hBNKNghM/8boVbMe0d57/I4WzqbzZFGO2gX7SMPnaASukAVVEUU3aEH9ISenXvn0XlxXqfRlDPrbKNvcN4+AWaTnbg=</latexit>

F1.
<latexit sha1_base64="Gks5IEFAclR+nVWBFzqu7eHDSBc=">AAAB+HicjVDLSsNAFL2pr1ofjbp0M1gEVyFRQZdFQVxWsA9oQ5hMJ+3QySTMTIQa+iVuXCji1k9x5984SbtQUfDAhcM593IPJ0w5U9p1P6zK0vLK6lp1vbaxubVdt3d2OyrJJKFtkvBE9kKsKGeCtjXTnPZSSXEcctoNJ5eF372jUrFE3OppSv0YjwSLGMHaSIFdH8RYjwnm+dUs8BwU2A3PcUugv0kDFmgF9vtgmJAspkITjpXqe26q/RxLzQins9ogUzTFZIJHtG+owDFVfl4Gn6FDowxRlEgzQqNS/XqR41ipaRyazSKm+ukV4m9eP9PRuZ8zkWaaCjJ/FGUc6QQVLaAhk5RoPjUEE8lMVkTGWGKiTVe1/5XQOXa8E8e7OW00LxZ1VGEfDuAIPDiDJlxDC9pAIIMHeIJn6956tF6s1/lqxVrc7ME3WG+f7PySmQ==</latexit>

f (n)
t =

1

n

X

j

aj(t)'(zj(t)) , (aj(0), zj(0)) ⇠ µ0 iid,

<latexit sha1_base64="gcMzhM8jc4S3Xp9IuBQwxw5XKE4="></latexit>

kf (n)
t �

Z
a'(z)µt(da, dz)k2⌫

<latexit sha1_base64="nLQRAjr09ABiN7q/VISwEjzYaEo=">AAACIHicjVBNSwMxEM36bf2qevQSLEIFLV0V9Ch68ahgbaHbLrPZrA1ms0syK9S1P8WLf8WLB0X0pr/G9OOgouCDgZf3ZsjMC1IpDFar787Y+MTk1PTMbGFufmFxqbi8cmGSTDNeY4lMdCMAw6VQvIYCJW+kmkMcSF4Pro77fv2aayMSdY7dlLdiuFQiEgzQSn5x37ulkY/tvKw2e3SbekIhBepdg047onyzSb0487EcwlbYf9y2d3xPZdQvltxKdQD6NymREU794psXJiyLuUImwZimW02xlYNGwSTvFbzM8BTYFVzypqUKYm5a+eDAHt2wSkijRNuy+w3UrxM5xMZ048B2xoAd89Pri795zQyjg1YuVJohV2z4UZRJigntp0VDoTlD2bUEmBZ2V8o6oIGhzbTwvxAudirubsU92ysdHo3imCFrZJ2UiUv2ySE5IaekRhi5Iw/kiTw7986j8+K8DlvHnNHMKvkG5+MTJCWhGg==</latexit>

lim
t!1

lim
n!1

nEkf (n)
t � f(t)k2⌫ = C < 1
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Theorem: [BCRV’19] Under Mean Field global convergence assumptions, it
holds
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NUMERICAL EXPERIMENTS: TEACHER-STUDENT SETUP

▸ We verify scale of fluctuations at or below MC.
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Theorem [DB’20]: The F1 regularised ERM using ReLU
units only admits atomic minimisers, and the functional E [µ]
is locally strongly convex.



TOWARDS FINITE-WIDTH GUARANTEES

▸ The previous CLT results are qualitative (limit of infinitely wide 
networks). 

▸ For shallow ReLU networks, we can strengthen to finite-width 
guarantees by leveraging fine-grained ReLU structure.  

▸ Leveraging results from [Chizat’19] we can provide guarantees for 
finite width (albeit still exponential in dimension).  

▸ ERM is reduced to a finite-dimensional linear program.

<latexit sha1_base64="IvDTls/Vth3Swu9BxPI6tyL9RT8="></latexit>

Theorem [DB’20]: The F1 regularised ERM using ReLU
units only admits atomic minimisers, and the functional E [µ]
is locally strongly convex.
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BEYOND VARIATION-NORM SPACES: DEPTH SEPARATION

▸ Functions in       are expressed as sparse sums of ridge 
functions.  

▸ Which function classes are not well approximated in       , but 
are approximable/learnable by deeper architectures 
efficiently? 
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BEYOND VARIATION-NORM SPACES: DEPTH SEPARATION

▸ Functions in       are expressed as sparse sums of ridge 
functions.  

▸ Which function classes are not well approximated in       , but 
are approximable/learnable by deeper architectures 
efficiently?  

▸ [Eldan, Shamir, Telgarski, Safran, Daniely] construct oscillatory 
functions with depth-separation. Provably require              
width for shallow model, but               for deeper neural 
network.  

▸ Constructions are inherently low-dimensional, e.g.  

▸ Towards more “natural” function separations?
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f(x) = g(kxk).



BEYOND VARIATION-NORM SPACES: DEPTH SEPARATION

▸ Inhomogeneous case: Approximation lower bounds for piece-
wise oscillatory functions under heavy-tailed data distributions:  

▸ Efficient approximation with depth-three ReLU networks. 
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Theorem [BJV’20]: Let g(x) = exp{ih!d, ⇢(Ux + b)i} with k!dk = ⇥(d3),
and ⇢(t) = max(0, t). Let µ a heavy-tailed distribution, and RM the class
of shallow neural networks with M hidden units. Then
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Eµ|f(x)� g(x)|2

Eµ|g(x)|2
� 1�M�dpoly(d) with � < 1 .



BEYOND VARIATION-NORM SPACES: DEPTH SEPARATION

▸ Inhomogeneous case: Approximation lower bounds for piece-
wise oscillatory functions under heavy-tailed data distributions:  

▸ Efficient approximation with depth-three ReLU networks.  

▸ Homogeneous case: Approximation upper bounds for arbitrary 
ReLU networks on the sphere with shallow networks: 

▸ Rate is not cursed in     (but cursed in depth     and in       ). 
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Theorem [BJV’20]: Let g(x) = aD+1⇢(AD⇢(. . . ⇢(A1x))) be a
depth-D ReLU network, with supkxk=1 g(x) = 1. Then
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BEYOND VARIATION-NORM SPACES: DEPTH SEPARATION

▸ Inhomogeneous case: Approximation lower bounds for piece-
wise oscillatory functions under heavy-tailed data distributions:  

▸ Efficient approximation with depth-three ReLU networks.  

▸ Homogeneous case: Approximation upper bounds for arbitrary 
ReLU networks on the sphere with shallow networks: 

▸ Rate is not cursed in     (but cursed in depth     and in       ). 

▸ Open: close the gap between lower and upper bounds. 
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▸ So far, we have considered the fully-connected setting with 
generic d-dimensional inputs.



LEARNING UNDER SYMMETRY

▸ So far, we have considered the fully-connected setting with 
generic d-dimensional inputs. 

▸ Simple framework to study symmetries: permutation-invariant 
functions:   

▸ E.g particle interaction systems, 3d point-clouds.
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LEARNING UNDER SYMMETRY

▸ So far, we have considered the fully-connected setting with 
generic d-dimensional inputs. 

▸ Simple framework to study symmetries: permutation-invariant 
functions:   

▸ E.g particle interaction systems, 3d point-clouds.  

▸ Input Embedding into          :  

▸ Under appropriate regularity,    extended to  

▸ Input domain is not-Euclidean, infinite-dimensional.  

▸ Functional neural spaces?
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P(⌦)

<latexit sha1_base64="jnpI0k72LmXRd/zZm5KT9FvC8gs="></latexit>

(x1, . . . , xk) ! µ(k) =
1

k

kX

j=1

�xj .

<latexit sha1_base64="DGLdponeGTYrVvVAcuC45PMQzac=">AAAB6HicdVDLSgMxFL3js9ZX1aWbYBFcDRmtzHRXdOOyBfuAdiiZNNPGZh4kGaEM/QI3LhRx6ye5829MH4KKHgg5nHMv994TpIIrjfGHtbK6tr6xWdgqbu/s7u2XDg5bKskkZU2aiER2AqKY4DFraq4F66SSkSgQrB2Mr2d++55JxZP4Vk9S5kdkGPOQU6KN1Aj7pTK2PbeK3QrCtvmcC9cQr+o5VRc5Np6jDEvU+6X33iChWcRiTQVRquvgVPs5kZpTwabFXqZYSuiYDFnX0JhETPn5fNEpOjXKAIWJNC/WaK5+78hJpNQkCkxlRPRI/fZm4l9eN9Oh5+c8TjPNYroYFGYC6QTNrkYDLhnVYmIIoZKbXREdEUmoNtkUTQhfl6L/Sevcdi5t3KiUa1fLOApwDCdwBg64UIMbqEMTKDB4gCd4tu6sR+vFel2UrljLniP4AevtE2KvjVY=</latexit>

f
<latexit sha1_base64="QtIGpZZI4K5rOtmAaMF0qOlhAPs="></latexit>

f : P(⌦) ! R.

<latexit sha1_base64="PFjzht9zgr+CaKp2J/mY14VDqng="></latexit>

f(x⇡(1), . . . , x⇡(k)) = f(x1, . . . , xk) 8 k, xj 2 ⌦,⇡ 2 Sk.



LEARNING UNDER SYMMETRY

▸ A “neuron” is now a ridge function  

▸ Input “weights”      are now test functions. 

<latexit sha1_base64="ouRXCK74DyAmQgWpho2XjeHxGF8="></latexit>

'(µ, ✓) = a�(hµ,�i), a 2 R,� : ⌦ ! R, hµ,�i =
Z

⌦
�(u)µ(du).

<latexit sha1_base64="f782O4EpiHiAWcBK4YMdcCmWTXw="></latexit>

'(·, ✓) : P(⌦) ! R

<latexit sha1_base64="63T7lleGp10wKaQZutdhOxvJZHs=">AAAB63icdVDLSgMxFM34rPVVdekmWARXQ0YrM90V3bisYB/QDiWTZtrQJDMkGaEM/QU3LhRx6w+582/MtBVU9EDI4Zx7ufeeKOVMG4Q+nJXVtfWNzdJWeXtnd2+/cnDY1kmmCG2RhCeqG2FNOZO0ZZjhtJsqikXEaSeaXBd+554qzRJ5Z6YpDQUeSRYzgk0h9dMxG1SqyA38OvJrELn28y58S4J64NV96LlojipYojmovPeHCckElYZwrHXPQ6kJc6wMI5zOyv1M0xSTCR7RnqUSC6rDfL7rDJ5aZQjjRNknDZyr3ztyLLSeishWCmzG+rdXiH95vczEQZgzmWaGSrIYFGccmgQWh8MhU5QYPrUEE8XsrpCMscLE2HjKNoSvS+H/pH3uepcuuq1VG1fLOErgGJyAM+ABHzTADWiCFiBgDB7AE3h2hPPovDivi9IVZ9lzBH7AefsEqzeOqw==</latexit>

�



LEARNING UNDER SYMMETRY

▸ A “neuron” is now a ridge function  

▸ Input “weights”      are now test functions.  

▸ Shallow invariant neural network: 

▸ Integral representation:

<latexit sha1_base64="ouRXCK74DyAmQgWpho2XjeHxGF8="></latexit>

'(µ, ✓) = a�(hµ,�i), a 2 R,� : ⌦ ! R, hµ,�i =
Z

⌦
�(u)µ(du).

<latexit sha1_base64="f782O4EpiHiAWcBK4YMdcCmWTXw="></latexit>

'(·, ✓) : P(⌦) ! R

<latexit sha1_base64="63T7lleGp10wKaQZutdhOxvJZHs=">AAAB63icdVDLSgMxFM34rPVVdekmWARXQ0YrM90V3bisYB/QDiWTZtrQJDMkGaEM/QU3LhRx6w+582/MtBVU9EDI4Zx7ufeeKOVMG4Q+nJXVtfWNzdJWeXtnd2+/cnDY1kmmCG2RhCeqG2FNOZO0ZZjhtJsqikXEaSeaXBd+554qzRJ5Z6YpDQUeSRYzgk0h9dMxG1SqyA38OvJrELn28y58S4J64NV96LlojipYojmovPeHCckElYZwrHXPQ6kJc6wMI5zOyv1M0xSTCR7RnqUSC6rDfL7rDJ5aZQjjRNknDZyr3ztyLLSeishWCmzG+rdXiH95vczEQZgzmWaGSrIYFGccmgQWh8MhU5QYPrUEE8XsrpCMscLE2HjKNoSvS+H/pH3uepcuuq1VG1fLOErgGJyAM+ABHzTADWiCFiBgDB7AE3h2hPPovDivi9IVZ9lzBH7AefsEqzeOqw==</latexit>

�

<latexit sha1_base64="DedEZzBNUL7qv9pXajsJ6CVhwXY="></latexit>

f(µ,�) =

Z

D
'(µ,�)�(d�)

<latexit sha1_base64="pkAm4NCcTbI3G5fDqsph+m9d+0M="></latexit>

D = domain of test functions in ⌦,
<latexit sha1_base64="F6Coejqw9NaXrLJYlg4pAGKM+Es="></latexit>

� 2 M(D) Radon Measure over D.

<latexit sha1_base64="In72K3nGBt9ZnWMKivsB7Twtl7U="></latexit>

f(µ,⇥) =
1

n

nX

i=1

ai'(µ,�i).



LEARNING UNDER SYMMETRY

▸ A “neuron” is now a ridge function  

▸ Input “weights”      are now test functions.  

▸ Shallow invariant neural network: 

▸ Integral representation: 

▸ Different over-parametrised regimes as in fully connected 
case?

<latexit sha1_base64="ouRXCK74DyAmQgWpho2XjeHxGF8="></latexit>

'(µ, ✓) = a�(hµ,�i), a 2 R,� : ⌦ ! R, hµ,�i =
Z

⌦
�(u)µ(du).

<latexit sha1_base64="f782O4EpiHiAWcBK4YMdcCmWTXw="></latexit>

'(·, ✓) : P(⌦) ! R

<latexit sha1_base64="63T7lleGp10wKaQZutdhOxvJZHs=">AAAB63icdVDLSgMxFM34rPVVdekmWARXQ0YrM90V3bisYB/QDiWTZtrQJDMkGaEM/QU3LhRx6w+582/MtBVU9EDI4Zx7ufeeKOVMG4Q+nJXVtfWNzdJWeXtnd2+/cnDY1kmmCG2RhCeqG2FNOZO0ZZjhtJsqikXEaSeaXBd+554qzRJ5Z6YpDQUeSRYzgk0h9dMxG1SqyA38OvJrELn28y58S4J64NV96LlojipYojmovPeHCckElYZwrHXPQ6kJc6wMI5zOyv1M0xSTCR7RnqUSC6rDfL7rDJ5aZQjjRNknDZyr3ztyLLSeishWCmzG+rdXiH95vczEQZgzmWaGSrIYFGccmgQWh8MhU5QYPrUEE8XsrpCMscLE2HjKNoSvS+H/pH3uepcuuq1VG1fLOErgGJyAM+ABHzTADWiCFiBgDB7AE3h2hPPovDivi9IVZ9lzBH7AefsEqzeOqw==</latexit>

�

<latexit sha1_base64="DedEZzBNUL7qv9pXajsJ6CVhwXY="></latexit>

f(µ,�) =

Z

D
'(µ,�)�(d�)

<latexit sha1_base64="pkAm4NCcTbI3G5fDqsph+m9d+0M="></latexit>

D = domain of test functions in ⌦,
<latexit sha1_base64="F6Coejqw9NaXrLJYlg4pAGKM+Es="></latexit>

� 2 M(D) Radon Measure over D.

<latexit sha1_base64="In72K3nGBt9ZnWMKivsB7Twtl7U="></latexit>

f(µ,⇥) =
1

n

nX

i=1

ai'(µ,�i).



LEARNING UNDER SYMMETRY

▸ Hierarchy of functional spaces for learning: 

▸                          By Jensen.
<latexit sha1_base64="H0bz61vnpnKqElVN429e9ubz/Vo=">AAACI3icdVDLSsNAFJ3UV62vqEs3g0VwFZK2ktRV0Y3LivYBTQiT6bQdOnkwMxFK6L+48VfcuFCKGxf+i5O2gko9MMzhnHu5954gYVRI0/zQCmvrG5tbxe3Szu7e/oF+eNQWccoxaeGYxbwbIEEYjUhLUslIN+EEhQEjnWB8nfudB8IFjaN7OUmIF6JhRAcUI6kkX790QyRHGLHsbupXoSvSQBAJf6qVlaoFfb1sGo5dN+0aNA31WVVbEafuWHUbWoY5Rxks0fT1mduPcRqSSGKGhOhZZiK9DHFJMSPTkpsKkiA8RkPSUzRCIRFeNr9xCs+U0oeDmKsXSThXf3ZkKBRiEgaqMt9S/PVycZXXS+XA8TIaJakkEV4MGqQMyhjmgcE+5QRLNlEEYU7VrhCPEEdYqlhLKoTvS+H/pF0xrAvDvK2VG1fLOIrgBJyCc2ABGzTADWiCFsDgETyDV/CmPWkv2kx7X5QWtGXPMfgF7fML7galFQ==</latexit>

S3 ⇢ S2 ⇢ S1

<latexit sha1_base64="DOtbL+CA0XsrUq0mkO5KZG0aE24="></latexit>

S2 =

⇢
D = {�; k�kF2  1}, f =

Z

D
'd�; k�kTV < 1

�

<latexit sha1_base64="EHq5YWi0ILpR7ULXgLd9WGj2XD8="></latexit>

S1 =

⇢
D = {�; k�kF1  1}, f =

Z

D
'd�; k�kTV < 1

�

<latexit sha1_base64="fXUoX5E5gHVmaE+xb6KAIa2Zhkg="></latexit>

S3 =

⇢
D = {�; k�kF2  1}, f =

Z

D
'g(�)d�0; kgkL2(D,d�0) < 1

�



LEARNING UNDER SYMMETRY

▸ Hierarchy of functional spaces for learning: 

▸                          By Jensen. 

▸ Universal approximators of symmetric functions.  

▸ Implemented with two-hidden layer neural networks using 
random feature kernel expansions:

<latexit sha1_base64="H0bz61vnpnKqElVN429e9ubz/Vo=">AAACI3icdVDLSsNAFJ3UV62vqEs3g0VwFZK2ktRV0Y3LivYBTQiT6bQdOnkwMxFK6L+48VfcuFCKGxf+i5O2gko9MMzhnHu5954gYVRI0/zQCmvrG5tbxe3Szu7e/oF+eNQWccoxaeGYxbwbIEEYjUhLUslIN+EEhQEjnWB8nfudB8IFjaN7OUmIF6JhRAcUI6kkX790QyRHGLHsbupXoSvSQBAJf6qVlaoFfb1sGo5dN+0aNA31WVVbEafuWHUbWoY5Rxks0fT1mduPcRqSSGKGhOhZZiK9DHFJMSPTkpsKkiA8RkPSUzRCIRFeNr9xCs+U0oeDmKsXSThXf3ZkKBRiEgaqMt9S/PVycZXXS+XA8TIaJakkEV4MGqQMyhjmgcE+5QRLNlEEYU7VrhCPEEdYqlhLKoTvS+H/pF0xrAvDvK2VG1fLOIrgBJyCc2ABGzTADWiCFsDgETyDV/CmPWkv2kx7X5QWtGXPMfgF7fML7galFQ==</latexit>

S3 ⇢ S2 ⇢ S1

<latexit sha1_base64="rUbAw/uXWmP5JYJUrTi6yDhJGlQ="></latexit>

First Layer Second Layer Third Layer
S1 Trained Trained Trained
S2 Frozen Trained Trained
S3 Frozen Frozen Trained

<latexit sha1_base64="DOtbL+CA0XsrUq0mkO5KZG0aE24="></latexit>

S2 =

⇢
D = {�; k�kF2  1}, f =

Z

D
'd�; k�kTV < 1

�

<latexit sha1_base64="EHq5YWi0ILpR7ULXgLd9WGj2XD8="></latexit>

S1 =

⇢
D = {�; k�kF1  1}, f =

Z

D
'd�; k�kTV < 1

�

<latexit sha1_base64="fXUoX5E5gHVmaE+xb6KAIa2Zhkg="></latexit>

S3 =

⇢
D = {�; k�kF2  1}, f =

Z

D
'g(�)d�0; kgkL2(D,d�0) < 1

�



LEARNING UNDER SYMMETRY

▸ Hierarchy of functional spaces for learning: 

▸ Approximation lower bounds and generalization guarantees: 

▸ Open: optimization guarantees. 

<latexit sha1_base64="DOtbL+CA0XsrUq0mkO5KZG0aE24="></latexit>

S2 =

⇢
D = {�; k�kF2  1}, f =

Z

D
'd�; k�kTV < 1

�

<latexit sha1_base64="EHq5YWi0ILpR7ULXgLd9WGj2XD8="></latexit>

S1 =

⇢
D = {�; k�kF1  1}, f =

Z

D
'd�; k�kTV < 1

�

<latexit sha1_base64="JQ69zrMAG1j7n9XTBXNr6GFRjo8="></latexit>

inf
kfkS2�

|f1 � f |1 &
���d�1 � �2�d/2

��� .

<latexit sha1_base64="IwIINJgI8CGVHGMYiUnpF8gSefU="></latexit>

Theorem [BZ’20]: For ReLU activations, there exists f1
with kf1kS1  1 such that

<latexit sha1_base64="eb3tD0WqvSk33TiOuKS9mzX5FOo="></latexit>

E sup
kfkS1�

�����Eµ⇠D`(f
⇤(µ), f(µ))� 1

L

LX

i=1

`(f⇤(µi), f(µi))

����� .
�(1 + �)p

L
.

<latexit sha1_base64="c6LJM4qt1kz+Mgn1GgZD/K6e1+s="></latexit>

Moreover, assuming bounded feature domain ⌦, we have

<latexit sha1_base64="6x5GjlhwrCoOdHjcb1rl/BNKfu8=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQF4akKkl3RTcuK9gHtKFMJpN26OTBzEQsob/ixoUibv0Rd/6Nk7SCih4Y5nDOvXfuHC9hVEjT/NBKK6tr6xvlzcrW9s7unr5f7Yo45Zh0cMxi3veQIIxGpCOpZKSfcIJCj5GeN73K/d4d4YLG0a2cJcQN0TiiAcVIKmmkV+s+SeTkVJAE8UI7Gek103DspmmfQ9NQl3VmK+I0HatpQ8swC9TAEu2R/j70Y5yGJJKYISEGlplIN0NcUszIvDJM8+l4isZkoGiEQiLcrNh9Do+V4sMg5upEEhbq944MhULMQk9VhkhOxG8vF//yBqkMHDejUZJKEuHFQ0HKoIxhHgT0KSdYspkiCHOqdoV4ojLAUsVVUSF8/RT+T7oNw7owzJtGrXW5jKMMDsERqAML2KAFrkEbdAAG9+ABPIFnba49ai/a66K0pC17DsAPaG+fNeSUkg==</latexit>

(depth-separation)

<latexit sha1_base64="xCkPq8tsJFApwEk0K5qDHGwhJ3s=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFqJthpioz3RXduKxgH9AOJZPetqGZzJBkhFq68VfcuFDErZ/hzr8xfQgqeuByD+fcS3JPmHCmtON8WJml5ZXVtex6bmNza3snv7tXV3EqKdRozGPZDIkCzgTUNNMcmokEEoUcGuHwcuo3bkEqFosbPUogiEhfsB6jRBupkz8o9kGAJJzdzRQcxqnoqpNOvuDYvld2vDPs2Ka5p54hftl3yx52bWeGAlqg2sm/t7sxTSMQmnKiVMt1Eh2MidSMcpjk2qmChNAh6UPLUEEiUMF4dsAEHxuli3uxNCU0nqnfN8YkUmoUhWYyInqgfntT8S+vleqeH4yZSFINgs4f6qUc6xhP08BdJoFqPjKEUMnMXzEdEEmoNpnlTAhfl+L/Sb1ku+e2c10qVC4WcWTRITpCReQiD1XQFaqiGqJogh7QE3q27q1H68V6nY9mrMXOPvoB6+0TN4OW0w==</latexit>

(generalization bounds)

<latexit sha1_base64="fXUoX5E5gHVmaE+xb6KAIa2Zhkg="></latexit>

S3 =

⇢
D = {�; k�kF2  1}, f =

Z

D
'g(�)d�0; kgkL2(D,d�0) < 1

�



CURRENT AND OPEN PROBLEMS

▸ Beyond Variation Spaces: Depth-separation 

▸ What is the functional space associated to deep architectures 
beyond feature selection? GD optimization in such space?  

▸ Links with dynamical systems. 

▸ Mean-field formulation is informative in the single-hidden 
layer model.  

▸ Extension to deep architectures (ResNet).  Geometric networks 
(CNN,GNN)? 

▸ Polynomial finite width guarantees for typical instances?  

▸ Beyond vanilla gradient descent (adagrad, etc.) ? Role of 
time-discretization?
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“Global Convergence of Neuron birth-death dynamics”, Rotskoff, Jelassi, Bruna, Vanden-
Eijnden https://arxiv.org/abs/1902.01843 (ICML’19) 

“A dynamical CLT for shallow Neural Networks”, Rotskoff, Chen, Bruna, Vanden-Eijnden 
https://arxiv.org/abs/2008.09623  (NeurIPS’20)  

“Depth Separation for high-dimensional ReLU networks”, Bruna, Jelassi, Venturi, in prep. 20.  

“On Sparsity for Overparametrised ReLU Networks”, Jaume de Dios, Bruna, https://arxiv.org/
abs/2006.10225 preprint 2020.  

“A Functional Perspective on Learning Symmetric Functions with Neural Networks”, A. Zweig, 
Bruna, https://arxiv.org/abs/2008.06952 preprint 2020.  

“A mean-field analysis of two-player zero-sum games”, C. Domingo-Enrich, S. Jelassi, A. 
Mensch, G. Rotskoff, J Bruna, https://arxiv.org/abs/2002.06277 NeurIPS’20 
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▸ Wasserstein-Fisher-Rao dynamics can also be used to study 
equilibria in games.  

▸ Canonical setup: finding mixed strategies in two player zero-
sum game:

L[µx, µy] =

Z

X⇥Y
`(x, y)µx(dx)µy(dy) .

<latexit sha1_base64="fJEmikIfyEZM72UXmt5kspBEDLA="></latexit>

X ,Y: compact spaces

<latexit sha1_base64="3H/xyVD/037nmR+nOhLHfdRRZG8=">AAACFHicdVDLSgMxFM34rPU16tJNsBUEpcyU0lZXBTddVrAPaYeSSTNtaCYzJBmhDPMRbvwVNy4UcevCnX9jpq3i80DCybmP3HvckFGpLOvNWFhcWl5Zzaxl1zc2t7bNnd2WDCKBSRMHLBAdF0nCKCdNRRUjnVAQ5LuMtN3xeRpvXxMhacAv1SQkjo+GnHoUI6Wlvnmc7/lIjTBicSc5gZ+PqyR/BnHghwgrKPVNJOybOatwWi1XylX4m9gFa4ocmKPRN197gwBHPuEKMyRl17ZC5cRIKIoZSbK9SBLdeoyGpKspRz6RTjxdKoGHWhlALxD6cAWn6teKGPlSTnxXZ6ZDy5+xVPwr1o2UV3ViysNIEY5nH3kRgyqAqUNwQAXBik00QVhQPSvEIyS0EdrHrDbhY1P4P2kVC3apULoo5mr1uR0ZsA8OwBGwQQXUQB00QBNgcAPuwAN4NG6Ne+PJeJ6lLhjzmj3wDcbLO34Inok=</latexit>

`(x, y) smooth

<latexit sha1_base64="oXGWZC0GG4AocaZrsIg6qLm+FUg=">AAAB+3icdVDLSsNAFJ3UV62vWJduBluhgoSklLbuCm66rGAf0IYymU7aoZNMmJlIQ+ivuHGhiFt/xJ1/4/Qh+Dxw4XDOvdx7jxcxKpVtvxuZjc2t7Z3sbm5v/+DwyDzOdySPBSZtzBkXPQ9JwmhI2ooqRnqRICjwGOl60+uF370jQlIe3qokIm6AxiH1KUZKS0MzXxwQxkqzy+SiCGXAuZoMzYJtXdWrtWod/iaOZS9RAGu0hubbYMRxHJBQYYak7Dt2pNwUCUUxI/PcIJYkQniKxqSvaYgCIt10efscnmtlBH0udIUKLtWvEykKpEwCT3cGSE3kT28h/uX1Y+XX3ZSGUaxIiFeL/JhBxeEiCDiigmDFEk0QFlTfCvEECYSVjiunQ/j8FP5POmXLqViVm3Kh0VzHkQWn4AyUgANqoAGaoAXaAIMZuAeP4MmYGw/Gs/Gyas0Y65kT8A3G6wc1nZP3</latexit>

µx, µy: players strategy distribution

<latexit sha1_base64="AmtSghrUOhU8w7Wd6FM9AJbCOK8=">AAACFnicdVDLSgMxFM3UV62vqks3wVZwoWWmlLa6KrjpsoJ9QDuUTJppQzMPkjviUPoVbvwVNy4UcSvu/BszbQWfF0IO557Lvec4oeAKTPPdSC0tr6yupdczG5tb2zvZ3b2WCiJJWZMGIpAdhygmuM+awEGwTigZ8RzB2s74Ium3r5lUPPCvIA6Z7ZGhz11OCWiqnz3N97yof3OCky/On+NQkFjrsQJJgA1jPNBHSO5Ec33OLJxVy5VyFf8GVsGcVQ4tqtHPvvUGAY085gMVRKmuZYZgT4gETgWbZnqRYiGhYzJkXQ194jFlT2a2pvhIMwPsBlI/H/CM/ToxIZ5SsedopUdgpH72EvKvXjcCt2pPuB9GwHw6X+RGAkOAk4y0ZckoiMQ7oZLrWzEdEUko6GQyOoRPp/h/0CoWrFKhdFnM1eqLONLoAB2iY2ShCqqhOmqgJqLoFt2jR/Rk3BkPxrPxMpemjMXMPvpWxusH1Jif6A==</latexit>

BEYOND SUPERVISED LEARNING: COMPETITIVE 
OPTIMIZATION



BEYOND SUPERVISED LEARNING: COMPETITIVE 
OPTIMIZATION

▸ Wasserstein-Fisher-Rao dynamics can also be used to study 
equilibria in games.  

▸ Canonical setup: finding mixed strategies in two player zero-
sum game: 

▸  (mixed) Nash Equilibria:  

▸ Guaranteed to exist [Nash’50s] 

▸ Algorithms to find them in the high-dimensional setting? 

L[µx, µy] =

Z

X⇥Y
`(x, y)µx(dx)µy(dy) .

<latexit sha1_base64="fJEmikIfyEZM72UXmt5kspBEDLA="></latexit>

X ,Y: compact spaces

<latexit sha1_base64="3H/xyVD/037nmR+nOhLHfdRRZG8=">AAACFHicdVDLSgMxFM34rPU16tJNsBUEpcyU0lZXBTddVrAPaYeSSTNtaCYzJBmhDPMRbvwVNy4UcevCnX9jpq3i80DCybmP3HvckFGpLOvNWFhcWl5Zzaxl1zc2t7bNnd2WDCKBSRMHLBAdF0nCKCdNRRUjnVAQ5LuMtN3xeRpvXxMhacAv1SQkjo+GnHoUI6Wlvnmc7/lIjTBicSc5gZ+PqyR/BnHghwgrKPVNJOybOatwWi1XylX4m9gFa4ocmKPRN197gwBHPuEKMyRl17ZC5cRIKIoZSbK9SBLdeoyGpKspRz6RTjxdKoGHWhlALxD6cAWn6teKGPlSTnxXZ6ZDy5+xVPwr1o2UV3ViysNIEY5nH3kRgyqAqUNwQAXBik00QVhQPSvEIyS0EdrHrDbhY1P4P2kVC3apULoo5mr1uR0ZsA8OwBGwQQXUQB00QBNgcAPuwAN4NG6Ne+PJeJ6lLhjzmj3wDcbLO34Inok=</latexit>

`(x, y) smooth

<latexit sha1_base64="oXGWZC0GG4AocaZrsIg6qLm+FUg=">AAAB+3icdVDLSsNAFJ3UV62vWJduBluhgoSklLbuCm66rGAf0IYymU7aoZNMmJlIQ+ivuHGhiFt/xJ1/4/Qh+Dxw4XDOvdx7jxcxKpVtvxuZjc2t7Z3sbm5v/+DwyDzOdySPBSZtzBkXPQ9JwmhI2ooqRnqRICjwGOl60+uF370jQlIe3qokIm6AxiH1KUZKS0MzXxwQxkqzy+SiCGXAuZoMzYJtXdWrtWod/iaOZS9RAGu0hubbYMRxHJBQYYak7Dt2pNwUCUUxI/PcIJYkQniKxqSvaYgCIt10efscnmtlBH0udIUKLtWvEykKpEwCT3cGSE3kT28h/uX1Y+XX3ZSGUaxIiFeL/JhBxeEiCDiigmDFEk0QFlTfCvEECYSVjiunQ/j8FP5POmXLqViVm3Kh0VzHkQWn4AyUgANqoAGaoAXaAIMZuAeP4MmYGw/Gs/Gyas0Y65kT8A3G6wc1nZP3</latexit>

µx, µy: players strategy distribution

<latexit sha1_base64="AmtSghrUOhU8w7Wd6FM9AJbCOK8=">AAACFnicdVDLSgMxFM3UV62vqks3wVZwoWWmlLa6KrjpsoJ9QDuUTJppQzMPkjviUPoVbvwVNy4UcSvu/BszbQWfF0IO557Lvec4oeAKTPPdSC0tr6yupdczG5tb2zvZ3b2WCiJJWZMGIpAdhygmuM+awEGwTigZ8RzB2s74Ium3r5lUPPCvIA6Z7ZGhz11OCWiqnz3N97yof3OCky/On+NQkFjrsQJJgA1jPNBHSO5Ec33OLJxVy5VyFf8GVsGcVQ4tqtHPvvUGAY085gMVRKmuZYZgT4gETgWbZnqRYiGhYzJkXQ194jFlT2a2pvhIMwPsBlI/H/CM/ToxIZ5SsedopUdgpH72EvKvXjcCt2pPuB9GwHw6X+RGAkOAk4y0ZckoiMQ7oZLrWzEdEUko6GQyOoRPp/h/0CoWrFKhdFnM1eqLONLoAB2iY2ShCqqhOmqgJqLoFt2jR/Rk3BkPxrPxMpemjMXMPvpWxusH1Jif6A==</latexit>

<latexit sha1_base64="y9hrkX8S5Ly5YydWKFwacQJvxrM="></latexit>

(µ⇤
x, µ

⇤
y) such that

<latexit sha1_base64="Te88MS6dI5EcwkAQCf0yDxF02jo="></latexit>

8µx , L[µ⇤
x, µ

⇤
y]  L[µx, µ

⇤
y] ,

<latexit sha1_base64="NhjyWze03l2vESWDQWhIYWouyuc="></latexit>

8µy , L[µ⇤
x, µ

⇤
y] � L[µx, µy] .



BEYOND SUPERVISED LEARNING: COMPETITIVE 
OPTIMIZATION

▸ Wasserstein-Fisher-Rao dynamics can also be used to study 
equilibria in games.  

▸ Canonical setup: finding mixed strategies in two player zero-
sum game: 

▸  (mixed) Nash Equilibria:  

▸ Gradient dynamics:

L[µx, µy] =

Z

X⇥Y
`(x, y)µx(dx)µy(dy) .

<latexit sha1_base64="fJEmikIfyEZM72UXmt5kspBEDLA="></latexit>

X ,Y: compact spaces

<latexit sha1_base64="3H/xyVD/037nmR+nOhLHfdRRZG8=">AAACFHicdVDLSgMxFM34rPU16tJNsBUEpcyU0lZXBTddVrAPaYeSSTNtaCYzJBmhDPMRbvwVNy4UcevCnX9jpq3i80DCybmP3HvckFGpLOvNWFhcWl5Zzaxl1zc2t7bNnd2WDCKBSRMHLBAdF0nCKCdNRRUjnVAQ5LuMtN3xeRpvXxMhacAv1SQkjo+GnHoUI6Wlvnmc7/lIjTBicSc5gZ+PqyR/BnHghwgrKPVNJOybOatwWi1XylX4m9gFa4ocmKPRN197gwBHPuEKMyRl17ZC5cRIKIoZSbK9SBLdeoyGpKspRz6RTjxdKoGHWhlALxD6cAWn6teKGPlSTnxXZ6ZDy5+xVPwr1o2UV3ViysNIEY5nH3kRgyqAqUNwQAXBik00QVhQPSvEIyS0EdrHrDbhY1P4P2kVC3apULoo5mr1uR0ZsA8OwBGwQQXUQB00QBNgcAPuwAN4NG6Ne+PJeJ6lLhjzmj3wDcbLO34Inok=</latexit>

`(x, y) smooth

<latexit sha1_base64="oXGWZC0GG4AocaZrsIg6qLm+FUg=">AAAB+3icdVDLSsNAFJ3UV62vWJduBluhgoSklLbuCm66rGAf0IYymU7aoZNMmJlIQ+ivuHGhiFt/xJ1/4/Qh+Dxw4XDOvdx7jxcxKpVtvxuZjc2t7Z3sbm5v/+DwyDzOdySPBSZtzBkXPQ9JwmhI2ooqRnqRICjwGOl60+uF370jQlIe3qokIm6AxiH1KUZKS0MzXxwQxkqzy+SiCGXAuZoMzYJtXdWrtWod/iaOZS9RAGu0hubbYMRxHJBQYYak7Dt2pNwUCUUxI/PcIJYkQniKxqSvaYgCIt10efscnmtlBH0udIUKLtWvEykKpEwCT3cGSE3kT28h/uX1Y+XX3ZSGUaxIiFeL/JhBxeEiCDiigmDFEk0QFlTfCvEECYSVjiunQ/j8FP5POmXLqViVm3Kh0VzHkQWn4AyUgANqoAGaoAXaAIMZuAeP4MmYGw/Gs/Gyas0Y65kT8A3G6wc1nZP3</latexit>

µx, µy: players strategy distribution

<latexit sha1_base64="AmtSghrUOhU8w7Wd6FM9AJbCOK8=">AAACFnicdVDLSgMxFM3UV62vqks3wVZwoWWmlLa6KrjpsoJ9QDuUTJppQzMPkjviUPoVbvwVNy4UcSvu/BszbQWfF0IO557Lvec4oeAKTPPdSC0tr6yupdczG5tb2zvZ3b2WCiJJWZMGIpAdhygmuM+awEGwTigZ8RzB2s74Ium3r5lUPPCvIA6Z7ZGhz11OCWiqnz3N97yof3OCky/On+NQkFjrsQJJgA1jPNBHSO5Ec33OLJxVy5VyFf8GVsGcVQ4tqtHPvvUGAY085gMVRKmuZYZgT4gETgWbZnqRYiGhYzJkXQ194jFlT2a2pvhIMwPsBlI/H/CM/ToxIZ5SsedopUdgpH72EvKvXjcCt2pPuB9GwHw6X+RGAkOAk4y0ZckoiMQ7oZLrWzEdEUko6GQyOoRPp/h/0CoWrFKhdFnM1eqLONLoAB2iY2ShCqqhOmqgJqLoFt2jR/Rk3BkPxrPxMpemjMXMPvpWxusH1Jif6A==</latexit>

@tµx,t = div(r @L
@µx

)

<latexit sha1_base64="OaUhTX+vNa8cGktsrmGTYGBI4p4="></latexit>

@tµy,t = �div(r @L
@µy

)

<latexit sha1_base64="Gv8q/b4S1M/hrAxDqi6Hb9wo/tM="></latexit>

<latexit sha1_base64="y9hrkX8S5Ly5YydWKFwacQJvxrM="></latexit>

(µ⇤
x, µ

⇤
y) such that

<latexit sha1_base64="Te88MS6dI5EcwkAQCf0yDxF02jo="></latexit>

8µx , L[µ⇤
x, µ

⇤
y]  L[µx, µ

⇤
y] ,

<latexit sha1_base64="NhjyWze03l2vESWDQWhIYWouyuc="></latexit>

8µy , L[µ⇤
x, µ

⇤
y] � L[µx, µy] .



▸ Measure dynamics associated with particle gradient ascent/
descent: 

▸ We establish Global convergence to approximate Nash 
equilibria using WFR.  

▸ Similar propagation-of-chaos and robustness in high-
dimensions. 

BEYOND SUPERVISED LEARNING: COMPETITIVE 
OPTIMIZATION
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@tµx,t = div(r @L
@µx

)

<latexit sha1_base64="OaUhTX+vNa8cGktsrmGTYGBI4p4="></latexit>

@tµy,t = �div(r @L
@µy

)

<latexit sha1_base64="Gv8q/b4S1M/hrAxDqi6Hb9wo/tM="></latexit>


