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Learning Interaction Laws
<latexit sha1_base64="4nqLQTUnZPWCGhNhSD4XKsaRBjQ="></latexit>

Problem: Given observations of trajectories of a dynamical system of interact-
ing agents, learn the interaction rules.
Motivation: particle-/agent-based systems ubiquitous in Physics, Biology, so-
cial sciences, Economics, ... Beyond model-based interaction rules.
Further goals: hypothesis testing for agent-based systems; transfer learning;
agents on networks; collaborative and competitive games.
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Renewed interest in learning ODE’s and PDE’s in Applied Math and Engineer-
ing e.g. S. Osher, H. Shae↵er, N. Kutz, Y. Kevrekidis, D. Giannakis, C. Shü
tte, R. Ward...; also in the ML community, e.g. Battaglia, Tenenbaum et al.,
especially in view of applications to control/reinforcement learning.



Estimation/Learning for ODE systems

No randomness: this is an approximation problem.

Randomness: this is a statistical problem. Sources of randomness:
· initial conditions x(0) are random, e.g ⇠i.i.d µ0, a prob. meas. on RD;
· the observations are corrupted by noise.

<latexit sha1_base64="OsZ14OvJR1w58Q2C1lwlKFD+1FQ="></latexit>

Suppose we have a system driven by of ODEs in the form

ẋ(t) = f(x(t)) ,x 2 RD, f : RD ! RD

and we are given observations of positions and velocities

(x
(m)

(tl), ẋ
(m)

(tl))l=1,...,L;m=1,...,M ,

where:

· 0 = t1 < · · · < tL = T ;
· m indexes trajectories corresponding to di↵erent initial conditions at t1 = 0

Objective: construct an estimator f̂ that is close to f .
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Nonparametric regression

Given (x(m)(tl), ẋ(m)(tl))l=1,...,L;m=1,...,M , with x(m)(0) ⇠i.i.d. µ0, we want to
approximate the unknown f in ẋ(t) = f(x(t)).

Possible approach: regression. In regression one is given pairs

{(zi, f(zi) + ⌘i)}ni=1 ,with zi ⇠i.i.d. ⇢ ,

⇢ a probability measure on RD and ⌘ independent noise, and outputs an esti-
mator f̂n.
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Suppose we have a system driven by of ODEs in the form

ẋ(t) = f(x(t)) ,x 2 RD, f : RD ! RD
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(x
(m)

(tl), ẋ
(m)
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Nonparametric regression
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For a system of N agents in Rd, D = Nd is typically very large, and the rate
n� s

2s+D unsatisfactory. Further assumptions are needed for better rates.

Suppose we have a system driven by of ODEs in the form

ẋ(t) = f(x(t)) ,x 2 RD, f : RD ! RD

and we are given observations of positions and velocities

(x
(m)

(tl), ẋ
(m)

(tl))l=1,...,L;m=1,...,M ,

where:

· 0 = t1 < · · · < tL = T ;
· m indexes trajectories corresponding to di↵erent initial conditions at t1 = 0

Objective: construct an estimator f̂ that is close to f .
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Map our problem to regression? zi = x(m)
(tl) and f(zi) = ẋ(m)

(tl) (so i runs
over the product of the index sets for l and m). Warning: no independence in l.

Even if we pretended to have independence, without further assumptions on f ,
besides s-Hölder regularity, the best attainable rate is n� s

2s+D , where n = LM
(L observations in each of M trajectories) and D = Nd (N agents in Rd

).



Interesting extensions to:
- higher-order systems,
- stochastic systems,
- agents of di↵erent types,
- varying environment.
...

<latexit sha1_base64="pl+zldfcVRMaNPOASocZacLMFcc="></latexit><latexit sha1_base64="pl+zldfcVRMaNPOASocZacLMFcc="></latexit><latexit sha1_base64="pl+zldfcVRMaNPOASocZacLMFcc="></latexit><latexit sha1_base64="pl+zldfcVRMaNPOASocZacLMFcc="></latexit> Second-order prey-predator model.
Left: true trajectories; Right: trajec-
tories with learned interactions.
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Agent-based systems
Particle- and agent-based systems are driven by ODEs with special structure.

A widely used model:

ẋ(m)
i =

1

N

NX

i0=1

�(||x(m)
i � x(m)

i0 ||)(x(m)
i0 � x(m)

i )

Given observations {(xi, ẋi)}Ni=1 at di↵erent times {tl}Ll=1 and/or for di↵erent

initial conditions {x(m)
(0)}Mm=1, we want to learn the interaction kernel �.

Di↵erent limits: N ! +1 (mean-field limit, joint work with M. Fornasier and

M. Bongini), M ! +1 (joint current work with F. Lu, M. Zhong and S. Tang).
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The Mean-field limit
Rewriting

ẋi =
1

N

X

i0

�(||xi � xi0 ||)(xi0 � xi) =
1

N

X

i0

�0(||xi � xi0 ||)
||xi � xi0 ||

(xi � xi0)

we see this is the gradient flow of the energy JN (X) = 1
2N

PN
i,i0=1 �(||xi�xi0 ||).
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Considering the measure µN (t) = 1
N

PN
i=1 �xi(t), we may let N ! +1 to obtain

(under suitable regularity assumptions on �) the mean field equations

@tµ(t) = �r ·
✓✓

��0(|| · ||)
|| · || ⇤ µ(t)

◆
µ(t)

◆
, µ(0) = µ0 .

This is also a gradient flow for the energy J (µ) =
R
Rd⇥d �(||x�y||)dµ(x)dµ(y)

on the space of probability measures with Wasserstein distance.

<latexit sha1_base64="VnmzYFQVTik8w7okEMKG4A/3MOU="></latexit>

Estimation in the limit as N ! 1: studied in Inferring Interaction Rules from

Observations of Evolutive Systems I: The Variational Approach, M. Bongini, M.

Fornasier, M. Hansen, MM, published in M3S, 2017



Measures on pairwise distances

Nonparametric inference of interaction laws in systems of agents from trajectory data, 
Fei Lu, Ming Zhong, Sui Tang, and MM, P.N.A.S., 2019

Observations: {(xi, ẋi)
(m)

(tl)}N,L,M
i=1,l=1,m=1, where x(m)

(0) ⇠ µ0 for some µ0 on

Rd
. Note that each state of the system is in RdN

.

All we want however is the one-dimensional interaction kernel � in the equations

ẋ(m)
i0 (t) =

1

N

NX

i0=1

�(||x(m)
i0 (t)� x(m)

i (t)||
| {z }

r(m)

ii0 (t)

)(x(m)
i0 (t)� x(m)

i (t)) .
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For a fixed t = tl and m, we cannot solve for �(rii0): N(N �1)/2 unknowns and
only dN knowns (typically d ⌧ N). We have to leverage observations in time.

<latexit sha1_base64="lRRWaKXXEvkmN7iEenzXVafAu3I="></latexit>

At time scale [0, T ], we define the probability measure on R+:

⇢LT (r) := Ex(0)⇠µ0

1

L

LX

l=1

1�N
2

�
NX

i,i0=1,i<i0

�
r(m)

ii0 (tl)
(r) .
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� on R+

at every observed
pairwise distance
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Single large time trajectory learning
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r, pairwise distances
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Example: L-J kernel and ⇢TL
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Many short time trajectories learning

1 1.5 2 2.5 3 3.5
r, pairwise distances

-1200

-1000

-800

-600

-400

-200

0

 True
 Learned

<latexit sha1_base64="1aenJVuxpOUm5xMjserUps0x3kM="></latexit>

Example. The Lennard Jones force is the
derivative of the potential

VLJ(r) = 4✏
⇣�

�
r

�12 �
�
�
r

�6⌘
.

Right figure: In blue the LJ �,
in red an empirical estimate of ⇢LT ,
for a system of N = 7 agents.
Two cases: L, T small, and L, T large.



The estimator

For H linear subspace, this is a least squares problem (Gauss, Legendre); the
subspace serves as a regularizer.
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Consider the empirical error functional

EL,M (') :=
1

LMN

L,M,NX

l,m,i=1

��ẋ(m)
i (tl)� f'(x

(m)
i (tl))

��2 .

Our estimator is defined as a minimizer of EL,M over ' 2 H, a suitable hypoth-

esis space of functions on R+, with dim(H) = n (with n = n(M)):

�̂L,M,H := arg min
'2H

EL,M (') .
<latexit sha1_base64="x1etkuIn8sSjZ5PGdHlFjeJJqgY="></latexit>

Observations: {(x(m)
i , ẋ(m)

i )(tl)}N,L,M
I=1,l=1,m=1, for M di↵erent initial conditions

i.i.d. ⇠ µ0, from

ẋ(m)
i (t) =

1

N

X

i0

�(||x(m)
i0 (t)� x(m)

i (t)||)(x(m)
i0 (t)� x(m)

i (t)) =: f�(x
(m)
i (t)) .
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linear map applied
to unknown �



Coercivity condition

Lemma. Coercivity =) unique minimizer of limM!+1 EL,M (') over ' 2 H
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EL,M (') :=
1

LMN

L,M,NX

l,m,i=1

��ẋ(m)
i (tl)� f'(x

(m)
i (tl))

��2,

�̂L,M,H := arg min
'2H

EL,M (') .
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We shall assume that the unknown interaction kernel � is in the admissible class
KR,S := {' 2 C1(R+) : supp.' ⇢ [0, R], supr2[0,R] |'(r)|+ |'0(r)|  S}.
Coercivity condition: 8' : '(·)· 2 H, for cL,N,H

cL,N,Hk'(·) · k2L2(⇢L
T )

1

NL

L,NX

l,i=1

E
�� 1

N

NX

i0=1

'(rii0(tl))rii0(tl)
��2 .
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'� � 2 H =) cL,N,H||'(·) ·��(·) · ||2L2(⇢L
T )  EL,1('� �)

The coercivity constant cL,N,H also controls the condition number of the matrix

in the least squares problem yielding �̂L,M,H.
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Bias/variance trade-off
EL,M (') :=

1

LMN

L,M,NX

l,m,i=1

��ẋ(m)
i (tl)� f'(x

(m)
i (tl))

��2,

�̂L,M,H := arg min
'2H

EL,M (') .
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H
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L2(⇢LT )
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�
<latexit sha1_base64="YH8YoR1OUrOE79cnNfk06KX7kK0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYiJYhbtYaGERsLGMYD4gOcLeZi9Zs7e77O4J4ch/sLFQxNb/Y+e/cZNcoYkPBh7vzTAzL1KcGev7397a+sbm1nZhp7i7t39wWDo6bhmZakKbRHKpOxE2lDNBm5ZZTjtKU5xEnLaj8e3Mbz9RbZgUD3aiaJjgoWAxI9g6qVXpqRGr9Etlv+rPgVZJkJMy5Gj0S1+9gSRpQoUlHBvTDXxlwwxrywin02IvNVRhMsZD2nVU4ISaMJtfO0XnThmgWGpXwqK5+nsiw4kxkyRynQm2I7PszcT/vG5q4+swY0KllgqyWBSnHFmJZq+jAdOUWD5xBBPN3K2IjLDGxLqAii6EYPnlVdKqVYPLau2+Vq7f5HEU4BTO4AICuII63EEDmkDgEZ7hFd486b14797HonXNy2dO4A+8zx/Lr46X</latexit>

�̂
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bias

variance
PH�
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bias

variance

Pick dimH an increasing function of M ,
to attain the minimum of the sum of
bias (squared) and variance.

<latexit sha1_base64="w0wh09Hgj9PNrelbp/KwTKEEISg="></latexit>

+ coercivity
<latexit sha1_base64="9hKYDy/1zGXwaFmAIsRz73NCQI8=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoMgCOEuFlpYBGwsI5gPSI6wt5lLluztHbt7gSPkb9hYKGLrn7Hz37hJrtDEBwOP92aYmRckgmvjut9OYWNza3unuFva2z84PCofn7R0nCqGTRaLWHUCqlFwiU3DjcBOopBGgcB2ML6f++0JKs1j+WSyBP2IDiUPOaPGSr0rwmJUjE+4yfrlilt1FyDrxMtJBXI0+uWv3iBmaYTSMEG17npuYvwpVYYzgbNSL9WYUDamQ+xaKmmE2p8ubp6RC6sMSBgrW9KQhfp7YkojrbMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZkHQAZcITMis4Qyxe2thI2ooszYmEo2BG/15XXSqlW962rtsVap3+VxFOEMzuESPLiBOjxAA5rAIIFneIU3J3VenHfnY9lacPKZU/gD5/MHv9GReg==</latexit>

decreases as dimH increases; depends only on
approximation properties of H

<latexit sha1_base64="B7nOwL5uGOtRZCc032SSun24waQ="></latexit>

increases as dimH increases, for fixed M ;
measures randomnesso of �̂ 2 H

<latexit sha1_base64="Kad7QFTW0WpDPmGDdbAiXo/5sD4="></latexit>

KR,S
<latexit sha1_base64="tMBdQYp4cZvwmCxE4Yurxt89nyo=">AAAB/HicbVC7TsMwFHXKq5RXoCOLRYvEgKqkDDAwVGJBYimPPqQ2ihzXaa06TmQ7SFEUfoWFAYRY+RA2/ganzQAtR7J0dM69usfHixiVyrK+jdLK6tr6RnmzsrW9s7tn7h90ZRgLTDo4ZKHoe0gSRjnpKKoY6UeCoMBjpOdNr3K/90iEpCF/UElEnACNOfUpRkpLrlmtDwOkJhix9CZz07vT+6zumjWrYc0Al4ldkBoo0HbNr+EoxHFAuMIMSTmwrUg5KRKKYkayyjCWJEJ4isZkoClHAZFOOgufwWOtjKAfCv24gjP190aKAimTwNOTeVK56OXif94gVv6Fk1IexYpwPD/kxwyqEOZNwBEVBCuWaIKwoDorxBMkEFa6r4ouwV788jLpNhv2WaN526y1Los6yuAQHIETYINz0ALXoA06AIMEPINX8GY8GS/Gu/ExHy0ZxU4V/IHx+QP5+5RO</latexit>

<latexit sha1_base64="xJrvddxxY4g5aoVm+yn7MEijebY="></latexit>

Unlike regression, we do not have access to values of �, but only observations
that are linear functions (via f�) of �; coercivity implies stable invertibility.



Main Theorem (first order systems)
Theorem. Let {Hn}n ✓ H be a sequence of subspaces of L1

[0, R], with

dim(Hn)  c0n and inf'2Hn k'(·)� �(·)kL1([0,R])  c1n�s
, for some constants

c0, c1, s > 0. It exists, for example, if � is s-Hölder regular.

Choose n⇤ = (M/logM)
1

2s+1 : then for some C = C(c0, c1, R, S)

E[kb�L,M,Hn⇤ (·) ·��(·) · kL2(⇢T
L)] 

C

cL,N,H

✓
logM

M

◆ s
2s+1

.
<latexit sha1_base64="mSD9IRDIH6WlwO8G8A1ZVPGe2jA="></latexit>

· The good: Rate in M is optimal, in fact even optimal in the case of
regression, where we would be given (rm,�(rm))Mm=1.

· The bad: no dependency on L. Numerical examples: suggest in some
cases that e↵ective sample size is LM = #obs.

<latexit sha1_base64="3Qz5bTB4U5kqjkSmyGR7NzllBds="></latexit>

We chooseHn to be the space of piecewise linear functions on a uniform partition
of cardinality n of [0, Rmax] (estimated supp.⇢TL), for n = n⇤.

<latexit sha1_base64="zr06k3iws8XABJFrOU0WapJTtOE="></latexit>

<latexit sha1_base64="5b7fIMpyf/b37t2k+YxK09dcE6E="></latexit>

In the end solving the minimization problem is a least-squares problem in n = n⇤
dimensions. Algorithms for constructing the LS matrix and computing the
estimator run in time O(N2

Ld ·M +Mn
2
⇤) (online versions also possible).
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Example. The Lennard Jones kernel
is not admissible, yet since particles rarely
get very close to each other, we obtain a
convergence rate close to optimal.

<latexit sha1_base64="L7wefGRngeRSo2U1nws1rYphWuk="></latexit><latexit sha1_base64="L7wefGRngeRSo2U1nws1rYphWuk="></latexit><latexit sha1_base64="L7wefGRngeRSo2U1nws1rYphWuk="></latexit><latexit sha1_base64="L7wefGRngeRSo2U1nws1rYphWuk="></latexit>

· The good: Rate in M is optimal, in fact even optimal in the case of
regression, where we would be given (rm,�(rm))Mm=1.

· The bad: no dependency on L.
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Theorem. Let {Hn}n ✓ H be a sequence of subspaces of L1
[0, R], with

dim(Hn)  c0n and inf'2Hn k'(·)� �(·)kL1([0,R])  c1n�s
, for some constants

c0, c1, s > 0. It exists, for example, if � is s-Hölder regular.

Choose n⇤ = (M/logM)
1

2s+1 : then for some C = C(c0, c1, R, S)

E[kb�L,M,Hn⇤ (·) ·��(·) · kL2(⇢T
L)] 

C

cL,N,H

✓
logM

M

◆ s
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.
<latexit sha1_base64="mSD9IRDIH6WlwO8G8A1ZVPGe2jA="></latexit>
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· The good: Rate in M is optimal, in fact even optimal in the case of
regression, where we would be given (rm,�(rm))Mm=1.

· The bad: no dependency on L.
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Numerical results suggest that the
e↵ective sample size should
scale linearly in L, at least up to a point.
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Theorem. Let {Hn}n ✓ H be a sequence of subspaces of L1
[0, R], with

dim(Hn)  c0n and inf'2Hn k'(·)� �(·)kL1([0,R])  c1n�s
, for some constants

c0, c1, s > 0. It exists, for example, if � is s-Hölder regular.

Choose n⇤ = (M/logM)
1

2s+1 : then for some C = C(c0, c1, R, S)

E[kb�L,M,Hn⇤ (·) ·��(·) · kL2(⇢T
L)] 

C

cL,N,H

✓
logM

M

◆ s
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.
<latexit sha1_base64="mSD9IRDIH6WlwO8G8A1ZVPGe2jA="></latexit>
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cL,N,H can be as small as N�1
N2 , but in fact we conjecture that under some

general conditions it is independent of N when evaluated on compact subspaces
H ⇢ L2(⇢LT ). We can prove this in special cases, for L = 1 and µ0 exchangeable
Gaussian.
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Theorem. Let {Hn}n ✓ H be a sequence of subspaces of L1
[0, R], with

dim(Hn)  c0n and inf'2Hn k'(·)� �(·)kL1([0,R])  c1n�s
, for some constants

c0, c1, s > 0. It exists, for example, if � is s-Hölder regular.

Choose n⇤ = (M/logM)
1

2s+1 : then for some C = C(c0, c1, R, S)

E[kb�L,M,Hn⇤ (·) ·��(·) · kL2(⇢T
L)] 

C

cL,N,H

✓
logM
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<latexit sha1_base64="mSD9IRDIH6WlwO8G8A1ZVPGe2jA="></latexit>
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On the identifiability of interaction functions in systems of interacting particles, Z. Li, F. Lu, 
MM, S. Tang, C. Zhang, to appear in Stochastic Processes and their Applications, 

arxiv.org/pdf/1912.11965.pdf

<latexit sha1_base64="oSmArZfdb6ao9tkN9KUaQhxmP4Q="></latexit>

Theorem. Suppose L = 1, N > 1 and assume that the distribution of X(t1) =
(x1(t1), . . . ,xN (t1)) is exchangeable Gaussian with cov(xi)� cov(xi,xi0) = �Id
for some constant � > 0 (and all i, i0). Then the coercivity condition holds
in L2(⇢LT ) with constant cL = N�1

N2 , and on any compact hypothesis space
H ⇢ L2(⇢LT ) with a constant cL,N,H = cH independent of N .

Theorem. Let {Hn}n ✓ H be a sequence of subspaces of L1
[0, R], with

dim(Hn)  c0n and inf'2Hn k'(·)� �(·)kL1([0,R])  c1n�s
, for some constants

c0, c1, s > 0. It exists, for example, if � is s-Hölder regular.

Choose n⇤ = (M/logM)
1

2s+1 : then for some C = C(c0, c1, R, S)

E[kb�L,M,Hn⇤ (·) ·��(·) · kL2(⇢T
L)] 

C

cL,N,H

✓
logM

M

◆ s
2s+1

.
<latexit sha1_base64="mSD9IRDIH6WlwO8G8A1ZVPGe2jA="></latexit>

<latexit sha1_base64="CZOd9+zZK3s3eS2bksGqn3ZuKnA="></latexit>

Many significant generalizations possible guaranteeing coercivity.



Theorem. Let {Hn}n ✓ H be a sequence of subspaces of L1
[0, R], with

dim(Hn)  c0n and inf'2Hn k'(·)� �(·)kL1([0,R])  c1n�s
, for some constants

c0, c1, s > 0. It exists, for example, if � is s-Hölder regular.

Choose n⇤ = (M/logM)
1

2s+1 : then for some C = C(c0, c1, R, S)

E[kb�L,M,Hn⇤ (·) ·��(·) · kL2(⇢T
L)] 

C

cL,N,H

✓
logM
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◆ s
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.
<latexit sha1_base64="mSD9IRDIH6WlwO8G8A1ZVPGe2jA="></latexit>

Learning interaction kernels in heterogeneous  systems of agents from  
multiple trajectories, F. Lu, MM, S. Tang, arxiv 1910.04832

This result may be extended to heterogeneous agent systems (e.g. prey-predator)
[Lu, Tang, MM, on arXiV].

It may also be extended to multi-variable interaction kernels, depending on more
observables than pairwise distances, as well as second-order systems (work in
progress).

<latexit sha1_base64="BDXN8xw7LA79OEPDy1biDsFUs7c="></latexit>
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Learning theory for inferring interaction kernels in second-order interacting 
agent systems, J.Miller, M. Zhong, S. Tang, MM, in preparation.



Errors on trajectories

Proposition. Assume b�(k · k)· 2 Lip(Rd), with Lipschitz constant CLip. Let
bX(t) and X(t) be the solutions of systems with kernels b� and � respectively,
started from the same initial condition. Then for each trajectory

sup
t2[0,T ]

kbX(t)�X(t)k2  2Te8T
2C2

Lip

Z T

0

���Ẋ(t)� f�̂(X(t))
���
2
dt ,

and on average w.r.t. the distribution µ0 of initial conditions:

Eµ0 [ sup
t2[0,T ]

kbX(t)�X(t)k]  C(T,CLip)
p
Nk�̂(·) ·��(·) · kL2(⇢T ) ,

where C(T,CLip) is a constant depending on T and CLip.
<latexit sha1_base64="QnJwhC38terRhr6i2VzAh4sqKQw="></latexit><latexit sha1_base64="QnJwhC38terRhr6i2VzAh4sqKQw="></latexit><latexit sha1_base64="QnJwhC38terRhr6i2VzAh4sqKQw="></latexit><latexit sha1_base64="QnJwhC38terRhr6i2VzAh4sqKQw="></latexit>

Standard arguments yield bounds on trajectories between trajectories of the
true system and those of the system driven by the estimated interaction kernel.

<latexit sha1_base64="jGEC5/Ri6099vGvAbSwWEUKitts="></latexit>
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Learning interaction kernels in heterogeneous systems of agents from multiple trajectories,  
F. Lu, MM, S. Tang, ArXiv 1910.04832, submitted.
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10-1M = 8192

<latexit sha1_base64="OZbET5oqi734657q3wAPYZpMAX8=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LLaCp5IUwRYUCl68CBXsB7ShbLabdulmE3c3Qgn9E148KOLVv+PNf+O2zUFbHww83pthZp4fc6a043xbubX1jc2t/HZhZ3dv/8A+PGqpKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x/fzPz2E5WKReJBT2LqhXgoWMAI1kbqlO6uq26tUurbRafszIFWiZuRImRo9O2v3iAiSUiFJhwr1XWdWHsplpoRTqeFXqJojMkYD2nXUIFDqrx0fu8UnRllgIJImhIazdXfEykOlZqEvukMsR6pZW8m/ud1Ex1UvZSJONFUkMWiIOFIR2j2PBowSYnmE0MwkczcisgIS0y0iahgQnCXX14lrUrZvSjX7ivF+lUWRx5O4BTOwYVLqMMtNKAJBDg8wyu8WY/Wi/VufSxac1Y2cwx/YH3+ALoIjnQ=</latexit>

M = 16

<latexit sha1_base64="11DJtn4L2c3rurUHWM1ZamBXcT4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYCJ4CrtBfIBCwIsXIYJ5QLKE2clsMmZ2ZpmZFcKSf/DiQRGv/o83/8ZJsgdNLGgoqrrp7gpizrRx3W9naXlldW09t5Hf3Nre2S3s7Te0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g+HNxG8+UaWZFA9mFFM/wn3BQkawsVKjdHftnZW6haJbdqdAi8TLSBEy1LqFr05PkiSiwhCOtW57bmz8FCvDCKfjfCfRNMZkiPu0banAEdV+Or12jI6t0kOhVLaEQVP190SKI61HUWA7I2wGet6biP957cSEF37KRJwYKshsUZhwZCSavI56TFFi+MgSTBSztyIywAoTYwPK2xC8+ZcXSaNS9k7Ll/eVYvUqiyMHh3AEJ+DBOVThFmpQBwKP8Ayv8OZI58V5dz5mrUtONnMAf+B8/gDIDI3z</latexit>
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<latexit sha1_base64="j2k1uvoELt4U/KzJyazFYNwAx5k=">AAACIHicbVDLSgMxFM34rOOr6tJNsAiuyowI1V3BjcsK9gFtKXcyaRuaSYbkjlBKP8WNv+LGhSK6068xfSxq64HA4Zxzk9wTpVJYDIJvb219Y3NrO7fj7+7tHxzmj45rVmeG8SrTUptGBJZLoXgVBUreSA2HJJK8Hg1uJ379kRsrtHrAYcrbCfSU6AoG6KROvtRSWqiYK6RCCRQgKdMqFhPX9xdNigZcRPVoDAidfCEoBlPQVRLOSYHMUenkv1qxZlniLmMSrG2GQYrtERgUTPKx38osT4ENoMebjipIuG2PpguO6blTYtrVxh33mam6ODGCxNphErlkAti3y95E/M9rZti9bo+ESjPkis0e6maSoqaTtmgsDGcoh44AM64VRlkfDDB0nfquhHB55VVSuyyGV8Wb+8tCOZjXkSOn5IxckJCUSJnckQqpEkaeyAt5I+/es/fqfXifs+iaN585IX/g/fwCA1ajcQ==</latexit>
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<latexit sha1_base64="0DlTljgON56VVV8X3b+bD8ulg5A=">AAACJHicbVDLSgMxFM3U9/iqunQTLIKrMlMEFTcFNy4VbBXaUu5kMjWYSYbkjlCGfowbf8WNCx+4cOO3mLYDPg9cOJxz703uiTIpLAbBu1eZmZ2bX1hc8pdXVtfWqxubbatzw3iLaanNVQSWS6F4CwVKfpUZDmkk+WV0czL2L2+5sUKrCxxmvJfCQIlEMEAn9avHXaWFirlCKpRAAZIyrWIxdn3/y9S5q4SiAdemBjQGhH61FtSDCehfEpakRkqc9asv3VizPHULmQRrO2GQYa8Ag4JJPvK7ueUZsBsY8I6jClJue8XkyBHddUpME21cuQ9N1O8TBaTWDtPIdaaA1/a3Nxb/8zo5Joe9QqgsR67Y9KEklxQ1HSdGY2E4Qzl0BJhxyTDKrsEAQ5er70IIf5/8l7Qb9XC/fnTeqDWDMo5Fsk12yB4JyQFpklNyRlqEkTvyQJ7Is3fvPXqv3tu0teKVM1vkB7yPTySkpQ8=</latexit>
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<latexit sha1_base64="jkIfuAOWQL7SDAFYvDal9C7D5AU=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJWZIqi7ghuXFewD2qFkMpk2NJMMSUYoQ8FfceNCEbd+hzv/xrSdhbYeCBzOuSe5OWHKmTae9+2U1tY3NrfK25Wd3b39A/fwqK1lpghtEcml6oZYU84EbRlmOO2miuIk5LQTjm9nfueRKs2keDCTlAYJHgoWM4KNlQbuSV9IJiIqDEqkoggPLdUDt+rVvDnQKvELUoUCzYH71Y8kyRIbJhxr3fO91AQ5VoYRTqeVfqZpisnYXt+zVOCE6iCfrz9F51aJUCyVPXaPufo7keNE60kS2skEm5Fe9mbif14vM/F1kDORZoYKsngozjgyEs26QBFTlBg+sQQTxeyuiIywwsTYxiq2BH/5y6ukXa/5l7Wb+3q14RV1lOEUzuACfLiCBtxBE1pAIIdneIU358l5cd6dj8VoySkyx/AHzucPRZ+VpQ==</latexit>

end of training
time interval

<latexit sha1_base64="ykeJrwAimcb+gAVkU6Y+Gjv4pno=">AAACG3icbVDLSgMxFM3UVx1fVZdugkVwVWaKoO4KblxWsA9oh5LJ3GlDM8mQZApl6H+48VfcuFDEleDCvzF9gNp6IHA4596be0+YcqaN5305hbX1jc2t4ra7s7u3f1A6PGpqmSkKDSq5VO2QaOBMQMMww6GdKiBJyKEVDm+mfmsESjMp7s04hSAhfcFiRomxUq9U7QrJRATCYBARljE2ijDBRN91fyzDEsBMGFAjwnulslfxZsCrxF+QMlqg3it9dCNJs8ROopxo3fG91AQ5UYZRDhO3m2lICR2SPnQsFSQBHeSz2yb4zCoRjqWyz24yU3935CTRepyEtjIhZqCXvan4n9fJTHwV5EykmQFB5x/FGcdG4mlQOGIKqOFjSwhVzO6K6YAoQm0K2rUh+Msnr5JmteJfVK7vquWat4ijiE7QKTpHPrpENXSL6qiBKHpAT+gFvTqPzrPz5rzPSwvOoucY/YHz+Q3NwKE9</latexit>

<latexit sha1_base64="1cAK3p+xk6N871W0pE4oPewmVf8=">AAACIHicbVDLSgMxFM3UVx1foy7dBIvgqswUUZcFNy4rWFtoh5LJZNrQTDIkd4Qy9E/c+CtuXCiI7vRrTB+gth4IHM659+beE2WCG/D9T6e0srq2vlHedLe2d3b3vP2DO6NyTVmTKqF0OyKGCS5ZEzgI1s40I2kkWCsaXk381j3Thit5C6OMhSnpS55wSsBKPe+8KxWXMZOAkxxyzTDwlBksFbjuj5cRDVglGDThkst+z6v4VX8KvEyCOamgORo976MbK5qndhgVxJhO4GcQFnYsp4KN3W5uWEbokPRZx1JJ7BJhMb1vjE+sEuNEafvsMlP1d0dBUmNGaWQrUwIDs+hNxP+8Tg7JZVhwmeXAJJ19lOQCg8KTsHDMNaMgRpYQqrndFdMB0YSCjdS1IQSLJy+TVq0anFWD4KZWqfvzPMroCB2jUxSgC1RH16iBmoiiB/SEXtCr8+g8O2/O+6y05Mx7DtEfOF/fznujLA==</latexit>

future times not
part of training

end of training
time interval

<latexit sha1_base64="ykeJrwAimcb+gAVkU6Y+Gjv4pno=">AAACG3icbVDLSgMxFM3UVx1fVZdugkVwVWaKoO4KblxWsA9oh5LJ3GlDM8mQZApl6H+48VfcuFDEleDCvzF9gNp6IHA4596be0+YcqaN5305hbX1jc2t4ra7s7u3f1A6PGpqmSkKDSq5VO2QaOBMQMMww6GdKiBJyKEVDm+mfmsESjMp7s04hSAhfcFiRomxUq9U7QrJRATCYBARljE2ijDBRN91fyzDEsBMGFAjwnulslfxZsCrxF+QMlqg3it9dCNJs8ROopxo3fG91AQ5UYZRDhO3m2lICR2SPnQsFSQBHeSz2yb4zCoRjqWyz24yU3935CTRepyEtjIhZqCXvan4n9fJTHwV5EykmQFB5x/FGcdG4mlQOGIKqOFjSwhVzO6K6YAoQm0K2rUh+Msnr5JmteJfVK7vquWat4ijiE7QKTpHPrpENXSL6qiBKHpAT+gFvTqPzrPz5rzPSwvOoucY/YHz+Q3NwKE9</latexit>

<latexit sha1_base64="1cAK3p+xk6N871W0pE4oPewmVf8=">AAACIHicbVDLSgMxFM3UVx1foy7dBIvgqswUUZcFNy4rWFtoh5LJZNrQTDIkd4Qy9E/c+CtuXCiI7vRrTB+gth4IHM659+beE2WCG/D9T6e0srq2vlHedLe2d3b3vP2DO6NyTVmTKqF0OyKGCS5ZEzgI1s40I2kkWCsaXk381j3Thit5C6OMhSnpS55wSsBKPe+8KxWXMZOAkxxyzTDwlBksFbjuj5cRDVglGDThkst+z6v4VX8KvEyCOamgORo976MbK5qndhgVxJhO4GcQFnYsp4KN3W5uWEbokPRZx1JJ7BJhMb1vjE+sEuNEafvsMlP1d0dBUmNGaWQrUwIDs+hNxP+8Tg7JZVhwmeXAJJ19lOQCg8KTsHDMNaMgRpYQqrndFdMB0YSCjdS1IQSLJy+TVq0anFWD4KZWqfvzPMroCB2jUxSgC1RH16iBmoiiB/SEXtCr8+g8O2/O+6y05Mx7DtEfOF/fznujLA==</latexit>

future times not
part of training

<latexit sha1_base64="13BtnO/DAHo0NGDTIuxUmvEs3hQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5KUgh4LXjxWtLbQhrLZbtqlm03YnQgl9Cd48aAgXv1D3vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTRxOnmvE2i2WsuwE1XArF2yhQ8m6iOY0CyTvB5Gbud564NiJWDzhNuB/RkRKhYBStdF/F6qBccWvuAmSdeDmpQI7WoPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKp17xGzfPu6pVmPc+jCGdwDpfgwRU04RZa0AYGI3iGV3hzpPPivDsfy9aCk8+cwh84nz8o1I17</latexit>

t
<latexit sha1_base64="13BtnO/DAHo0NGDTIuxUmvEs3hQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5KUgh4LXjxWtLbQhrLZbtqlm03YnQgl9Cd48aAgXv1D3vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTRxOnmvE2i2WsuwE1XArF2yhQ8m6iOY0CyTvB5Gbud564NiJWDzhNuB/RkRKhYBStdF/F6qBccWvuAmSdeDmpQI7WoPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKp17xGzfPu6pVmPc+jCGdwDpfgwRU04RZa0AYGI3iGV3hzpPPivDsfy9aCk8+cwh84nz8o1I17</latexit>

t

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)
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<latexit sha1_base64="j2k1uvoELt4U/KzJyazFYNwAx5k=">AAACIHicbVDLSgMxFM34rOOr6tJNsAiuyowI1V3BjcsK9gFtKXcyaRuaSYbkjlBKP8WNv+LGhSK6068xfSxq64HA4Zxzk9wTpVJYDIJvb219Y3NrO7fj7+7tHxzmj45rVmeG8SrTUptGBJZLoXgVBUreSA2HJJK8Hg1uJ379kRsrtHrAYcrbCfSU6AoG6KROvtRSWqiYK6RCCRQgKdMqFhPX9xdNigZcRPVoDAidfCEoBlPQVRLOSYHMUenkv1qxZlniLmMSrG2GQYrtERgUTPKx38osT4ENoMebjipIuG2PpguO6blTYtrVxh33mam6ODGCxNphErlkAti3y95E/M9rZti9bo+ESjPkis0e6maSoqaTtmgsDGcoh44AM64VRlkfDDB0nfquhHB55VVSuyyGV8Wb+8tCOZjXkSOn5IxckJCUSJnckQqpEkaeyAt5I+/es/fqfXifs+iaN585IX/g/fwCA1ajcQ==</latexit>
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<latexit sha1_base64="0DlTljgON56VVV8X3b+bD8ulg5A=">AAACJHicbVDLSgMxFM3U9/iqunQTLIKrMlMEFTcFNy4VbBXaUu5kMjWYSYbkjlCGfowbf8WNCx+4cOO3mLYDPg9cOJxz703uiTIpLAbBu1eZmZ2bX1hc8pdXVtfWqxubbatzw3iLaanNVQSWS6F4CwVKfpUZDmkk+WV0czL2L2+5sUKrCxxmvJfCQIlEMEAn9avHXaWFirlCKpRAAZIyrWIxdn3/y9S5q4SiAdemBjQGhH61FtSDCehfEpakRkqc9asv3VizPHULmQRrO2GQYa8Ag4JJPvK7ueUZsBsY8I6jClJue8XkyBHddUpME21cuQ9N1O8TBaTWDtPIdaaA1/a3Nxb/8zo5Joe9QqgsR67Y9KEklxQ1HSdGY2E4Qzl0BJhxyTDKrsEAQ5er70IIf5/8l7Qb9XC/fnTeqDWDMo5Fsk12yB4JyQFpklNyRlqEkTvyQJ7Is3fvPXqv3tu0teKVM1vkB7yPTySkpQ8=</latexit>

m
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<latexit sha1_base64="jkIfuAOWQL7SDAFYvDal9C7D5AU=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJWZIqi7ghuXFewD2qFkMpk2NJMMSUYoQ8FfceNCEbd+hzv/xrSdhbYeCBzOuSe5OWHKmTae9+2U1tY3NrfK25Wd3b39A/fwqK1lpghtEcml6oZYU84EbRlmOO2miuIk5LQTjm9nfueRKs2keDCTlAYJHgoWM4KNlQbuSV9IJiIqDEqkoggPLdUDt+rVvDnQKvELUoUCzYH71Y8kyRIbJhxr3fO91AQ5VoYRTqeVfqZpisnYXt+zVOCE6iCfrz9F51aJUCyVPXaPufo7keNE60kS2skEm5Fe9mbif14vM/F1kDORZoYKsngozjgyEs26QBFTlBg+sQQTxeyuiIywwsTYxiq2BH/5y6ukXa/5l7Wb+3q14RV1lOEUzuACfLiCBtxBE1pAIIdneIU358l5cd6dj8VoySkyx/AHzucPRZ+VpQ==</latexit>

end of training
time interval

<latexit sha1_base64="ykeJrwAimcb+gAVkU6Y+Gjv4pno=">AAACG3icbVDLSgMxFM3UVx1fVZdugkVwVWaKoO4KblxWsA9oh5LJ3GlDM8mQZApl6H+48VfcuFDEleDCvzF9gNp6IHA4596be0+YcqaN5305hbX1jc2t4ra7s7u3f1A6PGpqmSkKDSq5VO2QaOBMQMMww6GdKiBJyKEVDm+mfmsESjMp7s04hSAhfcFiRomxUq9U7QrJRATCYBARljE2ijDBRN91fyzDEsBMGFAjwnulslfxZsCrxF+QMlqg3it9dCNJs8ROopxo3fG91AQ5UYZRDhO3m2lICR2SPnQsFSQBHeSz2yb4zCoRjqWyz24yU3935CTRepyEtjIhZqCXvan4n9fJTHwV5EykmQFB5x/FGcdG4mlQOGIKqOFjSwhVzO6K6YAoQm0K2rUh+Msnr5JmteJfVK7vquWat4ijiE7QKTpHPrpENXSL6qiBKHpAT+gFvTqPzrPz5rzPSwvOoucY/YHz+Q3NwKE9</latexit>

<latexit sha1_base64="1cAK3p+xk6N871W0pE4oPewmVf8=">AAACIHicbVDLSgMxFM3UVx1foy7dBIvgqswUUZcFNy4rWFtoh5LJZNrQTDIkd4Qy9E/c+CtuXCiI7vRrTB+gth4IHM659+beE2WCG/D9T6e0srq2vlHedLe2d3b3vP2DO6NyTVmTKqF0OyKGCS5ZEzgI1s40I2kkWCsaXk381j3Thit5C6OMhSnpS55wSsBKPe+8KxWXMZOAkxxyzTDwlBksFbjuj5cRDVglGDThkst+z6v4VX8KvEyCOamgORo976MbK5qndhgVxJhO4GcQFnYsp4KN3W5uWEbokPRZx1JJ7BJhMb1vjE+sEuNEafvsMlP1d0dBUmNGaWQrUwIDs+hNxP+8Tg7JZVhwmeXAJJ19lOQCg8KTsHDMNaMgRpYQqrndFdMB0YSCjdS1IQSLJy+TVq0anFWD4KZWqfvzPMroCB2jUxSgC1RH16iBmoiiB/SEXtCr8+g8O2/O+6y05Mx7DtEfOF/fznujLA==</latexit>

future times not
part of training

end of training
time interval

<latexit sha1_base64="ykeJrwAimcb+gAVkU6Y+Gjv4pno=">AAACG3icbVDLSgMxFM3UVx1fVZdugkVwVWaKoO4KblxWsA9oh5LJ3GlDM8mQZApl6H+48VfcuFDEleDCvzF9gNp6IHA4596be0+YcqaN5305hbX1jc2t4ra7s7u3f1A6PGpqmSkKDSq5VO2QaOBMQMMww6GdKiBJyKEVDm+mfmsESjMp7s04hSAhfcFiRomxUq9U7QrJRATCYBARljE2ijDBRN91fyzDEsBMGFAjwnulslfxZsCrxF+QMlqg3it9dCNJs8ROopxo3fG91AQ5UYZRDhO3m2lICR2SPnQsFSQBHeSz2yb4zCoRjqWyz24yU3935CTRepyEtjIhZqCXvan4n9fJTHwV5EykmQFB5x/FGcdG4mlQOGIKqOFjSwhVzO6K6YAoQm0K2rUh+Msnr5JmteJfVK7vquWat4ijiE7QKTpHPrpENXSL6qiBKHpAT+gFvTqPzrPz5rzPSwvOoucY/YHz+Q3NwKE9</latexit>

<latexit sha1_base64="1cAK3p+xk6N871W0pE4oPewmVf8=">AAACIHicbVDLSgMxFM3UVx1foy7dBIvgqswUUZcFNy4rWFtoh5LJZNrQTDIkd4Qy9E/c+CtuXCiI7vRrTB+gth4IHM659+beE2WCG/D9T6e0srq2vlHedLe2d3b3vP2DO6NyTVmTKqF0OyKGCS5ZEzgI1s40I2kkWCsaXk381j3Thit5C6OMhSnpS55wSsBKPe+8KxWXMZOAkxxyzTDwlBksFbjuj5cRDVglGDThkst+z6v4VX8KvEyCOamgORo976MbK5qndhgVxJhO4GcQFnYsp4KN3W5uWEbokPRZx1JJ7BJhMb1vjE+sEuNEafvsMlP1d0dBUmNGaWQrUwIDs+hNxP+8Tg7JZVhwmeXAJJ19lOQCg8KTsHDMNaMgRpYQqrndFdMB0YSCjdS1IQSLJy+TVq0anFWD4KZWqfvzPMroCB2jUxSgC1RH16iBmoiiB/SEXtCr8+g8O2/O+6y05Mx7DtEfOF/fznujLA==</latexit>

future times not
part of training

<latexit sha1_base64="13BtnO/DAHo0NGDTIuxUmvEs3hQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5KUgh4LXjxWtLbQhrLZbtqlm03YnQgl9Cd48aAgXv1D3vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTRxOnmvE2i2WsuwE1XArF2yhQ8m6iOY0CyTvB5Gbud564NiJWDzhNuB/RkRKhYBStdF/F6qBccWvuAmSdeDmpQI7WoPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKp17xGzfPu6pVmPc+jCGdwDpfgwRU04RZa0AYGI3iGV3hzpPPivDsfy9aCk8+cwh84nz8o1I17</latexit>

t
<latexit sha1_base64="13BtnO/DAHo0NGDTIuxUmvEs3hQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5KUgh4LXjxWtLbQhrLZbtqlm03YnQgl9Cd48aAgXv1D3vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTRxOnmvE2i2WsuwE1XArF2yhQ8m6iOY0CyTvB5Gbud564NiJWDzhNuB/RkRKhYBStdF/F6qBccWvuAmSdeDmpQI7WoPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKp17xGzfPu6pVmPc+jCGdwDpfgwRU04RZa0AYGI3iGV3hzpPPivDsfy9aCk8+cwh84nz8o1I17</latexit>

t

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)



Examples: Opinion Dynamics

<latexit sha1_base64="ed+Lssv6BSoHXD+vayR9BKjX0jY="></latexit>

Observing only positions but not

velocities: the numerical approximation

error (which depends on L) constrains
the ability of estimating the

interaction kernel.

From now on, all experiments will not
have observed velocities.

<latexit sha1_base64="p7RKFqINhHqK6J0dex3ujp7ZHAE="></latexit>

Unif([�0.15, 0.15]) noise in the observed positions and velocities.



Example: 2nd order systems

one kernel for each
pair of interacting
agent types

<latexit sha1_base64="muRFygvBj1NFWk+bsO0XQ2/PECY="></latexit>

simple environment
(food, light, ...)

<latexit sha1_base64="VkiAtgHk9PNZgM13YMz164pVkX0=">AAACI3icbVDLSgMxFM34rOOr6tJNsAgVZJgRwceq4MZlBatCO5RM5k4bzCRDkhHK0H9x46+4caEUNy78FzNtwUc9EDicc+/NvSfKONPG9z+cufmFxaXlyoq7ura+sVnd2r7RMlcUWlRyqe4iooEzAS3DDIe7TAFJIw630f1F6d8+gNJMimszyCBMSU+whFFirNStnneEZCIGYbBmacYBg3hgSorUSq777dYTKeNDzFmvbw6x53kH3WrN9/wx8CwJpqSGpmh2q6NOLGleTqacaN0O/MyEBVGGUQ5Dt5NryAi9Jz1oWypICjosxjcO8b5VYpxIZZ9dZ6z+7ChIqvUgjWxlSkxf//VK8T+vnZvkNCyYyHIDgk4+SnKOjcRlYDhmCqjhA0sIVczuimmfKEKNjdW1IQR/T54lN0decOydXR3VGv40jgraRXuojgJ0ghroEjVRC1H0iJ7RK3pznpwXZ+S8T0rnnGnPDvoF5/MLPcijQw==</latexit>

energy and alignment
interactions

<latexit sha1_base64="5g8RnNVusad3CMzqWjvqPR9pSSE=">AAACH3icbVDLSgMxFM3UVx1foy7dBIvgqswU8bEruHFZwT6gLSWTuW1DM8mQZIRS+idu/BU3LhQRd/0bM+2A2nogcDjn3pt7T5hwpo3vz5zC2vrG5lZx293Z3ds/8A6PGlqmikKdSi5VKyQaOBNQN8xwaCUKSBxyaIaj28xvPoLSTIoHM06gG5OBYH1GibFSz7vsCMlEBMJgEKAGY0xEhAlnAxFb0XV/fCYMKEKzPt3zSn7ZnwOvkiAnJZSj1vO+OpGkaTaTcqJ1O/AT050QZRjlMHU7qYaE0BEZQNtSQWLQ3cn8vik+s0qE+1LZZxeZq787JiTWehyHtjImZqiXvUz8z2unpn/dnTCRpAYEXXzUTzk2Emdh4YgpoIaPLSFUMbsrpkOShWAjdW0IwfLJq6RRKQcX5Zv7Sqnq53EU0Qk6RecoQFeoiu5QDdURRU/oBb2hd+fZeXU+nM9FacHJe47RHzizb67wo1g=</latexit>

Example 2nd order Prey-Predator system. Left: the interaction kernels and
⇢TL’s. Right: trajectories of the true system (left col.) and learned system (right
col.) with an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos="></latexit><latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos="></latexit><latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos="></latexit><latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos="></latexit>

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)
<latexit sha1_base64="O/OUn6PUTHBpe9s35DhhHb7o4PU="></latexit>

�E
kiki0

vs. �̂E
kiki0



Examples: prey-predator systems

Trajectories of the true system (left col.) and learned system (right col.) with
an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="FYn/Hp7vB4lM/aDS1bWyWkdoD+s="></latexit>

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)



Trajectories of the true system (left col.) and learned system (right col.) with
an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="FYn/Hp7vB4lM/aDS1bWyWkdoD+s="></latexit>

Examples: prey-predator systems

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)



Examples: prey-predator systems

Trajectories of the true system (left col.) and learned system (right col.) with
an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="FYn/Hp7vB4lM/aDS1bWyWkdoD+s="></latexit>

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)



Examples: model of phototaxis

Trajectories of the true system (left col.) and learned system (right col.) with
an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="FYn/Hp7vB4lM/aDS1bWyWkdoD+s="></latexit>

<latexit sha1_base64="ymaOSQuAFHaUKsO086sT06eWVrA=">AAACHnicbVDLSgMxFM3Ud31VXboJtkK7KTNF0KXgxmUFawudUjLpnTY0kxmSO2IZ5kfc+CtuXCiI4Er/xvSx8HUgcDjnXk7uCRIpDLrup1NYWl5ZXVvfKG5ube/slvb2b0ycag4tHstYdwJmQAoFLRQooZNoYFEgoR2ML6Z++xa0EbG6xkkCvYgNlQgFZ2ilfumk4kcMR0GYdfIq1iq0OtDiFhQNJrTiI9zhLCMLZAp55icjkVdq/VLZrbsz0L/EW5AyWaDZL737g5inESjkkhnT9dwEexnTKLiEvOinBhLGx2wIXUsVi8D0sllyTo+tMqBhrO1TSGfq942MRcZMosBOTk8xv72p+J/XTTE862VCJSmC4vOgMJUUYzqtig6EBo5yYgnjWti/Uj5imnG0hRZtCd7vk/+SdqPundQ976pRPm8s+lgnh+SIVIlHTsk5uSRN0iKc3JNH8kxenAfnyXl13uajBWexc0B+wPn4AlCpodY=</latexit>

X(t) (driven by �)
<latexit sha1_base64="0++HcJ04dsf9hUN4qNlYUM+1W5U=">AAACFnicbVBNS8NAFNz4WetX1aOXxVZoQUpSBD0WvHisYG2hKWWz3bRLN5uw+1IIIX/Ci3/FiwcF8Sre/Ddu2xy0dWBhmJnHvjdeJLgG2/621tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW9yM/M7U6Y0D+U9JBHrB2Qkuc8pASMNShcVd0wgdQMCY89Pu1lWhVoFV4eKT5nEXoLnATca80ptUCrbdXsOvEqcnJRRjtag9OUOQxoHTAIVROueY0fQT4kCTgXLim6sWUTohIxYz1BJAqb76fyqDJ8bZYj9UJknAc/V3xMpCbROAs8kZ9vrZW8m/uf1YvCv+ymXUQxM0sVHfiwwhHhWER5yxSiIxBBCFTe7YjomilAwRRZNCc7yyauk06g7l3XHuWuUm428jwI6RWeoihx0hZroFrVQG1H0iJ7RK3qznqwX6936WETXrHzmBP2B9fkDDbOd2A==</latexit>

X̂(t) (driven by �̂)



Testing hypotheses for agent systems

ExampleWe want to test if a 2nd order system is driven by energy or alignment
interactions. Left: we learn a general model (with both types of interaction)
on a system with only energy interaction terms: we obtain �̂A is u 0. Right:
learning on a system with only alignment term yields �̂E u 0.

<latexit sha1_base64="C61abh+rqyxxQz5UmQBUDWHsH6A="></latexit><latexit sha1_base64="C61abh+rqyxxQz5UmQBUDWHsH6A="></latexit><latexit sha1_base64="C61abh+rqyxxQz5UmQBUDWHsH6A="></latexit><latexit sha1_base64="C61abh+rqyxxQz5UmQBUDWHsH6A="></latexit>

Example We want to test if a system is governed by 1st or 2nd order interac-
tions. We are able to tell the
di↵erence reliably, by testing
the predictions of the learned
models on trajectories.

<latexit sha1_base64="m1g+b1t9Y0/XaGc+HmNGWGEzbKQ="></latexit><latexit sha1_base64="m1g+b1t9Y0/XaGc+HmNGWGEzbKQ="></latexit><latexit sha1_base64="m1g+b1t9Y0/XaGc+HmNGWGEzbKQ="></latexit><latexit sha1_base64="m1g+b1t9Y0/XaGc+HmNGWGEzbKQ="></latexit>



Emerging behaviors
Organized collecting stable patterns at large spatial/temporal scale.

Simple, local interaction kernels can learn to complex, organized behavior.

Most of the above is ill-defined, and quotes needed a.e.

Examples include flocking of bird, milling of fish, synchronization in systems of

oscillators (neurons, frogs, ...), etc...
<latexit sha1_base64="rvZNSTGr0gh2/B8wi1PrIE5JQFA="></latexit>

In general di�cult to characterize and predict; however if robust, we may hope
to recover them with systems driven by estimated interaction kernels.

<latexit sha1_base64="QVo14/EGvNGK7/ItHC5slFu9Gjg="></latexit>

BBC Blue PlanetFelix Munoz, https://www.youtube.com/watch?v=OxYn3e_imhA

Ming Zhong, 
Jason Miller
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Not only we are often able to recover them in general, but even predict them
correctly for each initial condition.



Emerging behaviors: flocking (*) F. Cucker, J. G. Dong,
Avoiding collisions in flocks,
IEEE Transactions on
Automatic Control, 2010.
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The governing equations of Cucker-Smale-Dong (*) dynamics,

ẍi = �bi(t)ẋi +

NX

i0=1

⇥
ai,i0(x)(ẋi0 � ẋi) + f(||xi � xi0 ||2)(xi0 � xi)

⇤
.

Here ai,i0(x) = H(1 + ||xi0 � xi||2)��
; bi : [0,1) ! [0,1) is a bounded and

uniformly continuous damping function, and f : (�,1) ! [0,1) is a non-

increasing C1
repulsion function integrable at +1.
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X(t) (driven by �)
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X̂(t) (driven by �̂)



Emerging behaviors: anticipation & flocking
(*) R. Shu and E. Tadmor,
Anticipation breeds alignment.
arXiv:1905.00633
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ẍi =
1

N

NX

i0=1,i0 6=i

⌧U 0(||xi0 � xi||)
||xi0 � xi||

(ẋi0 � ẋi)

+
1

N

NX

i0=1,i0 6=i

n�⌧U 0(||xi0 � xi||)(xi0 � xi) · (ẋi0 � ẋi)

||xi0 � xi||3

+
⌧U 00(||xi0 � xi||)(xi0 � xi) · (ẋi0 � ẋi)

||xi0 � xi||2
+

U 0(||xi0 � xi||)
||xi0 � xi||

o
(xi0 � xi).
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U(r) = r1.5/1.5
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X(t) (driven by �)
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X̂(t) (driven by �̂)



Emerging behaviors: Fish mill patterns
The governing equations of fish milling dynamics in R2 of (*) are

miẍi = ↵ẋi � �||ẋi||2ẋi � ~rUi ,

with Ui a potential for the interaction of the ith agent with the other agents:
Ui =

PN
i0=1(�Cae�||xi�xi0 ||/`a + Cre�||xi�xi0 ||/`r ).

<latexit sha1_base64="nbhEUzUi2hLgdTu1s9dZu8XxXTY="></latexit>

(*) Y. Li Chuang, M. R. D’Orsogna,

D. Marthaler, A. L. Bertozzi, L. S.

Chayes, Physica D: Nonlinear Phe-

nomena 232 (2007)
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X(t) (driven by �)
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X̂(t) (driven by �̂)



Parametrized Families of Interaction Kernels
We consider the 5 innermost planets and the Sun in our solar system, moving
according to Newton’s law:

ẍi(t) =
NX

i0=1

Gm̃i0

||xi0 � xi||3
(xi0 � xi) ,

where m̃i are the unknown masses, and G is the known gravitational constant.
<latexit sha1_base64="Ta92GLr1D++PxY5P2xEcM33mTcI="></latexit>

We do not know that the agents follow a common law, modulo parameters
(mass), so we treat all of them as being of di↵erent type, with interactions �ii0 .

<latexit sha1_base64="3EL0Ygx2m7pf8cxxF3h7Ns7IFG0="></latexit>

We will then discover the relationships between these interaction kernels, namely
that they are all multiple of 1/r3, and the multiple is mass.

<latexit sha1_base64="AYV+RDqG6dnESzL8LPknqdTrdsg="></latexit>

Data-driven Discovery of Emergent Behaviors in 
Collective Dynamics,  

Physica D: Nonlinear Phenomena, 2019 



Discovering the parameters

We are able to estimate
to identify, in a fully
nonparametric fashion,
1/r3.
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We also estimate masses quite accurately.
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Gravity Kernels - learned independently
Estimated interaction kernels between Sun, Mercury, Venus, Earth and Mars,
�̂ii0 , as a function of pairwise distance.
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Gravity Kernels, re-estimated
Estimated interaction kernels between Sun, Mercury, Venus, Earth and Mars,
�̂ii0 , as a function of pairwise distance.
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Trajectories from gravity kernels
Trajectory predictions are accurate (relative errors O(10�4) with M = 500
and daily observations for about 6 months), exhibit stability, and approximate
energy conservation.
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X(t) (driven by �)
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X̂(t) (driven by �̂)



Trajectories from gravity kernels
<latexit sha1_base64="weP57Y7U/1sip8maU5W8/vZ9+vQ="></latexit>

Trajectory predictions are accurate (relative errors O(10�4) with M = 500 and
daily observations for about T = 6 months), exhibit stability, and approximate
energy conservation, even for longer times (below, Tf ⇠ 2.5yrs).



Generalizations
The theory has been extended to:
· multi-type agent systems;
· second-order systems;
· possible interactions with simple environments;
· parametrized families of interaction kernels;
· interaction kernels depending on multiple variables (beyond pairwise distances).

<latexit sha1_base64="7Ssl9EikQohpiqaxNLntXBuW4Vg="></latexit>
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With suitable definitions and assumptions, the results we obtain appear optimal,
with a rate depending on the total number v of distinct variables inside the
interaction kernels, over all pairs of agent types, e.g.:

E[kb�L,M,Hn⇤ (·) ·��(·) · kL2(⇢T
L)] 

C

cL,N,H

✓
logM

M

◆ s
2s+v

.

This is joint work with J. Miller, M. Zhong, S. Tang (preprint appearing shortly).



The Stochastic case
We have also generalized these results to the stochastic case

dxi,t =
1

N

NX

i0=1

�(kxj,t � xi,tk)(xj,t � xi,t)dt+ �dBi,t .

This is joint work with F. Lu and S. Tang, Learning interaction kernels in
stochastic systems of interacting particles from multiple trajectories, arXiv, 2020.
We are currently studying convergence in the stochastic ergodic case as T ! 1.
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<latexit sha1_base64="rJ8mTED89O5Kife7UJnQ4ey+SX0="></latexit>

Note that in the stochastic case we do not (cannot!) observe velocities, but only
positions. We have studied carefully the dependence on the observation time
gap �t := tl+1 � tl = T/L:
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n

M
✏+

r
T

L

!
,

where �̂T,1,H is the projection of the true kernel � onto H.



The Stochastic case
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We have also generalized these results to the stochastic case

dxi,t =
1

N

NX

i0=1

�(kxj,t � xi,tk)(xj,t � xi,t)dt+ �dBi,t .
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Note that in the stochastic case we do not (cannot!) observe velocities, but only
positions. We have studied carefully the dependence on the observation time
gap �t := tl+1 � tl = T/L:
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Stochastic Opinion Dynamics



Stochastic Opinion Dynamics
�
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· Learning agent-based type system may be performed e�ciently, nonparametri-

cally, at least in special cases, notwithstanding the high-dimensional state space.

· Important generalizations: 1st- and 2nd-order, multi-type; more general inter-

action kernels.

· Hypothesis testing; transfer learning; dictionary learning for dynamical sys-

tems.

· Many open problems. E.g.: quantifying information needed for learning;

stochasticity; hidden variables; general interaction kernels; ...

· Many applications: biological systems, particle systems, learning forces in

molecular systems, ...
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If you have trouble with my web page…
https://mauromaggioni.duckdns.orgLinks to code, papers:

I not responsible for the contents of any other website, even those pretending to represent me or my work.

Certain internet providers censor all *.duckdns.org domains; if you wish to decide which websites to 
access instead of leaving this decision to your internet provider, you may consider to:
1) change your DNS server (e.g. to Cloudfare’s 1.1.1.1); (nx)or
2) use a reputable VPN service; (nx)or
3) use the (free) Tor browser, which achieves 1+2, but only for the traffic associated to the Tor browser, 

unless you route all your traffic by installing and activating a Tor client (e.g. brew install tor on MacOS 
with Homebrew, or yum install tor on CentOS, etc…).

If you have concerns about the security of a site, you may check with www.ssllabs.com/ssltest and in 1-2 
mins they will test basic security protocols for that web site, and use a browser that detect and stops 
tracking (duckduckgo browser, torBrowser, Safari,…)


