Klein TQFT and real Gromov-Witten theory

Penka Georgieva

Institut de mathématiques de Jussieu — Paris Rive Gauche
Sorbonne Université

Topological Quantum Field Theory Seminar

Instituto Superior Técnico Lisboa
December 18, 2020

Penka Georgieva Klein TQFT and RGW theory



Overview

@ 2d TQFT and 2d Klein TQFT
@ Semi-simplicity

e Extension to 2SymCob*

@ GW and RGW invariants

@ Local theory and its KTQFT
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2d TQFT

@ The category 2Cob :

@ Objects : disjoint unions of oriented circles
e Morphisms : oriented surfaces with boundary

@ Generators :

o o 88 ¢ 5

The elementary cobordisms: cap, cup, tube, twist and the pairs of pants
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2d TQFT

@ A 2d TQFT with values in a commutative ring R is a symmetric monoidal
functor from the category of oriented 2-dimensional cobordisms to the
category of R-modules.

F :2Cob — Rmod

@ A2d TQFT F is equivalent to a commutative Frobenius algebra H over
R.

- F(S")=H
—unitF(QQ)=1€H

— product F <&> cH®2 5 H
— coproduct F ( c@) :H — H®2

- counit]—"(@) :H— R
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2d Klein TQFT

(Forget orientations/orientability)

@ The category 2KCob :

e Objects : disjoint unions of circles
@ Morphisms : surfaces with boundary (possibly non-orientable)

@ 2Cob C 2KCob

@ Generators :

oo = 88 ¢ 5

together with the cross-cap (Mobius band) and the involution

@ £ = 0
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2d KTQFT

(A useful perspective : consider the orientation double cover of both object
and morphisms)

@ The category 2SymCob :
e Objects : disjoint unions of pairs circles S = (S L g , €)

e Morphisms : oriented surfaces with boundary equipped with an orientation
reversing involution ¢ covering e (no fixed points).

@ 2KCob =~ 2SymCob

@ Generators :
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2d KTQFT

Special relations

@ the involution acts trivially on the product of the cross-cap with another

element
{
) = =

@ decomposition of the Klein bottle

q

q
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2d KTQFT

@ A 2d Klein TQFT with values in a commutative ring R is a symmetric
monoidal functor

F : 2KCob — Rmod
(or equivalently F : 2SymCob — Rmod).

@ A 2d KTQFT F is equivalent to a commutative Frobenius algebra

H = F(S') together with two extra structures :
— an involutive (anti)-automorphism €2 of the Frobenius algebra H, denoted

X — X*.
— an element U € H such that

(al)* = aU forall ae H and
U? = m(idoQ)(A(1)) = > a;f;, where the coproduct A(1) = >~ a;®;
' j

/

The automorphism 2 corresponds to the involution in 2KCob and the
element U to the cross-cap.
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2d KTQFT

These elements play a special role :

(@) =1 F(<Q>):G, wd F(p)=0

F(@):Q F():U, and F<>:K

and equivalently in 2SymCob
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2d KTQFT

@ A semi-simple (Klein) TQFT is a (Klein) TQFT whose associated
Frobenius algebra is semi-simple.

@ A semi-simple TQFT is determined by the structure constants \,, i.e. the
coefficients of the co-multiplication A(v,) = A\,Vv, ® v, in the idempotent
basis v,.

@ If Fis a semi-simple KTQFT :

(i) G(v,) = Apv, and C(v,) = At

(11) Q defines an involution on the idempotent basis Q(v,) = v,«.
(iii) If U =3, Upv, then Uy = X, if p= p*, and U, = 0 if p # p*.
(v) K(vp) = Upvp.
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2d KTQFT

If > is a closed symmetric surface of genus g, considered as a morphism in
2SymCob from the ground ring to the ground ring, we have

F)=> ut
p=p*

and for a doublet (X LX)
FEuD) =) A"
p

recovering the classical theory.
In particular,

~

F(P)=CU =Y A\'0,= > X\'U,= > U!
P p=p* p=p*
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2d KTQFT

- _ {Ozﬁ
F(T?)=F ' = CKU
0 D

F($) = CKU = Z/\ U, =y UsT!

p=p*

F(XUY) =CGY1 ZAQ L
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Extension

Motivation : we are interested in the real Gromov-Witten theory of
Tot(Le c*L — X).

@ The category 2SymCob" :

e Objects : disjoint unions of pairs circles S = (S' LU S, ¢)

e Morphisms : oriented surfaces with boundary equipped with an orientation
reversing involution ¢ covering e (no fixed points) together with a complex
line bundle L trivialized over the boundaries.

The Euler class of L determines the bundle up to isomorphism and is the
only additional data that we record.

@ Generators : same as before together with
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Extension

@ A 2d Klein TQFT on 2SymCob" is a symmetric monoidal functor
F : 28ymCob" — Rmod.

It is completely determined by the level 0 theory together with the
level-decreasing operators
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Extension

If the theory is semi-simple with idempotent basis {v,} then
A(Vo) =1V, and A(v,) = Vo

If ¥ is a genus g symmetric surface and L — ¥ a complex line bundle of
Chern class k

F(ZIL) = CA*KU= > UJ 'y, "
p=p*
The value of F on a g-doublet ¥ LI ¥ with a line bundle L; LI L is similarly
equal to

P Y

FEUTIL U L) = CAMAT2GI(1) = S ag " g ke
Je)

where k; denotes the Chern class of L;.
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Symplectic manifolds

@ A symplectic manifold (X, w) is a smooth manifold X together with a
closed non-degenerate 2-form w.
Examples: Cotangent bundles T*M, Kahler manifolds (e.g. CP").

@ On a symplectic manifold (X, w) there exists an infinite dimensional
family of almost-complex structures J on X compatible with w. That is

J:TX —TX, JF=-Id
and
g(u,v) = w(u, Jv)
is a Riemannian metric.

@ A pseudo-holomorphic map is a map from a Riemann surface (¥4, j) to
X
u:(Xq,j) — (X,J), Jodu=uoj.
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Moduli spaces

Let (X, w) be a symplectic manifold and J a compatible almost complex
structure.

@ Moduli space of stable marked pseudo-holomorphic maps
Mg (X, A) ={u: (Zg.], X1,..,%1) = X,[u] = A€ Hx(X),J odu=duoj} /Diff.

@ There are natural maps

ey : mg,l(xa A) — Xa [U7j7 X1, °°7X/] — U(Xi)

and
frMgi(X,A) — Mgy, [u,j,x1,...,x] = [, %1, .., x1].

@ The Gromov-Witten invariants are defined as

X,A
GWg (a1,...,qq) = / NieV; aj,
mg,/()(aA)

where «; representatives of cohomology classes on X.
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GW generating series

@ The Gromov-Witten potential is a formal power series in formal variables

keeping track of the genus, the homology class of the map, and the
cohomology classes of the constraints.

@ Examples :
e Generating function of a Calabi-Yau 3-fold :
GW(u,q) = 3 GW,qAu?~29 and Z = exp(GW(q, u)).

e Generating function GWgzo(CIPZ) =>4 Nyq? - generating series of the

counts N of genus 0 degree d curves in CP? passing through 3d — 1
points.

Ny=1 No=1 N3 =12 Ny =620 N5 = 87304
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Real moduli spaces

@ (X,w, ®) a symplectic manifold with an involution ¢ : X — X satisfying
P*w = —w.
Example: CP" with the standard conjugation.

@ The maps invariant under ¢ form the real moduli space Mj(x, A).
_¢ _¢70'
Mg (X, A) = Mg’ (X, A),
where o is an orientation-reversing involution on the domain and

My (X, A) = {u:Tg = X,[ul = A€ Ho(X),Jodu=duoj dbou=uoa} /Dif.

@ The real Gromov-Witten invariants are defined as

RGW, A(aq,...,a)) = / NG

M [(X,A)
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Local theory

@ Let (Xg4,c) be a genus g symmetric surface, L — >4 a complex line
bundle, and (X, ¢) = Tot(L & c*(L)).

@ The real GW theory of such targets is called local theory.

@ The disconnected partition function
RZy(X) = exp(RGW4(X) + 3 GWy(X)) satisfies

RZy(X) = > RZy(X1)ARZy(X2)*,
A-d

where RZy(X) denotes the restricted count of maps with given
ramification profile fixed by a partition A and RZz(X)* = ¢(A\)RZy(X)x.
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Local theory

This comes from degeneration of the target and a splitting formula for the
invariants

(@59 50):

2

spht xf €
Ty x

«_  deform !
plnch\ resolve / o

(@0
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Klein TQFT structure of RGW

Let R = C(£)((u)).

RGWq : 2SymCob" — Rmod
RGW4(S'US' ) = H=@,, ,Rea

To a cobordism (X, L) € 2SymCob from n-copies of S to m-copies of S,
RGW, associates R-module homomorphism

RGWq(X, L) : H®" — H®M

er, R Qex, Y. RZy(Xg, LN A€ @ @ gy

Hpseees b
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Klein TQFT structure of RGW

The RGWjy theory is semi-simple with idempotent basis

dim p o) —
V= Z(—t)e( )=y (@)eq.

Furthermore, the structure constants and the level-decreasing operators are
given by

d\? dimh dimh
_ 42d _ 4dyen/2 QP 7 = tdo—co/2 QP
Ap =t <dimp> ;M =10 < dim p >’ o @ ( dim p

where Q = €, ¢, is the total content of the Young diagram associated to p,
and

-1 h(0O) h(O) -1
s o) o1 (07 )

Oep Oep

where h([J) denotes the hooklength.
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Klein TQFT structure of RGW

@ The involution 2 is given by

Qeq) = (1) e, and  Qv,) = v,

where p’ denotes the conjugate representation.

@ The crosscap U is given by

d!
= —1 (d—r(p))/2 td

pkHd
p=p’

where r(p) is the length of the main diagonal of the Young diagram of p.

This is very non-trivial - it uses

— a signed Frobenius-Schur indicator which recognizes self-conjugate
representations

— Weyl formula for B,
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Generating series

Let (¥, c) be a genus g symmetric surface, L — ¥ a line bundle of degree
g—1and (X,¢) = Tot(L&® c*(L)).

Theorem (G.-lonel)

g—1
RZ(X)= > <e<p)H2sinh(”(E>")> ,

ptd,p=p* Dep

xP(a?) lpl—r(p)

where e(p) = (—1)=e@ "o = (—1) "z .

Coincides with the computation of V. Bouchard, B. Florea, and M. Mariné of
the partition function of SO/Sp Chern-Simons theory on S°.

Penka Georgieva Klein TQFT and RGW theory



Real Gopakumar-Vafa formula

Let (X, c) a genus g symmetric surface, L — ¥ a line bundle of degree g — 1
and (X, ¢) = Tot(L & c*(L)).

Theorem (G.-lonel)
ZRGWd,hquh_1: Z Ngn(9) Z +(2sinh(4))™ g,
d

d+£0,h>0 k>0,k odd

where ng ,(g) € Z.
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Merci!
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